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Abstract 
The interaction of particles with their vacuum sur-

roundings can lead to longitudinal instabilities of the 
whole bunch of particles. Most of these instabilities are 
strong and the growth rates are large compared to the 
damping rate. For a weak instability the opposite is true 
and with just a resistive impedance the instability would 
always be weak and independent of the bunch length. The 
interaction of a bunch with its own radiation emitted 
midway between parallel plates leads to a strong instabil-
ity for long bunches and a transition to weak instability if 
the bunch length becomes shorter. This regime is ana-
lysed numerically with a Vlasov-Fokker-Planck solver. 
The results are compared to recent observations at 
ANKA. An attempt is made to explain the remaining 
discrepancies by including higher order terms of the mo-
mentum compaction factor into these calculations. There 
are indications that the simple model needs refinements in 
order to take radiation from upstream dipoles into ac-
count. 

INTRODUCTION 
Recently new results from the storage ring ANKA on 

the longitudinal instability threshold of short bunches 
were published [1] which show the earlier predicted fea-
ture of a stable region above a lower lying threshold 
which was attributed to a weak instability [2]. These pre-
dictions were based on the simple model of bunches cir-
culating between perfectly conducting plates and the 
interaction of these bunches with their own field emitted 
on the circular path. The transition from the strong to the 
weak longitudinal instability occurs as the bunch length 
becomes shorter. In this paper the transition is studied 
theoretically in more detail and results of simulations for 
the actual conditions of the experiments at ANKA will be 
compared with the observations.    

BASIS OF THE SIMULATIONS 
The Vlasov-Fokker-Planck (VFP) equation describes 

the temporal evolution of an ensemble of electrons by 
their smooth distribution function, (q,p, ), written in 
terms of the normalized phase-space coordinates: q=z/ z, 
p=(E0-E)/ E, and , in units of the synchrotron period, 
1/ s. The low current rms bunch length, z, and the natu-
ral energy spread, E, are related by: s z/c=α E/E0 with 
c, the speed of light, and α, the momentum compaction 
factor. The evolution of the distribution depends on the 
radiation excitation and damping, and the interaction of 

the particles [3]: 

 
  
 

 
The r.h.s. is the Fokker-Planck-term introduces damping 
and diffusion due to synchrotron radiation with ß=1/ s d, 
the longitudinal damping time, d, and the synchrotron 
frequency, s. ß, the damping per synchrotron period is 
important in the transition from strong to weak instability. 
The coefficient in the square brackets is the approximated 
linear restoring force of the RF-potential with the collec-
tive force, Fc, from the interaction of the charge distribu-
tion with itself and its metallic surrounding. The induced 
voltage is obtained by the convolution of the longitudinal 
charge density with the wake function. The charge densi-
ty, (q, ), is given by (q, )= dp (q,p, ). The wake func-
tion depends on the type of interaction studied. For this 
study we use the so called coherent synchrotron radiation, 
CSR-wake, shielded by parallel plates [4]. The details of 
the numerical solution of the VFP equation can be found 
in [5].  

A similar approach was used by the Stanford group [2]. 
They found that for longer bunches and with strong insta-
bility the instability threshold can be described very well 
by a simple law relating the strength parameter, Scsr, with 
the shielding factor, : Scsr=0.5+0.12 . Please see refer-
ence [2] for the definition of these scaling parameters or 
look at the captions at the axis in Fig. 1. These authors 
found that the instability is weak, meaning that the 
thresholds depend on ß, if the bunch length, z, is shorter 
than 0.85h3/2/ 1/2, with 2h, the distance between the two 
shielding plates and , the bending radius.  The strong 
instability threshold is independent of the damping time, 

d, and therefore does not depend on ß. 
Results of Simulations More systematic results of 

simulations for the transition regime are presented in Fig. 
1. They were obtained with the code described in [5]. As 
can be seen, above a shielding factor >~0.85 the thresh-
olds are only weakly dependent on ß and the instability is 
strong. For shorter bunches thresholds depend on the 
damping. The half island of stability above the low lying 
threshold can be found for shielding values of  within 
0.65< <0.85, however, only for ß<0.005 corresponding 
to little damping per synchrotron period. Figure 2 shows 
the first mode of the instability in units of the zero current 
synchrotron frequency as a function of the shielding fac-
tor. For >1, and in the region of strong instability, this 
mode follows a simple law which relates it with the bunch 
length at the onset of the instability, inst, and the reso-
nance frequency created by the shielding plates [7], 
Fres=c( /3 )1/2/d3/2: Finst/Fsyn=2 Fres inst. With some ex-
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ceptions, in the region of the weak instability it is mostly 
the quadrupole mode which shows up first.  

 

 
Figure 1: Threshold strength as a function of the shielding 
parameter for an increasing number of synchrotron peri-
ods per longitudinal damping time, i.e., from ~1 to ~256. 

 
Figure 2: Mode number at the onset of instability as a 
function of the shielding factor for different ß-factors 
(colours as in Fig. 1). For most cases the quadrupole 
mode shows up first. Exceptions are the low lying thresh-
olds which is rather the dipole mode and for vanishing 
shielding, as  goes to zero, the sextupole mode with 
very small values of ß. 

Simulation Results for the ANKA Experiments Fig-
ure 3 shows the theoretical thresholds in comparison to 
the experimental results [1]. The agreement is surprising-
ly good in view of the simplicity of the underlying theo-
retical model. There are however a few systematic differ-
ences which call for a more refined theory. For  larger 
than 1 the measured thresholds are too low and the 
agreement with the simple scaling law is accidental. Ac-
cording to the simulations one would not expect to see the 
weak instability for -values in the range: 0.75 <  < 
0.85 because the ß is already too large in the experiment. 

In Fig. 4 the comparison of the first unstable mode is 
shown. The general trend follows the predictions quite 
nicely which suggests that the resonance created by the 
shielding plates has the correct frequency. As already 
observed at BESSY II [6] and the CLS [8] the observed 

variation is clearly more step wise than the simple model 
predicts. This points to a smaller bandwidth of the resona-
tor than given by the assumed circular motion of the elec-
trons. One explanation could be the interference effect 
from neighbouring dipoles like in an optical klystron. 
This would lead to a smaller bandwidth of the resonance 
without changing its frequency.  

 

 
Figure 3: Comparison of experimental and theoretical 
results for the instability thresholds.  

  
Figure 4: Comparison between measurement and simula-
tion of the initial unstable mode as a function of the 
shielding factor (courtesy of M. Brosi). 
 

 
Figure 5: Waterfall display of simulated spectra as a func-
tion of the single bunch current (left). Peak values of 
individual spectra (middle) and normalised energy spread 
(right). 

Figure 5 shows a typical spectrogram as produced from 
the simulated data. It agrees quite well with experimental 
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results [1]. The waterfall display of the spectra as a func-
tion of the bunch current is shown together with the peak 
value of the spectrum and the normalized energy spread. 
This demonstrates clearly that the onset of the instability 
and thus the increase of the energy spread can be extract-
ed from the measured spectra obtained from the time 
dependent signals delivered by the -wave-detector.   

EXTENSION OF THE THEORY 
It was already mentioned that the pronounced stepwise 

increase of the mode numbers found in many experiments 
calls for a smaller resonance bandwidth as created by the 
simple circular motion of the electrons between two 
plates. This goes far beyond the intention of this paper. In 
the following the impact of the momentum dependence of 
the momentum compaction factor, , is studied for a few 
selected cases. 

Including Higher Order Terms in  
Higher order contributions to the momentum compac-

tion factor, p/p p/p , could be im-
portant for the calculation of the thresholds. This effect is 
included in the simulations in the following way: As ex-
plained in [5] the VFP-solver needs 4 steps per time step, 

. In the first and third step the distribution function, g, 
has to be extrapolated after half a time step: g1=g0(q-
p p, where q, p, and  are the dimensionless vari-
ables introduced at the beginning. Higher order terms are 
included through the following modification:  

with 
, and 

, where  is the natural 
relative energy spread. The VFP-solver was modified 
accordingly and checked against conceptually much sim-
pler tracking calculations [9]. 
 

 
Figure 6: Thresholds in the region of the weak and strong 
instability as a function of 2. With =0.7 bunches are 
stable in the yellow areas. In all cases 1=0, 0=3.23 10-4 
for =0.7, and 0=9.22 10-4 for =2.0 (shown in green). 
 

Operating a storage ring with a small momentum com-
paction factor requires small 1-terms in order to achieve 
a large momentum acceptance. The 1-term usually is 
adjusted with the sextupole magnets to be close to zero. 
Octupole magnets are required for the control of the 2-
term. One of the few rings containing these multipole 

magnets is the MLS where they are routinely used to 
adjust the a2-term between -20 and +14 with 0~1.5 10-4 
and 1 close to zero [10] and these values have been veri-
fied experimentally by Compton back scattering. Thus the 
simulations were performed with the 1-contribution set 
to zero and by changing only the 2-term. The resulting 
thresholds as a function of 2 are shown with ß=0.00125 
in Fig. 6 for the weak instability region of bunches at 

=0.7 and for the strong regime at =2.0. It is somewhat 
surprising that the thresholds of the weak instability de-
pend very little on the 2-term. It is rather the strong in-
stability threshold which is influenced more strongly and 
with sufficiently large negative values the stable region 
above the low lying threshold disappears completely. 
Similar to the situation at =2 the simulation of the case 
at around =0.85, which showed the weak instability in 
the experiment, gave a shift to smaller upper (strong in-
stability) thresholds for negative 2 and 2 as low as -20, 
however, the weak instability was not found. 

 
CONCLUSION 

Despite the simplicity of the parallel plate model the 
theoretical predictions are generally in surprisingly good 
agreement with many measurements. This is particularly 
true for the recent experimental results from ANKA 
where the discrepancies are quite small for the thresholds. 
Some of the deviations can be attributed to the too simple 
assumptions of an energy independent momentum com-
paction factor. 

In many experiments pronounced steps in the initial in-
stability mode were found when varying the bunch length. 
For comparison, simulations predict a more washed out 
dependency. This suggests that the resonance width or the 
corresponding Q-value are underestimated by the simple 
model of a circular orbit between two infinite and perfect-
ly conducting plates. One possible modification could be 
to take into account the interaction of the radiation created 
in dipole magnets separated by a straight line and assum-
ing a more or less smooth vacuum pipe.  

These theoretical investigations are important for the 
funded BESSY VSR project which will produce very 
short bunches with a very high longitudinal voltage gradi-
ent. The shielding parameter becomes quite small ( <0.4) 
and the synchrotron frequency will be high so that ß<10-3. 
There is not yet clear experimental evidence that for these 
parameters the thresholds will be given by the simple 
scaling law and that Scsr will approach 0.5 for the very 
short bunches achievable in the low-  optics mode. 
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