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Abstract
A shimming method has been developed at BNL that can

improve the integrated field linearity of Halbach magnets
to roughly 1 unit (1 part in 104) at r=10mm. Two sets of
magnets have been produced: six quadrupoles of strength
23.62T/m and six combined-function (asymmetrical) Hal-
bach magnets of 19.12T/m with a central field of 0.377T.
These were assembled using a 3D printed plastic mould in-
side an aluminium tube for strength. A shim holder, which
is also 3D printed, is fitted within the magnet bore and holds
iron wires of particular masses that cancel the multipole er-
rors measured using a rotating coil on the unshimmed mag-
net. A single iteration of shimming reduces error multipoles
by a factor of 4 on average. This assembly and shimming
method results in a high field quality magnet at low cost,
without stringent tolerance requirements or machining work.
Applications of these magnets include compact FFAG beam-
lines such as FFAG proton therapy gantries, or any bending
channel requiring a ∼4x momentum acceptance. The design
and shimming method can also be generalised to produce
custom nonlinear fields, such as those for scaling FFAGs.

REQUIREMENTS
The magnets were designed as prototypes for an earlier

version of the CBETA [1] lattice, a non-scaling FFAG arc
of radius ∼5m transmitting 67–250MeV electrons. Table 1
shows the required fields and sizes. The CBETA magnets
were going to be twice the length of these prototypes with
two layers of permanent magnets (PMs) longitudinally.

Table 1: Parameters of the Two Magnet Types

Parameter QF BD units

Length 57.44 61.86 mm
Dipole By(x = 0) 0 0.37679 T
Quadrupole dBy/dx 23.624 -19.119 T/m
Bore radius to PMs 37.20 30.70 mm
...to shim holder 34.70 27.60 mm
Max field at PMs 0.879 0.964 T
Max field at r=1cm 0.236 0.568 T
Outer radius of PMs 62.45 59.43 mm
...of tubular support 76.2 76.2 mm

MAGNET DESIGN
The magnets are based on a 16-segment Halbach design

(Fig. 1). For the combined-function magnet ‘BD’ (Fig. 2),
∗ sbrooks@bnl.gov

the wedge thicknesses and magnetisation angles were opti-
mised to give the combined field directly. This uses less PM
material than nesting a Halbach dipole and quadrupole.

Figure 1: Cross-section of the quadrupole ‘QF’ magnet.
Blue arrows show magnetisation direction of the PM blocks.
The orange line graphs the mid-plane field By(x, 0), with
green highlighting the good field region and red showing the
beam position range in the FFAG. The grid has 1cm spacing.

The field calculation for this design starts with Maxwell’s
magnetostatic equations in a material:

∇ · B = 0 ∇ × B = µ0(J + ∇ ×M).

It is approximated that the magnetisation M does not vary
with applied field, i.e. that the PM material has µr = 1. It is
also assumed that each PM block has a constant M vector.
This means that on a boundary with outward unit normal n̂,
the magnetisation is equivalent to a surface current

js = −n̂ ×M.

Each edge of a polygonal PM block therefore produces a
sheet current, which in the 2D approximation extends in-
finitely in z. Such a sheet with current js travelling from
(0, 0) to (a, 0) produces a field

B(x, y) =
µ0 js
2π

[
− arctan(x/y) + arctan((x − a)/y)

1
2 (log(x2 + y2) − log((x − a)2 + y2))

]
,

which can be rotated and summed over all PM block edges.
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Figure 2: Cross-section of the BD magnet.

The strength is set via µ0 |M| = Br1, where Br1 is an
approximation to the true remnant field Br of the material.
A value Br1 < Br is used to compensate for the fact that µr '
1.02–1.05 in reality, which reduces |M|. This tuning was
done by benchmarking against an OPERA-3D simulation
using the manufacturer’s B-H curve. The magnet was made
using AllStar Magnetics grade N35SH, which is quoted to
have Br = 1.17–1.22T and simulations used Br1 = 1.1939T.

Multipole Cancellation with Iron Wires
When an iron ‘wire’, infinite in z with a small circular

cross-section, is inserted into a locally uniform magnetic
field B0, it becomes magnetised with M = 2B0, assuming
perfect iron with µr = ∞. The equivalent surface currents
are that of a “cos θ” dipole, so the external field generated is

Bwire(x, y) =
r2
wire

(x2 + y2)2

[
B0x(x2 − y2) + B0y2xy
B0x2xy + B0y(y

2 − x2)

]
.

Assembled magnets such as those in Figs. 3 and 4 were
measured on BNL’s rotating coil and the observed errors
added on to the 2D field model. Then between 32 and 64 iron
wires were added to the simulation just inside the magnet
bore and their radii optimised in order to reduce the harmonic
errors to zero again, which was achieved almost exactly when
wires up to 63mil (1.6mm) diameter were allowed.

The optimiser (for both the wedges in the BD magnet and
the iron wire radii) is based on an SVD decomposition of
the linear response matrix of the simulated harmonic errors
to small changes in the magnet. The note [2] describes how
to pseudo-invert such a rectangular matrix with a parameter
to control the ‘level of detail’ of the inversion, from a local
gradient descent to a full inverse. This parameter was chosen
at each iteration to give the biggest improvement in field
harmonics after a line search. By choosing different goal

harmonics, magnets with nonlinear fields such as those for
scaling FFAGs can be produced by the same process.

MAGNET CONSTRUCTION
The PM wedges were hammered in to a 3D printed mould

of the outer shape of each magnet, which in turn was fitted
inside a 6” OD/ 1

4” thick aluminium pipe, since the PLA
plastic would warp slightly without extra support. On the
inside, the wedges jam to form a self-supporting ‘circular
arch’, so no additional support is needed (Figs. 3 and 4).

Figure 3: QF magnet without iron wires.

Figure 4: BD magnet without iron wires.

The iron wires were 1006-1008 carbon steel supplied in
1ft straight lengths. Once the desired radii were calculated,
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they were converted to lengths of the next largest wire grade
(from 14, 18, 35, 41, 63mil) having the same volume as an
ideal-radius wire the full length of the magnet. 3D printing
was also used to produce a holder to confine the wires, which
was fitted inside the magnet bore (see Fig. 5).

Figure 5: QF with iron wires and plastic holder inserted.

The QF and BD magnets cost $1,070 and $779 each re-
spectively, as broken down in Table 2.

Table 2: Cost of Magnet Components

Cost per magnet QF BD

PM pieces $1,052.67 $758.00
3D printer plastic $3.71 $6.19
Iron wires (max.) $3.42 $3.68
Aluminium tube $10.53 $11.34

One-time costs Brand/supplier

3D printer $2,499.00 Ultimaker 2+
1kg plastic spool $34.00 3D Universe PLA
Iron wire batch $54.64 McMaster-Carr
1ft aluminium tube $55.88 OnlineMetals.com

FIELD QUALITY
Many field harmonics can be present in a magnet, so an

overall figure of merit (FOM)
√∑

n≥sextupole a2
n + b2

n was de-
fined, which is at least as large as any nonlinear multipole
error. The coil gave readings at a standard radius of 10mm
and the FOMs are plotted in Fig. 6. The shimmed QF mag-
nets ranged from 1.22–3.41 units and the shimmed BDs
from 3.50–8.68. The actual FFAG beam orbits would be
up to R'20mm in QF, where the FOMs are 5.9–13.8 units.
Figure 6 also shows an earlier R&D PM quadrupole magnet
“5A”, where the iron wires were calculated a second time
based on the measured harmonics of the first iteration. The
continued improvement suggests the other magnets could
also approach the 1 unit (10−4) level.
Figure 7 shows the absolute strength of the quadrupole

component of the magnets relative to the intended value.
The NdFeB material has a temperature coefficient of
−1.1×10−3 and no attempt was made to temperature control

Figure 6: Total multipole errors of the magnets at R=10mm.

the magnet or measurement area, so variations on this few
10−3 scale are as expected. Water cooling will be used to
stabilise the temperature of this type of magnet in CBETA.

Figure 7: Errors in quadrupole strength relative to design.

CONCLUSION
The magnets described are compact, lightweight, cheap,

easy to produce, have improving field quality and require
no power supply. The disadvantages are the temperature
coefficient and demagnetisation if subjected to high radi-
ation. Finding a scheme to add Ni-Fe alloy to cancel the
temperature coefficient is an interesting line of future study.
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