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Outline

Symplectic and self-consistent algorithms derived from a:

1. Multi-particle Hamiltonian

2. Lagrangian for collision-less plasma

3. Hamiltonian for collision-less plasma:

I electromagnetic

I electrostatic
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Multi-Particle Hamiltonian [Qiang, 2017]

H(x0,P0, . . . ,xi,Pi, . . . ; t) =
∑
i

|Pi|2

2m
+
∑
i

∑
j

Λ(xi,xj)
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Symplectic Integrator [Forest and Ruth, 1990], [Qiang, 2017]

(
I − ∆t

2
:
|Pi|2

2m
:

)(
I −∆t :

∑
j

Λ(xi,xj) :

)(
I − ∆t
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|Pi|2

2m
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)
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Low’s Lagrangian – Electrostatic [Low, 1958]

L(x, ẋ, φ; t) =∫
f(x0, ẋ0)

(m
2
|ẋ|2 − qφ(x, t)

)
dx0dẋ0 +

ε0
2

∫
|∇φ|2dx̄

where x = x(x0, ẋ0, t).
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Discretization [Grigoryev et al., 2012], [Shadwick et al., 2014]

f(x0, ẋ0) =
∑
i

wi δ(x0 − xi
0)δ(ẋ0 − vi

0) ,

φ(x, t) =
∑
j

φj(t)K(x− xj)
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Discrete Lagrangian [Shadwick et al., 2014], [Webb, 2016]

LD =

m

2

∑
i

wi|ẋi|2 − q
∑
i,j

φjwiK(xi − xj) +
ε0
2

∫ (∑
j

φj∇K(x̄− xj)

)2

dx̄
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Discrete Action [Marsden and West, 2001], [Shadwick et al., 2014],

[Webb, 2016]

S =

∫
LD dt

≈ ∆t
∑
n

LD(xn,
xn+1 − xn

∆t
, φn; t)
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First-Order Integrator [Marsden and West, 2001], [Webb, 2016]

m
xi
n+1 − 2xi

n + xi
n−1

∆t
= −q

∑
j

φjn∇K(xi
n − xj) ,

∑
k

φknMjk = − q

ε0
ρjn ,

where:

Mjk =

∫
K(x̄− xj)∇2K(x̄− xk) dx̄ ,

and

ρjn =
∑
i

wiK(xi
n − xj) .
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Electrostatic Hamiltonian?

L(x, ẋ, φ; t) =

∫
f(x0, ẋ0)

(m
2
|ẋ|2 − qφ(x, t)

)
dx0dẋ0 +

ε0
2

∫
|∇φ|2dx̄
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Electromagnetic Hamiltonian [Qin et al., 2016]

L(x, ẋ,A, Ȧ; t) =

∫
f
(m

2
|ẋ|2 + q ẋ ·A(x, t)

)
dx0dẋ0 +

ε0
2

∫
|Ȧ|2 − |c∇×A|2 dx̄
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Discretization

f(x0, ẋ0) =
∑
i

wi δ(x0 − xi
0)δ(ẋ0 − vi

0) ,

A(x, t) =
∑
j

Aj(t)K(x− xj)
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Discrete Lagrangian

LD =
m

2
ẋᵀw ẋ + qẋᵀwKA +

ε0
2
ȦᵀK Ȧ− 1

2µ0
AᵀK×A

where:

w = diag(wi)

Kij = K(xi − xj)

Kjk =

∫
K(x̄− xj)K(x̄− xk) dx̄

Kjk
×

=

∫
[∇K(x̄− xj)]ᵀ

×
[∇K(x̄− xk)]×dx̄
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Discrete Hamiltonian [Qin et al., 2016]

Canonical momenta are:

P = mwẋ + qwKA

Y = ε0KȦ .

The discrete Hamiltonian becomes HD =

1

2m
(P− qwKA)

ᵀ
w−1 (P− qwKA) +

1

2ε0
Yᵀ Kᵀ−1

Y +
1

2µ0
Aᵀ K×A ,
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Electrostatic Hamiltonian

L(x, ẋ, φ; t) =

∫
f(x0, ẋ0)

(m
2
|ẋ|2 − qφ(x, t)

)
dx0dẋ0 +

ε0
2

∫
|∇φ|2dx̄
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Electrostatic Hamiltonian

After integration by substitution:

S =

∫ [∫
f

(
m
x′2 + y′2 + 1

2t′
− q t′φ

)
dx0dy0dt0dx

′
0dy
′
0dt
′
0

+
ε0
2

∫
|∇φ|2 dx̄dȳdt̄

]
dz

=

∫
Lz(x, y, t, φ, x

′, y′, t′, φ′; z) dz
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Electrostatic Hamiltonian

Canonical momenta are:

Π = ε0φ
′

Px = mf
x′

t′

Py = mf
y′

t′

−E = −mf x
′2 + y′2 + 1

2t′2
− qfφ

The Hamiltonian writes

Hz =

∫ √
2mf(E − qfφ(r))− Px

2 − Py
2 dr0dr′0 +

1

2

∫ (
Π2

ε0
− ε0|∇⊥φ|2

)
dr̄

with r = (x, y, t).
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