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Abstract 
At the Brazilian Synchrotron Light Laboratory, the radi-

ation beam is conditioned by optical elements that must be 
positioned with high stability and precision. Many of the 
optical elements are positioned using granite benches that 
provide high coupling stiffness to the ground and position 
control in up to six degrees of freedom, using a set of step-
per motors. The solution of the inverse kinematics was 
done numerically by the Newton Raphson method. By em-
ploying the property that these systems have small rotation 
angles, the Jacobian matrix used in this numerical method 
can be simplified to reduce computational execution time 
and allow high processing rates. This paper also shows the 
results of adding a notch filter to the position servo control 
loop of the granite benches to increase stability due to their 
mass-spring-damper characteristics. The kinematics and 
control of the granite benches are implemented in an Om-
ron Power Brick LV controller, with the kinematics devel-
oped in MATLAB and the C-code generated by MATLAB 
C-Coder. Reducing the execution time of the kinematics 
improves the efficient use of the computational resources 
and allows the real-time clock rate to be increased. 

INTRODUCTION 
Granite benches have many applications in the Sirius 

beamlines, such as positioning mirrors, monochromators, 
and experimental stations, providing high mechanical and 
thermal stability [1, 2]. 

The latest granite bench design has seven motors and six 
degrees of freedom (Fig. 1). The system consists of a stack 
of three granite pieces. The first layer is supported by three 
levelers that provide translation in Y and rotations along 
the X and Z axes. The next two layers of granite together 
provide rotation along the Y axis and translations in the X, 
Y and Z axes. These layers are positioned using a system 
of belts and pulleys driven by stepper motors. To reduce 
friction, the granites have air bearings to guide and lift the 
granite layers. 

This article presents the latest advances in the calculation 
of the inverse kinematics of this mechanism since the last 
article [3] and introduces a new discussion on the position 
control of air-bearing granites using belt and pulley sys-
tems. All kinematic calculations and motor control are per-
formed on an Omron Delta Tau Power Brick LV controller. 

 
Figure 1: Mirror granite bench design used as a reference. 

KINEMATICS 
Model Overview 

The kinematic calculations of this system are divided 
into two parts: the closed-chain tripod formed by the three 
levelers; and the remaining open-chain robot with 7 axes 
formed by the resulting effect of the levelers plus the move-
ment of the granites (Fig. 2). The tripod kinematics for the 
levelers will not be covered in this article. For more infor-
mation, see [3]. 

 
Figure 2: Mirror system kinematic scheme [3]. 

The control point is located at the 𝑆଼ coordinate system 
with coordinates 𝑢ሬ⃗  relative to the coordinate system 𝑆଴ 
fixed on the beam, where 𝑓 is the forward kinematics and 𝑒 the axes positions. The axes 𝑅௫௟௘௩ ,𝑅௭೗೐ೡ and 𝑇௬೗೐ೡ are 
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computed beforehand using the forward kinematics for the 
tripod levelers system.  𝑢ሬ⃗ ൌ 𝑓ሺ𝑒ሻ ൌ ൫𝑅௫,𝑅௬,𝑅௭,𝑈௫,𝑈௬,𝑈௭൯ 

where: 𝑒 ൌ ሺ𝑅௫௟௘௩,𝑅௭೗೐ೡ ,𝑇௬೗೐ೡ ,𝑅௬್೐೙೎೓ ,𝑇௫,𝑇௪ ,𝑇௭ሻ 
The solution to the inverse kinematics problem proposed 

by [3] is based on the Newton’s method and consists of 
solving the following system of equations 𝐺⃗ሺ𝑒௞,𝑢ሬ⃗ ௗ௘௦ሻ: 𝐺⃗ሺ𝑒,𝑢ሬ⃗ ௗ௘௦ሻ ൌ 𝑢ሬ⃗ ௗ௘௦ − 𝑓ሺ𝑒ሻ ൌ 0 

Where 𝑢ሬ⃗ ௗ௘௦ is the desired pose of the mirror bench and 𝑒 is the vector of axes positions. By Newton’s method, each 
iteration computes a new iteration of 𝑒௞ until the norm of 
the error vector 𝐺⃗ is less than the encoder resolution.  𝑒௞ାଵ ൌ 𝑒௞ − 𝒥ீି ଵሺ𝑒௞ሻ ⋅ 𝐺⃗ሺ𝑒௞,𝑢ሬ⃗ ௗ௘௦ሻ 

Where 𝒥ீି ଵሺ𝑒௞ሻ is the inverse Jacobian matrix of 𝐺⃗ሺ𝑒௞,𝑢ሬ⃗ ௗ௘௦ሻ. The forward kinematics equations are found 
by combining simple homogeneous transformations matri-
ces, and then calculating the rotations using the Euler angle 
conventions. Until the last work presented, the Jacobian 
matrix was calculated symbolically, as well as its inverse, 
using the Sympy library in Python [4]. In this way, we ob-
tained long equations that solved Newton's method in 
about 2,156 ms using an Omron Power Brick with a Pow-
erPC CPU. 

Simplified Numerical Solution 
The mirror's granite benches have a very small angular 

range. For example, the first mirror (M1) of the SABIA 
beamline has only ±20 mrad for rotations along the X and 
Z axes, and ±60 mrad for rotations along the Y axis. As the 
inverse kinematics should only work correctly for these 
small angles, we can linearize the equations that compute 
the Jacobian matrix by applying the first-order Taylor pol-
ynomial at the point ൫𝑅௫೗೐ೡ ,𝑅௬್೐೙೎೓ ,𝑅௭೗೐ೡ൯ ൌ ሺ0,0,0ሻ, and 
we obtain the linearized form 𝒥∗ீሺ𝑒ሻ. Then, the new itera-
tive equation is computed as below: 

 𝑒௞ାଵ ൌ 𝑒௞ − 𝒥∗ீିଵሺ𝑒௞ሻ ⋅ 𝐺⃗ሺ𝑒௞,𝑢ሬ⃗ ௗ௘௦ሻ 
 
Since the Jacobian matrix is now an approximation of 

the original matrix for small angles, the further away from 
zero the angles are, the more iterations are required for 
Newton's method to converge, and we can no longer guar-
antee that the method will converge for all angles. 

 

Validation and Performance Tests 
To verify the convergence of the method for the entire 

bench workspace and measure the performance, a bench-
mark test is developed to measure the number of iterations 
required to converge and the total time required to reach 
the solution of 78125 points equally spaced over the 7 input 
variables workspace, for both methods, using the Omron 
Power Brick LV with a PowerPC CPU. 

The test results are shown in Table 1. The values are the 
average of the 78125 different calculations performed. As 
expected, the simplified method takes more iterations to 
converge. However, the simplified equations are simpler to 
calculate, and the total time taken to calculate the inverse 
kinematics is reduced by 95,6%. 

Table 1: Inverse Kinematic Methods Comparison 
Method Iterations Total Time [µs] 
Original 2,34 2156,0 
Simplified 3,13 95,5 

CONTROL OF GRANITE BENCHES 
Dynamic Model 

To design a position controller for the granite bench sys-
tem, a first approach consists of developing a dynamic 
model. The system can be modeled as a mass sliding over 
a surface with viscous friction, actuated by timing belts that 
are modeled as linear springs (Fig. 3) [5]. 

 
Figure 3: Dynamic model for the granite mechanism. 

Considering 𝑚 the total mass of granite and vacuum 
chamber, 𝐽 the moment of inertia of the drive pulley, 𝑘ଵ, 𝑘ଶ,𝑘ଷ the stiffness constant equivalent to the timing 
belt, 𝑟 the pulley radius, 𝑐௫ the damping coefficient of the 
interface between the granite pieces, 𝑐௣ the damping coef-
ficient associated with the pulley system, 𝑇௣ the torque in-
put from the motor, 𝑥 the granite position, 𝜃 the pulley po-
sition and 𝑘௧ torque proportionality constant, the state 
space representation of the system  𝑋ሶ ൌ 𝐴𝑋 ൅ 𝐵𝑢, 𝑦 ൌ𝐶𝑋 ൅ 𝐷𝑢 is: 
 

𝐴 ൌ
⎝⎜
⎜⎛

0 0 1 00 0 0 1−8𝑘ଵ3𝑚 8𝑘ଵ𝑟3𝑚 −𝑐௫𝑚 08𝑘ଵ𝑟3𝐽 −8𝑘ଵ𝑟ଶ3𝐽 0 −𝑐௣𝐽 ⎠⎟
⎟⎞ 

 𝐵 ൌ ൬0 0 0 𝑘௧𝐽 ൰் 

 𝐶 ൌ ሺ1 0 0 0ሻ and 𝐷 ൌ  ሺ0ሻ 
 

with 𝑋 ൌ ሺ𝑥 𝜃 𝑥ሶ 𝜃ሶ ሻ் 
This dynamic model is obtained using Lagrange's me-

chanical equations along with Rayleigh's dissipation func-
tion. It is assumed that the linear springs are made of the 
same material and have the same cross-sectional area and 
by Hooke's law: 𝑘ଶ ൌ 𝑘ଷ ൌ 2 ⋅ 𝑘ଵ. 
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From this model, it can be concluded that the main dy-
namics of this system can be expressed by a transfer func-
tion with four poles and no zeros. 

System Identification 
A system identification is carried out to identify a trans-

fer function with four poles and no zeros, from the input 𝑢(𝑡), which is the open-loop speed command for the step-
per motor, to the output 𝑦(𝑡), which is the position of the 
granite layer. 

The excitation signal 𝑢௘(𝑡) is defined as a periodic 
square wave signal varying in amplitude, as shown in 
(Fig. 4). The amplitudes chosen are in the system's usual 
working region (up to 0.05 revolutions per second). The 
signals are written and acquired at a rate of 1 kHz. 

 
Figure 4: Excitation signal and response used to estimate 
transfer function. 

From the system excitation signal and position data, the 
following transfer function is estimated, where 𝐺(𝑠) =𝑌(𝑠) 𝑈(𝑠)⁄ . The units of Y(s) are in encoder counts, where 
one count is equivalent to 500 nm, and the units of U(s) are 
in µsteps per servo cycle, where one servo cycle is 1 ms. 𝐺(𝑠) = 5,133 ⋅ 10଺𝑠ସ + 41,72𝑠ଷ + 711,3𝑠ଶ + 24140  

Finally, the identified plant response can be compared 
with new data acquired from the plant, as shown in (Fig. 5). 
The total root mean square error (RMSE) between the 
model response and the plant response is 13 µm. As the 
highlight shows, the model can reproduce the oscillations 
that occur at around 3,8 Hz in the positioning of the granite. 

 
Figure 5: Comparison between model and plant responses. 

Control Design 
In this section, the main objective is to obtain some in-

sight into how to choose a good filter and calculate the pro-
portional gain of a position controller. The main require-
ments for this controller, in relation to a step response, are: 
 

 Zero steady-state error. 
 Stabilization time less than 5 seconds. 
 No overshoot. 

 
The transfer function identified has four poles at the fol-

lowing locations: 𝑝 = (0 −39,26 −1,23 ± 24,77) 
rad/s, as seen in the root locus diagram (Fig. 6).  

 
Figure 6: Root locus diagram of the identified transfer 
function. 
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Assuming a simple proportional controller 𝐶(𝑠) = 𝑘௣, 
the highest possible 𝑘௣ value that still keeps the system sta-
ble, i.e. keeps the system poles in the negative real part, is 
0,0149. In practice, this value cannot be used, as the system 
would never stabilize. 

Analysis of the root locus diagram shows the negative 
influence of the pair of complex poles present in the 𝐺(𝑠). 
In order to counteract the effect of these poles on position 
control, a notch filter can be designed at their frequency. 

By choosing the notch frequency 𝜔௖ at 24,7 rad/s, with 
a magnitude gain at 𝐻௡௢௧௖௛(𝑗𝜔௖) = −20 dB, the transfer 
function for the notch is shown below: 𝐻௡௢௧௖௛(𝑠) = 𝑠ଶ + 4,96𝑠 + 615𝑠ଶ + 49,6𝑠 + 615 

The root locus diagram for 𝐺(𝑠) ⋅ 𝐻௡௢௧௖௛(𝑠) is repre-
sented in the (Fig. 7). By applying the notch filter to the 
frequency of the complex poles, the controller reduces the 
effect of these poles, reducing the resonance at a frequency 
of 24,8 rad/s. Then, the controller 𝐶(𝑠) is chosen to be: 𝐶(𝑠) = 𝑘௣ 𝑠ଶ + 4,96𝑠 + 615𝑠ଶ + 49,6𝑠 + 615 

By choosing the proportional gain as 𝑘௣ = 0,014328, 
the most significant poles of the system are positioned in a 
manner that gives the fastest response to the step, without 
overshooting. 

 
Figure 7: Root locus diagram for plant and notch filter 

Control Validation 
The 𝐶(𝑠) controller is discretized using the zero-pole 

matching equivalent, for a servo control loop rate of 1 kHz, 
which gives the following 𝐶(𝑧) transfer function: 𝐶(𝑧) = 14,01 ⋅ 10ିଷ ⋅ 1 − 1,994 ⋅ 𝑧ିଵ + 0,995 ⋅ 𝑧ିଶ1 − 1,951 ⋅ 𝑧ିଵ + 0,952 ⋅ 𝑧ିଶ 

This controller is embedded into the Power Brick LV us-
ing the C code generated in Simulink. The (Fig. 8) shows 
the plant's step response to a 50 µm step. It can be con-
cluded that the three design requirements are met by this 

controller: no overshoot, zero error in steady state and set-
tling time less than 5 seconds. 

 
Figure 8: Granite step response with the notch filter. 

CONCLUSION 
Granite benches have a complex kinematic calculation 

due to the large number of axes (7 motors) and the combi-
nation of an open-chain robot with a closed-chain "tripod" 
kinematics. The simplification takes advantage of the small 
range of angles of these benches and reduces the total time 
needed to find a solution by 95,6%. With this reduction, 
these calculations consume less controller processing time 
and make it possible to increase the real time rate if neces-
sary. 

Along with the kinematic simplification, a new approach 
to controlling the position of the granite layers lifted by air-
bearings is introduced by applying a Notch filter to the sys-
tem's resonance frequency. This approach has proved ef-
fective in stabilizing the system and its resonance fre-
quency can be easily identified in the field. 
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