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Abstract

We set up a consistent framework for the Lagrangian
view of (3+1)-dimensional electro-dynamics using the lan-
guage of differential forms with no need for coordinate sys-
tems or reference frames. A natural decomposition mecha-
nism admits the construction of this framework with a min-
imum of overhead. Employing two observers, one holo-
nomic and the other one locally inertial, opens the possibil-
ity to use the simple form of both the Maxwell equations
and the constitutive relations simultaneously. Connections
to standard results are provided, and the feasibility is fur-
ther demonstrated by means of a classical application.

INTRODUCTION

In many engineering applications the interaction be-
tween the electromagnetic field and moving bodies is of
great interest. It is natural to use a Lagrangian description,
where the unknowns are defined on a mesh which moves
and deforms together with the considered objects. What is
the correct form of Maxwell’s equations and the constitu-
tive laws under such circumstances? The aim of the present
paper is to tackle this question by using the language of dif-
ferential forms.

We start from Maxwell’s equations and constitutive re-
lations in four-dimensional flat Minkowskian space-time.
While this essentially constitutes an Eulerian point of view,
we proceed to a four-dimensional Lagrangian description
by transformation to the canonical reference space. The
next step is to introduce a (3+1)-decomposition mechanism
which is based exclusively on the pair of a vector field and
a 1-form, describing an observer in space-time, [5, 7]. With
the help of this mechanism, all fundamental operators like
exterior derivative, Hodge, and contraction can be easily
decomposed. An application to four-dimensional electro-
dynamics yields the common notions of three-velocity and
contraction factor, defines the three-dimensional field com-
ponents, and provides general (3+1)-Maxwell and constitu-
tive equations. It becomes obvious that if the observer re-
sponsible for the decomposition is holonomic or locally in-
ertial, then Maxwell’s equations or constitutive laws adopt
their simple form, respectively. This observation becomes
utilized by introducing two observers to the Lagrangian set-
ting, one holonomic and the other locally inertial. In order
to profit from their individual advantages, a transformation
law connecting the two observers is established, again sim-
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ply by plugging in the decomposition mechanism. This
concludes a convenient description of (3+1)-dimensional
electro-dynamics. As an application of our approach, we
consider the classical paradoxon by Schiff, [8].

Due to space limitations, most of our results are stated
without proof. Detailed derivations are given in the ex-
tended version [4]. There, we also provide connections of
our approach to standard results.

SPACE-TIME ELECTRO-DYNAMICS

Our model for physical spacetime is that of a four-
dimensional affine space M, equipped with a metric g of
signature (+ - - -), referred to as Minkowski space. The
metric is represented by the mapping g : AX*(My) —
AFY(M,) from the space of smooth (multi-)vector fields
to the space of smooth differential forms, defining the ex-

tent of a p-form w as |lw| = {/|(w|g~(w))|, where -|-

is the usual duality product. In My, electro-dynamic phe-
noma are described by Maxwell’s equations, namely,

dFF =0, and dG=J, (1)
where d stands for the exterior differential operator, ', G €
F2(My) are the electromagnetic field and excitation, re-
spectively, and J € F3(My,) the four-current density. The
field F and the excitation G are linked by the constitutive
laws, [2],

iu( %G+ ceF) =0,
iu( % F —couG) =0,

(2a)
(2b)

where i, denotes the contraction by the four-velocity u, ¢,
the vacuum velocity of light, e and . the electric and mag-
netic permeabilities, and * is the Hodge operator associated
with the metric g. The four-velocity vector field u is time-
like and of unit length with respect to g, iyg(u) = 1. Itis
tangent to the world-lines of the volume elements in M.
Maxwell’s equations (1) and the constitutive laws (2) con-
stitute a complete four-dimensional Eulerian description of
electro-dynamics in M.

LAGRANGIAN PERSPECTIVE

The Lagrangian observer describes the events from
a reference space Mg, which is the product of a
one-dimensional oriented affine space M and a three-
dimensional oriented affine space Mg, the configuration
space, as illustrated in Figure 1.  The reference space
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Figure 1: Reference space M, placement mapping ®.

M} and the physical space M, are linked by a placement
mapping in form of a diffeomorphism ® : M — M,. The
physical interpretation of @ is deduced from the observa-
tion of a point Q) € My, which defines a curve

cg =My xQ ®)

in M7. Then the mapped curve cg = ®(cd) in My is ex-
actly the world-line of the volume element labelled by Q.
The Lagrangian description of electro-dynamics is noth-
ing more than the reformulation of Maxwell’s equations
(1) and the constitutive laws (2) within the reference space
Mp. This is accomplished by pull-back of the involved
field quantities and operators via the placement mapping
®. After setting

F'=¢'F, G'=0G, J"'=07,

the transformed equations are of the same kind as the orig-
inal ones, namely,

d°E°=0, and d°G°=J°, (43)
io (*° G° + e F°) = 0, (4b)
igo (%° E° — couG°) =0, (4c)

where *° indicates the Hodge operator of the pulled-back
metric ¢°. With (4), a complete four-dimensional La-
grangian description has been derived, whose properties
will be elaborated in the sequel.

(3+1) DECOMPOSITION MECHANISM

Definition In order to keep as much flexibility as pos-
sible, we employ the techniques presented in [5, p. 117].
The setting is illustrated in Figure 2. For a general space-

o =const

Figure 2: Foliation and fibration of A described by n and
o =const.

time manifold M, let a fibration of M be described by a
three-parameter vector field n, introducing the notion of
relative space. Furthermore, let a foliation of M be de-
scribed by a one-parameter family of hypersurfaces o =
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const., introducing the notion of relative time.
o = do, itis possible to scale n and o such that

ino = 1. (5)

The pair (n, o) constructed in this manner constitutes an
observer in space-time. In the special case of an inertial
observer, the fibration consists of parallel time-like lines
with the leafs of the foliation being orthogonal, and we
have o = g(n). Without the parallelism of the fibres, a lo-
cally inertial observer is obtained provided that o = g(n)
in every point. If a frame of reference was attached to an
observer (n, o) satisfying (5), n and o would describe the
temporal basis elements of this frame. However, the fol-
lowing (3+1) decomposition mechanism does not rely on
the existence of a reference frame. In particular, we con-
struct a projection operator P = P, , depending only on
the two constitutive parameters n and o.

We first consider the space X? = X?(M) of smooth
p-vector fields on M. Setting

Xb={wea?:wlw=0},

Setting

the projection of a (1-)vector field is defined by
P:x' - xl xxl ww(ab),
b:a|w, a=w — bn.

We proceed analogously for decomposing forms. Let
FP = FP(M) denote the space of smooth p-forms on M,
and define

FP ={we F? iyw =0}.

Then, the projection of a 1-form is given by
P:Ft - Frx FY

0 =w

In Figure 3, the action of P on a covector w is sketched in
2D. The domain of P can be extended to F? by setting

w = (a76)7

n oa=w-Jgo.

Figure 3: Projection of a covector w.

P:FP - FEx F27l we (o B),
B=inw, a=w-0AB=iy(ocAw).

From the definition above, it is obvious that the projection
P has the inverse

P TR FRT PP

(6)

(o, B)—mw=a+aoApB.
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Decomposition of the exterior derivative We indi-
cate the Lie derivative along the vector field n as “tem-
poral” derivative

‘=L, =ipod+ doiy.

For the exterior differentiation of a projected pair (a, 3) €
FPx FP~1 itis natural to use the composition PodoP~1,
We obtain

-1 _ d3 ?7/\
PodoP —<. A tSn ) @)

where § = o is the acceleration 1-form and n = d,o
the vorticity 2-form, [3]. In other words, we have that
do = n+ 0o Adwith (n,8) = P(do). In the case that
(n, o) is seen as the temporal basis vector and covector of
a reference frame, one obtains a geodesic frame for & = 0,
and an irrotational frame for n = 0. Whenever § # 0 or
n # 0, one speaks of an anholonomic frame. We remark
that the composition d,o d; = —mA*. This does not contra-
dict Stoke’s theorem, since i # 0 yields o Ado # 0 which
violates the Frobenius integrability condition. In this case,
a three-dimensional integral submanifold does not exist.

Of special interest will be the case do- = 0 yielding § =
n = 0. Then, the decomposition of the exterior derivative
is given by the simple form

1 (ds 0
PodoP —(. —q,)

A direct consequence of these considerations is that the
canonical form of the (3+1)D Maxwell equations is only
guaranteed for 6 = n = 0, as will become obvious in Sec-
tion “Decomposition of Maxwell’s equations”.

Decomposition of the Hodge operator Let
5:A(F) = A(F), wis (—1)%8«y,

The metric isomorphism ¢g—! : FP — XP can be decom-
posed into

Pyt =(g's, ),

with a positive definite metric g,. In particular, we have

g;l cFP— &P, (8)

97 (W) = g5 (sw) + 0 A x(sw), ©)

for a mapping y : F2 — X2~1. Ajustification for (9) is
given in [4]. It is possible to express the induced Hodge
*, for the 3-metric g, in terms of the 4D Hodge * and the
vector field n, namely

e

Now, everything is available to decompose the Hodge
with respect to the projection P. To this end, define A € R
andw € Xl by (w, \) = Pg~!(o). Considering

<g:) =PxpP! <g) =Px(a+oNpP),
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gives
B = |n|| *; & — ||nliw *; 58,
o' = —||n|| *; iwsa + [n||X x; 58 — ||n||iw *; iw/B.

Thus, the Hodge x decomposes to

— kg lwS A kg S — Iy % iw> .0

%5 —dy %3 8

Px P! = |n| (

Of special interest is the case w = 0. If (n,o) is ex-
tended to a reference frame, this frame is said to be time-
orthogonal. Then, the decomposition simplifies to

-1 0 Ax3s
PxP7" =|n]| <*3 N

Moreover, it follows for w = 0 that g~!(o) = An, thus,
A= olg™ (o) = Ag(n)[An = A?|n]]?,

yielding A\ = ||n||~2. Therefore, the decomposition of the
Hodge operator in time-orthogonal frames is given by

- 0 |nf~'xs
PxP 1= )
(Inll*s 0

The consequence of these observations is that simple
(3+1)D constitutive laws only occur for w = 0, as will
be shown in the next section.

(11)

Decomposition of the contraction The projection P
also enables us to decompose the contraction of a p-form
w = « + o A 3 by avector field u € X. We can write u

as
u=a+bn, acXxl beal

Then, the contraction i,, decomposes to

. o ia b
PluP1=(0 ia)'

(3+1) DECOMPOSITION OF
ELECTRO-DYNAMICS

Decomposition of the four-velocity Projecting the
four-velocity u defines the three-velocity v measuring the
velocity in three-space XL of the observer given by (u, p)
relative to (n, o). Additionally, one obtains the contraction
factors ~1, 2, and the 1-form v by setting

" <V/lc°> = Pu, (V/100> =Pp. (13)

Setting —3? = ¢, 2v|v, we obtain

(12)

—1728° =1 = 717.

For the contraction factor v defined by v2 = ~;+2, we ob-

serve that
—1/2

7= (1= (14)
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In our setting, we will consider the special case of locally
inertial observers,
(15)

n=g '), u=g"'(p).

Then we have

n=olu=olg ' (u) =0op=plg (o) =pn=r,
thus, v = v1 = 2. From (13), we conclude

u=vyn+v/c). (16)

Decomposition of Maxwell’s equations  With the pro-
jection operator P, it is possible to decompose the four-
dimensional electro-dynamic quantities into their three-
dimensional components. The four-potential @, the exci-
tation G, the electromagnetic field £, and the four-current
density J decompose to

A\ D\ _
(4e)-ro ( £,)-re
B\ _pp L) =pg (17b)
7E/CO - 71/00 =
These projections define the conventional three-

dimensional electromagnetic field quantities, [5, p. 118ff.].
Projecting the four-dimensional Maxwell equations (1)
and substituting P! P for the identity yields

PdP'PF =0, and PdP 'PG=PJ.

Using the decompositions (7) and (17) of the four-

differential and of the field quantities, respectively, we ob-

tain the (3+1)-Maxwell equations
&H=J+D+6NH,
&GE=-B +6AE,

&B=0+nANE,
d:D=p-nANH,

the continuity equation d 7 = 0 yields
dsJ+p=086NJ,

and the definition of the four-potential d® = F gives the
potential equations

E=-dp-A+phd,  B=dA-pAn

It becomes obvious that it will not be convenient to operate
in anholonomic settings, i.e. whenever § or ) are different
from zero.

Decomposition of the constitutive laws We proceed
in the same manner to derive (3+1)-dimensional constitu-
tive laws. The projection of (2) gives

PiyP~'(P* P7'PG + c,ePF) = 0,
PiyP~' (P + P7'PF — ¢ouPG) = 0.

(18a)
(18b)
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Using the decompositions (12), (10), and (17) of the con-
traction, the Hodge star, and the field quantities, respec-
tively, yields (3+1)-dimensional constitutive laws. A par-
ticularly easy situation is obtained by introducing a locally
inertial observer, in which the considered material element
is instantaneously at rest. Then, the three-velocity v is zero,
hence, u = n by (16) and n = g~ (o). As a conse-
quence, we have a = 0, b = 1 in (12) and, due to the
time-orthogonality, the Hodge star decomposes to the sim-
ple form (11), with ||n|] = 1. Therefore, indicating the
such projected field components with a prime, relations
(18) imply that

*3Q/ = Eﬂla

%B' = pH' (19)

In the more general setting of (15) and (16), we obtain

D =

L *3€ (E* (1- CQ/Cg)ivﬁ) + 0(52)3
B =

s (H + (1= 2 /cd)iyD) + O(5),

which are the well-known relations confirmed by Wilson
and Rontgen/Eichwald, respectively. If the decomposition
was not time-orthogonal, we would have to deal with the
more involved expression (10) for the decomposed Hodge
operator, which would lead to a quite complicated form of
the constitutive laws. The advantage of our approach is that
we will not have to consider this situation.

APPLICATION TO THE LAGRANGIAN
PERSPECTIVE

In the following, we establish two (3+1)-decompositions
of the reference space M. To this end, we parametrize the
curves cg, defined in (3) by arc-length with respect to the
pulled-back metric g°. This admits the introduction of a
coordinate ¢, on c¢, and, proceeding like this for all @ in
M3, of acoordinate t” in M. The setdescribed by t¢, = 0,
Q € M3, constitutes a leaf of the foliation of M. The pair
(n°, o) given by

n’ = 0.0, o0°=d(ct"),

represents the natural foliation of A/. By construction,
we have ao\no = 1, thus, it is possible to apply the pro-
jection formalism. We remark that the choice of (n°, o°)
is unique. Although for any non-zero o € FY(My), the
pair (an®, o~ 1) describes the same foliation, the choice
a = 1is fixed by the fact that the arc-length parametriza-
tion requires || = 1, while the orientation of M sets the
sign.

By construction, we have that D®(n°) = u, i.e, n® =
u® resulting in v° = 0, as it is suggested by a Lagrangian
description. Moreover, we have do® = 0 by construction,
thus, the projected Maxwell equations are of their simple
form. We remark that the condition g(n°)|n° > 0 reduces
the possibilities for admissible placement mappings @, re-
quiring that the curves cg, and cq have to be inside the light
cone defined by the metric g° and g, respectively.
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The metric admits the definition of a second, metric-
compatible observer, by setting

W =n’, o' =g(n)
We immediately observe
o'|n’ = g(n')|n’ = g(n°)|n° = |n°|]* =1,

thus, the projection mechanism may be applied again.
Moreover, since v® = 0, |n’|| = 1, and due to the time-
orthogonality, the projected constitutive laws are of their
simple form (19). The push-forward D®(n’, o) defines
a locally inertial observer in M,4. As a consequence, if
w' € FP, (M) is a field quantity with respect to the pro-
jection defined by (n’, o’), then AD®(w’) € FE(My) is
the corresponding measurable physical quantity, according
to the hypothesis of locality, [6].

In order to suitably relate the two foliations, one has to
formulate a transformation law which establishes a one-to-
one correspondence between the spaces ]-"ﬁo X ]-"r’:o’l and
FP, x FE7'. We remark that both spaces are identical,
since n° = n’. The correspondence is simply given by the
mapping P° o (P’)~t. One obtains

(5)-6 ") G)

As pointed out before, the advantage of employing both
decompositions is that we can employ simple (3 + 1)-
Maxwell equations with respect to (n°,o°) and simple
constitutive laws with respect to (n’, o’). The transforma-
tion law (20) completes a convenient description of (3+1)-
dimensional electro-dynamics.

(20)

EXAMPLE

We present an application of the above formalism to the
classical paradoxon by Schiff [8]. Originally, the setting is
given in terms of two conducting spheres. For the sake of
simplicity and in order to illustrate the idea, we investigate
an analogue in terms of an infinitely long cylinder, see [1, p.
320]. The following field quantities are chosen with respect

observer

Figure 4: Paradoxon by Schiff (simplified):
neously charged cylinder, two different situations.

homoge-

to an inertial observer attached to the axis of the cylinder.
The cylinder of radius a is homogeneously charged with a
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surface charge distribution o = ¢/(27a). It may rotate at
an angular speed w, causing an azimuthal convection cur-
rent j, = —wqd(r — a)/(2m), where ¢ denotes the delta
distribution. We install an observer which may rotate at an
angular speed Q2. We consider two different situations in
which the observer measures the field inside the cylinder.
In the first one, only the cylinder moves, whereas in the
second one, only the observer moves:

e =0, w=wq: Asaresult of the convection current,
the interior of the cylinder is filled by an electromag-
netic field with radial displacement D,. = 0 and axial
magnetic field H, = —wq/(27).

e ) = wp, w = 0: The interior is free of an electromag-
netic field, which has to hold for arbitrary observers.
Therefore, the observer should find D] = H/ = 0.
However, should not this case be identical to the first
one from the observer’s point of view? He always ex-
periences the same kinematics: a cylinder moving at
the same angular speed.

The resolution of this apparent paradox results from
considering the correct measurable fields for the sec-
ond case. One of the benefits of our approach is now
that we consider Maxwell’s equations with respect to
the observer (n°, o) where they basically keep their
usual form. Nevertheless, they have to be transformed
into rotating cylinder coordinates, as found for exam-
ple in [1, p. 268]. In M4, we choose coordinates
(cot, 7, ¢, 2) yielding the natural bases (c; ', d,, 0y, 0.)
and (c,dt,dr,de,dz) of the tangent and cotangent
spaces, respectively. The metric ¢ in matrix notation
is given by diag(1,—1,—7%,—1). For the reference
space M, the coordinates and bases are completely anal-
ogous, namely (c,t°,7°, %, 2°), (c;d40,8,0,0,0,0,0),
and (¢, dt°,dr°,de°,dz°).
The placement mapping ® : M — My is given by

cot = yeot®, r=1r°2=2°

Q
="+ C—WCotO =" +Qt,
0

with v = (1 — (Qr°/c,)?)~/2.  The foliation-induced
observer is simply given by (n°,0°) = (c; 1,0, ¢, dt°).
For the local inertial observer, we have n’ = n° = ¢, 19,0
and
o' —0°=g"(n') — 0" = —yr?Q/c, dp".
We now turn to the source data of the given problem. In
M,, we have

o= Qi(s(T_a) dr AdpAdz,  J=0,
- s

with respect to the projection P = P_1,, . 4,. By pull-
(&) > €O

back to A and decomposition with respect to P°, we ob-

tain

p° dr® Adp® A dz°
S ) =pg= i(s(rﬂ—a)( - )
*JO/CO - 27 Yy dz% Adr®

(21)
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We remark that due to the axial symmetry of the domain
and the data, all involved quantities depend only on r°, not
on ° or z°. Therefore, the three-derivative is given by
d, = dr° A 9,0. Maxwell’s equations reduce to

*ar"’H; = J;? (22a)
OroD) = p°. (22b)
From (21), we deduce for the solutions of (22)
0
H;) _ i Co r’<a, (23)
21 | co +9Q r° > a,
0
Dﬁ _ q Ja r<a, (24)
2r ler+1 7° > a.

In order to derive physically observable pulled-back quan-
tities, we employ the transformation (20). This results in

77“2 Q
3

H'=H’=H"dz".

D' = (D0 + 2 H0Ydg Adz,

If D’ and H ' are written in coordinates with respect to the
coordinate basis (¢, dt°,dr°,d¢°,dz°), we have

'yrQQ

D/=D!+-——H!  H/=H.
CO
From (23) and (24), we obtain
o [+ epree " <a,
D'r{ = 5- ( .CUO)ZQ (25)
21 | e1 4 e 1" +7% r°>a.

>
€0

Using the constitutive laws (19) requires the calculation
of the three-dimensional Hodge ;. It turns out that
the coefficients of the induced metric (g?) are given by
diag (1, (yr)2,1). This motivates the explicit construction
of the Hodge = by replacing r by vr° in the expression for
the three-Hodge in cylindrical coordinates. From (19), we
observe

D/ =eyr°E).

Now, we can deduce the integration constants ¢; and ¢
in (23) and (25), respectively. Since D, has to remain
bounded for r° — oo, we have co = 0. Since B/ =
D/ /(eyr®) also has to remain bounded for ° — 0, we
have ¢; = 0. This finally gives the solution

¥qg |0 r°<a,
H =% 26
= 2 {Q r® > a, (26)

and for the solution of (22b)
2 0

¥°q |0 r°<a,
D/ =-= 27
T 27 {1 7% > a. )

Thus, the interior is free of an electromagnetic field.
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In order to validate our result, we push-forward our solu-
tion from M to M, and decompose the result with respect
to the inertial observer (c; 19 dt, c, dt). As result, we ex-
pect the electro-static field of a line charge on the cylinder
axis for r > a. In M2, the excitation G° is given by

G’ = ;—q (fy_l dp® Adz° +Qdt° A dz”) ,
™

for r° > a.
amounts to

The pushed-forward excitation G in My

G=DdG" = Ldpade.
21

Applying the projection P with respect to (c; 19 dt, c, dt)
yields

D\ _ _4 _
<E/Co)_PQ = Q—Qﬂ_dgo/\dz,ﬂ—O,

as has been expected.

CONCLUSION

Summing up, our approach sets up a consistent frame-
work for the Lagrangian view of (3+1)-dimensional
electro-dynamics using the language of differential forms
with no need for coordinate systems or reference frames.
The decomposition mechanism, [5], admits the construc-
tion of this framework with a minimum of overhead, only
relying on the notion of an observer. Employing two
observers, one holonomic and the other locally inertial,
opens the possibility to use the simple form of both the
Maxwell equations and the constitutive relations simulta-
neously. The feasibility and usefulness of the approach is
demonstrated by means of a classical example, [8].
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