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Abstract

When simulating modes with high Q-factors, the wake-
field length necessary to calculate the impedance spectrum
can often mean a computation time of several weeks or more.
A method has been developed which enables the longitudinal
impedance and Q-factors of multiple modes to be calculated
from a partially decayed wakefield simulation. This paper
presents an overview of the method along with preliminary,
proof of principle, results showing that considerable simula-
tion time can be saved whilst maintaining a good degree of
accuracy.

INTRODUCTION

Calculating the impedance spectrum of an RF cavity is
imperative for assessing whether or not the cavity is suitable
for the proposed application [1] [2]. An eigenmode simula-
tion can be used to calculate the mode impedances using the
resulting R/Q and Q-factor values. When using this method
of analysis, characterisation of each mode type is impera-
tive. Due to this, time domain wakefield simulations are
often used to provide comparative analysis of the cavity’s
impedance spectrum.

Computationally, wakefield simulations are intensive and
hence result in simulations which take a large amount of
time. This is specifically the case for high-Q modes where
the wakefield must be simulated over a large distance before
it decays enough for the impedance spectrum to converge.

This paper aims to assess the accuracy with which the
fully converged impedance spectrum can be estimated, using
the method here developed, from a partially decayed wake-
field and the length of wakefield necessary to make such
an estimation. For this purpose CST particle studio [3] was
used to perform wakefield simulations of a simple pillbox
cavity.

IMPEDANCE CALCULATION METHOD

For narrow band resonances the longitudinal wake-
function, G|, can be written as [4]:
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Where n is the mode number and w,,, Q,, an

the resonant angular frequency, quality factor and geometry
factor respectively of mode n. For a charge travelling at
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(almost) the speed of light G(f) = 0 for + < 0 and the
longitudinal impedance, Z)|(w), can be calculated by taking
the Fourier-transform of the wake-function from zero to
infinity:

Z||(w)=/0 G|(r)exp (iwT)dr 2)

Attempting to calculate the longitudinal impedance using
Eq. (2) and a partially simulated wake-function, Gz (t),
which has only been computed up until time 7" (and is taken
to be zero for ¢ > T') instead of G (¢), is equivalent to calcu-
lating:

T
Z(w,T) = ./0 G|(r)exp (iwT)dr 3)

In general the truncated impedance spectrum, Z(w, T)
will only equal Zj(w) when T >> % otherwise the
impedance spectrum will not have Converged However, if
the integral in Eq. (3) is evaluated by substituting in Eq. (1)

the following result is obtained:
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On 2Q
value of Eq. (4) falls off quickly with respect to w when w ¢
{wy}. Therefore each mode can be treated separately and the
impedance calculated from a wakefunction truncated at time
T, at a resonant frequency w,, will to a good approximation
be given by:

Where A = w, 7= andB:—(

A
Z(wp, T) = ————-C 5
1 (@wn, T) 51 ol/B (5)
Z||(wp, T) can also be calculated using a truncated wake-
field using the equation below:

® Wy () exp(—iwr)dr
2, T) = _/_woo I (7) P(' ) ©
/_oo A(t) exp(—iwT)dt
Where W 7(¢) is the wakefield truncated at time T and
A(t) is the charge distribution of the exciting bunch.
For a wakefield which has been obtained with a maximum
simulation time 7, it is trivial to obtain wakefields which
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have been truncated at time 7 < T,,,. Therefore, for each
mode, Eq. (6) can be used to obtain Z(wy, T') for a range of
times T up to Tqx- On and R can then be obtained from
a two parameter least-squares fit of Eq. (5). Once Q,, and
Rs have been obtained for each mode, the wakefunction can
be calculated from Eq. (1) which can then fed into Eq. (2).
Therefore this method allows the converged impedance spec-
trum to be estimated from a partially decayed wakefield.

WAKEFIELD SIMULATION

CST Particle Studio was used to perform a 1 km wakefield
simulation on the pillbox cavity shown in Fig. 1. A wall
conductivity of 10° S/m, was used to give low Q factors
allowing the full wakefield to be calculated and the results
of the method to be validated. Analytic beam injection
method and the indirect test beams method [5] were used.
The standard deviation of the charge distribution was set to
15 mm. The resulting wakefield is shown in Fig. 2.
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Figure 1: Dimensioned schematic of the wall geometry for
the pillbox cavity used for proof of principle tests.
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Figure 2: Wakefield response from initial simulation.

IMPEDANCE CONVERGENCE ANALYSIS
AND EXTRAPOLATION METHOD

Figure 3 shows the impedance spectrum upto 6 GHz cal-
culated using Eq. (6) for the wakefield truncated at different
times 7. Fig. 4 shows the peak impedance against wake
truncation time 7 for the first 3 longitudinal modes.

The least-squares method was used to do a two parameter
fit of Eq. (5) to the data shown in Fig. 4 (note in Fig. 4,
50 points are shown whereas in reality 1000 points where
used). Fig. 6 shows the values of g and Q obtained against
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Figure 3: Impedance spectrum plots corresponding to 3
lengths of wakefield. Triangles show the peak tracking algo-
rithm used.

time for the first three modes. For example a point at 100 ns
represents the fitted values obtained by applying the method
to a wakefield truncated at 100 ns. The value of & quickly
converged towards the literature value of 196 Q [6] for this
geometry of cavity.
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Figure 4: Maximum impedance against length of wake decay
used for calculation for the first three modes shown in Fig. 3.

The red dotted line and solid black line in Fig. 5 represent
the fully converged and un-converged impedance spectrum
obtained from a 3336 ns and 250 ns wakefield respectively.
The blue dashed line in Fig. 5 represents the impedance spec-
trum obtained by applying the method outlined in sec. to a
wakefield of 250 ns. It can be seen that this reconstructed
impedance spectrum matches the converged impedance spec-
trum much more closely than the impedance spectrum cal-
culated directly from the truncated wakefield. This is partic-
ularly true at the resonant frequencies of the modes.

Figure 7 shows the convergence speed of the peak
impedance for the first three modes against the length of
wakefield used to make the calculation. The results obtained
by applying the method presented in this paper and without
applying the method are shown as solid lines and dashed
lines respectively.
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Figure 5: The impedance spectrum derived from the fully decayed wakefield is shown in red. The impedance derived
directly from the same wakefield truncated at 250 ns is shown in black. The impedance derived from the method presented
in this paper applied to the wakefield truncated at 250 ns is shown in blue.
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Figure 6: Values of R/Q and Q obtained for three modes by
the method here presented applied to wakefields of different
lengths 7.
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Figure 7: Comparison of Impedance convergence with (solid
lines) and without (dashed lines) applying the method pre-
sented in this paper, for the first 3 modes.
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SUMMARY

The method presented in this paper allowed the peak
impedances of all of the 10 modes studied to be calculated to
within 5% of the converged value within 149 ns compared to
1735 ns without applying the method. As wakefield simula-
tions are linear with time therefore, by applying this method,
the same accuracy of results can be obtained with ~ 12 times
less simulation time. Future work will verify the method for
higher Q and more complex cavities and extend the method
to transverse impedance.
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