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Outline

Symplectic and self-consistent algorithms derived from a:
1. Multi-particle Hamiltonian

2. Lagrangian for collision-less plasma

3. Hamiltonian for collision-less plasma:

» electromagnetic

» electrostatic

2/19



Multi-Particle Hamiltonian [Qiang, 2017]
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Symplectic Integrator [Forest and Ruth, 1990], [Qiang, 2017]
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Low's Lagrangian — Electrostatic [Low, 1958]

L(x,%,¢;t) =
[ #0050) (1 = a0(x.0) dxodio + 7 [ [90Pdx

where x = x(x0, X0, t).
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Low's Lagrangian — Electrostatic [Low, 1958]

L(x,%,¢;t) =
[ #60s50) (1 = a0(x.0) dxodio + 7 [ 190Pdx

where x = x(x0, X0, t).
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Discretization [Grigoryev et al., 2012], [Shadwick et al., 2014]

f(x0,%0) = Zwlﬁ (x0 — x4)8 (%0 — v{),

Zdﬂ K(x —x/)
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Discrete Lagrangian [Shadwick et al., 2014], [Webb, 2016]

Lp =

2
%Zwi|xi|2—qZWwiK(xi—xj)—i—%o/(Z(ijK(i—xj)) dx
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Discrete Action [Marsden and West, 2001], [Shadwick et al., 2014],
[Webb, 2016]
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First-Order Integrator [Marsden and West, 2001], [Webb, 2016]

i i i
Xp+1 — 2Xn + Xn-1
At

= _qz QS%VK(X; - Xj) 5
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where:
Mjk:/K(i—xj)V2K(i—xk)di,
and

o= Y K, - %)
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Electrostatic Hamiltonian?

L(x, %, 63t) = [ f(x0,%0) (m|%[2 — qo(x, 1)) dxodso + = [ |Vo|2d=
2 2
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Electromagnetic Hamiltonian [Qin et al., 2016]

L(X,X,A,A;t) =

/f <%|x|2+q5<-A(x,t)) dxodxo + %0/|A|2 — eV x A2 dx
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Discretization

Xo,XO w 5 O_Xo Q—VO),
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Discrete Lagrangian

. ) 1
Lp="xTwx+ g wKA+ DPATICA - —— ATK A
2 2 210

where:

w = diag(w")
KY = K(x' — xJ)

ok — /K(i XK (% — xb) d%

Kok = /[VK(X ~ )T [VE (% — %], dx
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Discrete Hamiltonian [Qin et al., 2016]

Canonical momenta are:

P = mwx + ¢gwKA
Y = GQKA .

The discrete Hamiltonian becomes Hp =

1 1 - 1
— (P —qwKA)Tw ' (P—qwKA)+ —YTKT Y+ _—ATK A,
2m 260 2,u0
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Electrostatic Hamiltonian

L(x, %, 63t) = [ f(x0,%0) (m|%[2 — qo(x, 1)) dxodso + = [ |Vo|2d=
2 2
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Electrostatic Hamiltonian

After integration by substitution:
2 12
S = / [ / ( ° B‘Z 1 qt¢> daodyodtodz)dyhdt,
€0 2 - 1—17
+2/\V¢| dxdydt] dz

= /LZ(CC, Y, ta ¢a '1"/7 ylv tla ¢/7 Z) dz
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Electrostatic Hamiltonian

Canonical momenta are:

H:60¢I
x/
y/
E_ fxl2+y/2+1

The Hamiltonian writes

H. = [ \f2mf(E = afo(x) = 2.2 = P2 drodr +

with r = (z,y,t).
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