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Abstract

This paper presents the different approaches and tools
that have been recently developed, while trying to under-
stand or predict the non-linear dynamics of electron storage
rings. Different algorithms have been lately used at differ-
ent places to optimize the sextupole tunings, while the re-
finement of the models of existing machines together with
more accurate measurement techniques enable us now to
have a much better understanding of the limitations of such
facilities especially in the presence of insertion devices.

INTRODUCTION

Requirements for today and tomorrow’s third genera-
tion synchrotron light sources (3GLSs) are very challeng-
ing in many respects [1]. Optics-wise the route is set for
ultra-low emittance rings in order to reach diffracted lim-
ited photon beam in both transverse planes. If the lowest
horizontal emittance is reached today by Petra-III facility
with a value of 1 nm.rad, future 3GLSs will bring the emit-
tance as low as 10 pm.rad (See Tab. 1). Lattices of such
facilities are more and more complex based on theoretical
minimum emittance (TME), multi bend achromat scheme
(MBA) or combination of both of them [2, 3]. Some accel-
erators make the choice to introduce damping wigglers to
reduce furthermore the emittance [4, 5, 6, 7]. So there is
a significant shift from simple lattices (see initial ALS [8]
lattice with 2 sextupole families) to highly complex multi-
parameter lattices. New 3GLSs have typically ten families
of quadrupole and sextupole magnets with a trend for indi-
vidual power supplies. Higher order multipoles start to be
introduced from a design stage like in MAX-IV [9].

Table 1: Low Horizontal Emittance for Existing∗ and Fu-
ture Synchrotron Light Sources

Storage Ring Energy (GeV) H-emittance

Petra-III∗ 6 1 nm.rad
PEPX 4.5 0.1 nm.rad
NSLS-II 3 0.6 nm.rad
MAX-IV 3 <0.3, nm.rad
SPring8 upgrade 6 10 pm.rad
APS upgrade 7 15 pm.rad

Designing state of the art ultra-low emittance rings needs
to fulfill additional requirements to provide high flux and
brilliance to the users. Among them, a large horizontal dy-
namic aperture (typically 15 to 25 mm) is necessary for in-
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jection purpose as long as no technical solution is found
for on-axis injection. A 2 to 6% transverse momentum
aperture needs to be reached to give a large Touschek life-
time, reduce beam losses, activation in the tunnel, and run-
ning cost. This latter requirement stands even if 3GLSs
run the so-called Top-up injection mode. Mean time be-
tween failure of such facilities aims to be 1 week or more.
Moreover there is a tendency to provide more and more
types of bunch filling patterns, to taylor them to the need of
various user communities (flux, brilliance based, time re-
solved, THz radiation based). Tayloring the bunch filling
pattern [10, 11] or the beam properties is a general trend:
low momentum compaction factor lattice, combining short
and long bunches [12] or even delivering simultaneously
several beams [13]. Finally obtaining a high performance
lattice is not enough since a light source hosts lots of in-
sertion devices (IDs) with possible impact on the beam
performances. These are for instance low gap in-vacuum
undulators, Apple-II, -III, Figure-8 undulators, high field
wigglers, fast switching electromagnetic undulators. Lat-
tice robustness to ID configurations is an essential feature
of 3GLSs giving even more constraints with today low ver-
tical emittance storage ring (SR) and tomorrow’s ultra-low
horizontal SR.

In this article after a few words about modeling mag-
nets and IDs, we discuss the tools for optimizing the strong
focusing lattices of 3GLSs. A special emphasis is given
to frequency map analysis, driving term methods, and ge-
netic algorithms. These methods tend to shift our standard
ways of tuning non-linear dynamics and have already given
promising experimental results.

MODELING

Main Magnets

Trustable tracking codes are essential in order to have a
good modeling of the on- and off-momentum transverse
beam dynamics of particle circulating in an accelerator.
Non-spurious effect for long term tracking codes is a main
feature to predict dynamic aperture (DA), compute reso-
nance strengths or Touschek lifetime. Due to a damp-
ing time of a few milliseconds in electron storage rings,
tracking over a few thousand of turns is enough provid-
ing that stability index such as diffusion index of frequency
maps is used. Most of the modern tracking codes, such as
MADX/PTC [14], TRACY-III [15], LEGO [16], ELE-
GANT [17], SAD [18], are based on symplectic integra-
tion schemes. Symplectic integrators have been popular-
ized by Ruth and Forest in the 1983–1990 [19, 20]. Then
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Neri introduced the use of Lie Algebra (1988) [21] and
Yoshida techniques to build arbitrary high order integrators
(1990) [22]. Implicit and explicit integration schemes are
possible. More stable and precise scheme were proposed
by McLachlan [23] and Laskar [24]. All the classes of inte-
grators have the required properties of long term integration
such as energy preservation, bounded errors, phase stability
(see Ref. [25] and references therein for more details).

Insertion Devices

Modeling insertion device has slowly shifted from Hal-
bach formalism to more accurate methods due to the com-
plexity of the IDs in term of non-linear fields, short periods,
narrow pole widths, aperiodicity, polarization, and lower
gaps. Symplectic integration schemes are based either on
Taylor expansion of the electromagnetic field or on kick
maps [26, 27, 28].

Moreover the assembling of the IDs has significantly
changed in order to reduce all non-linear perturbations.
Evolutionary algorithms [29] can be used to sort the mag-
net blocks and minimizing goal functions: first and second
order field integrals, normal, skew gradients, phase errors.
Special sets of magnets (magic fingers) are usually placed
at the ends of the IDs to reduce the impact of higher order
field integrals at large transverse amplitudes. Additional
active or passive corrections are introduced if required, and
can be included in tracking codes.

TOOLS FOR OPTIMIZATION

Turn-by-Turn Data and BPMs

Thanks to the improvement of BPM electronics, turn-
by-turn (TbT) data have become a valuable tool to analyze
non-linear beam dynamics. Typically TbT BPM resolu-
tion is 10 µm for a few milli-ampere stored beam. An ad-
ditional constraint when carrying out beam based experi-
ments is the beam smearing due to the fact that the kicked
beam is a bunch of particles, all with slightly different en-
ergies and amplitudes. Each particle encounters different
non-linear magnetic fields. As a result the motion is shifted
from coherent to incoherent. The direct consequence is
that the amplitude of the beam centroid decreases much
faster than the damping time, in a few tens or hundreds
of turns. Algorithms to precisely determine tune lose their
precision [30]. Lines in the frequency domain excited by
resonance of order m decoherem times faster than the tune
line [31]. Moreover artifacts from the BPM themselves like
mixing between turns, cross-talks between RF-channels of
the BPM front-end, RF-channel gain or non-linear response
due to the asymmetry of the vacuum chamber hosting the
BPM make the analysis difficult [32]. All these facts need
to be evaluated and corrected carefully before drawing any
conclusion from the TbT data analysis of the non-linear
motion of the beam.

Frequency Map Analysis

Frequency Map Analysis (FMA) is a refined Fourier
technique to build a quasi-periodic decomposition of a sig-
nal over time. For accelerators, the first frequencies of
the decomposition are the betatron tunes, the others are
related to resonance driving terms (RDTs). FMA builds
a 2D-mapping between the dynamic aperture and the tune
space giving at once a global and detailed view of the trans-
verse beam dynamics. It is characterized by a convergence
speed as fast as the inverse of the fourth power of the num-
ber of turns used for analysis (when a Hanning windows
is introduced as a filter). It enables us to compute the so
called diffusion index which can be coded as a color on the
DAs and FMAs allowing us to distinguish linear motion
from non-linear or chaotic motion, resonances limiting the
on- or off-momentum aperture. FMA features are specially
adapted to reduce the tracking number of turns in simula-
tion and is suitable for getting useful information even if
the experimental data points are limited because of beam
smearing [33, 34, 35]. FMA is now widely used from de-
sign stage to beam-based measurements [36, 37, 38]. It
is worth noting that a very accurate description of the ma-
chine model of BESSY-II was obtained and experimentally
validated with FMA only after introducing fringe field of
dipoles and quadrupoles, systematic errors like octupoles
in quadrupoles and decapoles in correctors hosted in sex-
tupoles. This is an example of the very good agreement
that can be reached today between model and experiment
for on-momentum dynamics [39]. Similarly, agreement
for off-momentum dynamics can be as good as a few per-
cents [40, 41] while a factor two was accepted 10 years
ago.

OPTIMIZATION METHODS AND
EXPERIMENTAL RESULTS

Sextupole Optimization and Resonant Driving
Terms

The standard method for optimizing sextupoles of
3GLSs is based on perturbation approach using resonant
driving terms [42, 43]. First and second orders of perturba-
tion theory for sextupole give respectively a total number of
7 and 13 terms to minimize. Usually lattice designers, after
choosing a suitable working point, use least-squared like
minimization algorithms to optimize the non-linear beam
dynamics. Their work is complicated by the complexity
of the adjustment between linear and non-linear optics on
one hand, and of on- and off-momentum dynamics opti-
mization on the other hand. Even if powerful tools are now
available, this work, although proven to be successful, is
still not automated, is tedious and requires a lot of manual
iterative steps. Results will mainly depend on the weights
put on each RDT and the accelerator physicist’s experience.
In addition, since this optimization is based on perturba-
tion approach, it does not guarantee the best results. Future
challenging 3GLSs are required to have extra knobs in or-
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der to reduce further RSDs such as non-linear chromaticity
or octupolar terms. For instance SLS then MAX-IV have
proposed to re-cable unused extra binding of sextupole
magnets as sextupoles and skew quadrupoles [44, 45]. A
very nice result has been obtained at SLS. The lifetime re-
duction was recovered for the operation mode, this means
an improvement by a factor 2 of the beam lifetime normal-
ized by the stored current.

FMA and RDTs

Thanks to the improvement of the turn-by-turn BPM pre-
cision, new methods for minimizing RDTs directly based
on TbT data have been proposed and are very promis-
ing [46]. For comparing real and model lattices LOCO
code [47] has been proven to be very successful for not too
large storage rings. It is based on closed orbit data. Sim-
ilarly, using turn-by-turn data, FMA-like algorithms give
amplitude and phase of the spectral lines of the betatron
motion that can be used to compare and correct the real ac-
celerator with respect to the model. The knobs are skew
quadrupoles, sextupoles, and higher order multipoles. This
technique should allow us, in the future, to calibrate the
non-linear model and give a full control of the non-linear
resonances [30, 31]. A first application at DIAMOND light
source has given slight improvement of the lifetime. With
better resolution of BPM TbT data, this method will open
new doors to characterize and tune the non-linear beam
dynamics using the directly beam [44]. BPM resolution
is already good enough for tuning betatron coupling using
skew quadrupoles and allow low vertical emittance preser-
vation at ESRF [48]. Another application could give a way
to online monitor and tune the multipoles of the storage
ring [49].

Global Analysis

New methods for optimizing lattices have appeared over
the last decades. An example is the GLASS code [50]
which stands for Global Linear Analysis of All Stable Solu-
tions. This is adapted for highly periodic lattices when only
a few parameters are scanned due to computation time lim-
itation. In the work reported in Ref. [50], a billion lattices
were scanned using 3 quadrupole and 2 sextupole families.
After one day of computation, one million stable solutions
were identified. Then their main properties were computed
to build up a large and exhaustive database. Solutions were
then sorted by emittance values, tunes, DA sizes, momen-
tum compaction values, and so on. In such a way a global
view of all the performances reachable with the ALS lat-
tice was obtained in a very practical manner. Output of this
study gave 13 stable areas, among them only 2 were known
before, others are promising or even counter-intuitive. For
example, it was discovered that ALS could still run while
switching off one or two families of quadrupoles. New
potential capabilities enhancing the brilliance were sug-
gested with low horizontal beta-function and lower emit-
tance. However this method cannot be directly applied to

most of 3GLSs since the parameters space is too large (typ-
ically ten families of quadrupoles and sextupoles).

Genetic Algorithms

Genetic algorithms are a very promising solution to the
limitation of GLASS. They are based on direct tracking.
The focus was first on optimization of the non-linear dy-
namics. They are attractive because they open new win-
dows of optimization, solutions never thought about before.
Moreover beam-based experiments have started to con-
firm these findings. Multi-Objective Genetics Algorithms
(MOGA) applied to accelerator physics are the results of a
long and continuous effort, more than ten years, first started
at APS and then followed by others: ALS, BNL, . . . [51]
(see Ref. [52] for a tutorial to MOGA). Thanks to devel-
opment of clusters and the improvement of computers, ac-
cess to massive and parallel computation has become af-
fordable.

Definition of suitable objective functions is essential
for direct tracking methods. The most popular and suc-
cessful functions of merit are on- and off-momentum dy-
namic apertures. Recently including tune-shifts with am-
plitude has been shown to speed up the algorithm conver-
gence [53]. Addition of other driving terms is not required
even if they can help. To reduce the time for computing dy-
namic aperture different algorithms have been developed.
Only a small number of turns is typically used (64 to 128),
which has been proven to be enough as a first step to nar-
row down the number of solutions. As a second step, long
term tracking (1 000 to 2000 turns) using FMA is used to
select the best and more robust solutions. As reported in
Ref. [53], in the case of NSLS-II, starting with population
of 6 000, computation of 300 generations takes less than a
week on a Sun Grid Engine Cluster made of 96 standard
CPUs. Results give large enough dynamic apertures with
flat amplitude tune-shift to avoid crossing resonance lines.
An interesting results is that small RDTs is a necessary but
not a sufficient condition for getting large DAs. Multi-
objective optimization is effective and has been shown to
be robust to errors. Experimental results at APS give an
increase of the beam lifetime by 25 % and 10 % respec-
tively for 24-bunch and hybrid filling patterns used in op-
eration [51]. Amazingly, it is demonstrated that a slight
symmetry break of the SR periodicity results in a 25% life-
time improvement without reduction of the injection effi-
ciency (90–100 %) at APS. Application to an intermediate
energy 3GLS, namely DIAMOND, has also given an ex-
perimental increase of 25% of the lifetime [54]. These re-
sults are the proof that genetic algorithms have become ma-
ture for optimizing simultaneously on- and off-momentum
apertures. A step forward has been reached at ALS with the
optimization of both linear and non-linear beam dynamics
using MOGA and the diffusion index from FMA as a merit
function [55] .
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CONCLUSION

Over the last 20 years tracking codes have become much
more trustable. Agreement between real and modeled lat-
tices have shifted from a factor 2 to down a few percents
for tune-shifts with amplitude and energy, on- and off-
momentum dynamic apertures. This tremendous step for-
ward is mainly due to the significant progress in diagnos-
tics: the turn-by-turn BPM data and the development of fast
dedicated kicker magnets for studying non-linear dynam-
ics. Nowadays, accelerator physicists are well equipped
for predicting the performance of a lattice and the effect of
the introduction of new equipments such as IDs in a storage
ring. FMA like techniques give a global view of the non-
linear beam dynamics. Promising results have been ob-
tained using RDTs based on turn-by-turn data. This trend
will strongly benefit from future higher resolution BPMs.
MOGA like algorithms enable us to optimize simultane-
ously the on- and off-momentum apertures. This is a sig-
nificant shift for sequential to parallel optimization. These
new ways of optimization have opened new horizon win-
dows with sometime unpredictable and amazing results. So
the improvement in lattice modeling combined with the lat-
est simulation techniques and progress on accurate beam
based measurements using TbT data makes us confident
for designing and operating of ever brighter light sources,
diffracted limited in both horizontal and vertical planes.
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