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Abstract

Schottky signals are used for non-invasive beam diag-
nostics as they contain information on various beam and
machine parameters. The instantaneous Schottky signal is,
however, only a single realisation of a random process, im-
plicitly depending on the discrete distribution of synchrotron
and betatron amplitudes and phases among the particles. To
estimate the expected value of the Schottky power spectrum,
and reveal the inner structure of the Bessel satellites de-
scribed by the theory, the averaging of instantaneous Schot-
tky spectra is required. This study describes this procedure
quantitatively by analysing the statistical properties of the
Schottky signals, including the expected value and variance
of Schottky power spectra. Furthermore, we investigate how
these quantities evolve with the number of particles in the
bunch, the observed harmonic of the revolution frequency,
the distribution of synchrotron oscillation amplitudes, and
the bunch profile. The theoretical findings are compared
against macro-particle simulations as well as Monte Carlo
computations.

INTRODUCTION

The Large Hadron Collider (LHC) Schottky system pro-
vides a single spectrum every second, based on the signal
acquired over approximately the last 16 000 revolutions. No-
tably, consecutive spectra exhibit significant dissimilarity,
requiring the aggregation of numerous spectra to attain the
mean value. This study aims at exploring the inherent vari-
ability of consecutive instantaneous Schottky spectra and at
characterising their statistical properties.

The LHC Schottky monitors measure the power spec-
tral density (PSD) of a signal (intensity for the longitudinal
spectrum, or dipole moment for the transverse one). For a
random process X (), the PSD is defined in general by [1,
Eq. (10.9)]

.1 2
P(w) = Tlggo 7 Xr(@)I%, (D
where X7(w) is the Fourier transform of the truncated pro-
cess

Xz(w) fT X(n)e7etds.
-T
In these proceeding we will first investigate the statistical
properties of the longitudinal spectrum, before elaborating
on the transverse one. Then we will compare our results
with simulations and the available measurements, and finally
present our conclusions.
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LONGITUDINAL SCHOTTKY SPECTRA

As shown in the literature [2-5], the intensity signal i(¢)
of a bunch consisting of N particles can be written

N )
. L Q, 1+pe,.
l([):qfoz Z J,,(nwo‘r,-)el(nwoprp SPPs) ()
i=1 np=-co

where J,, is the Bessel function of the first kind of order
P, g the charge of the particle, f = wy /2 the revolution
frequency, and 7;, QO , and ¢, , respectively, the synchrotron
time amplitude!, frequency, and initial phase of particle i.
The summations over n and p are related to the revolution
frequency harmonic and the Bessel satellite number p.
Equation (2) is a deterministic signal entirely defined by
a set of N amplitudes T; and N phases ¢, (the synchrotron
frequencies Q, can be determined from the synchrotron
amplitudes as in [6, 7]). To examine the statistical properties
of the Schottky spectra, we define the corresponding random
process I (t) of the intensity signal ()
1) = afy Y T, (nwoTy) &0 PEttpal -3

i,n.p

where the summation bounds have been omitted for readabil-
ity. The random variables T; and ®,, describe respectively,
the synchrotron time amplitude and initial phase for particle
i. Equation (2) can be seen as one realisation of the random
process defined by Eq. (3).

In the following, ¢, is assumed to follow a uniform dis-
tribution on [0, 257], while T} is described by various proba-
bility density functions g(T), such as the Rice distribution
asin [7]

or a distribution corresponding to a Gaussian bunch profile

g(7)

T 262
= e 2o s
g2

in order to assess the impact of different bunch profiles.

Applying the PSD definition from Eq. (1) to Eq. (3)
yields [8]

= . Jp®, P’ )

P(w) = ¢*f§ E Iy (nwoT)J, (nwoTy)e ™ i
in.p
i,’p/

x 278 (nwg + pQy, - w) 8k (pQ,, —p'QSi,) , (4

! By time amplitude, we mean the maximum time arrival difference be-
tween a given particle and the synchronous particle
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where & is the Dirac delta distribution and with

ifx=0

Se(x) = lim sin(xT') 1,
K T-co  xT 0, otherwise.

Central Satellite

The power (i.e. the integrated PSD) of the central satellite
= 0, at a given harmonic n = nj can be deduced from
g. (4) and is given by

m S

N

P = ‘szo2 Jo(nywoT)Jo (@0 Ty)

ﬂﬁz

2

N
= 413 (Z ) )
where we defined the random variables

Z; = Jo(mywoTy),  Vie[l,N], ©)
In the following we derive the expected power and vari-
ance of the central satellite.

Expected Power Using the linearity of the expectation
and the fact that the expected value of a product is the product
of the expected values for independent random variables, we
have

E(P )

) N N
g £ (Z ZZ,Z,-)

i=1 i=1j=1
JFL
=NB +N(N - 1)a?, @)
where we defined the notations
a=EZ),  B=EZ?), ®)

for the first and second moments of Z;. These are indepen-
dent of i since all the particles have the same synchrotron
amplitude distribution. Note that if o = 0, the dominant
term of the expected value of the power for the central satel-
lite, scales as N rather than N2.

Variance The variance can be expressed as

Var (Pigy) = E(P%,) - (E(Py))°. 9)

where the second term is the square of the average power
calculated in Eq. (7). From the multinomial theorem, the
first term can be expanded using

©=2d Content from this work may be used under the terms of the CC-BY-4.0 licence (© 2023). Any distribution of this work must maintain attribution to the author(s), title of the work, publisher, and DOI

$2) |1
E( Zi) = [ Zl
i=1 ky+hkot.. +hy=4 kl'k2 i=
kyKa,... k=0
(10)
= WEPO035
434

IBIC2023, Saskatoon, Canada
ISSN: 2673-5350

JACoW Publishing
doi:10.18429/JACol-IBIC2023-WEPO35

where the sum is taken over all combinations of non-negative
integer indices k; through k.

Substituting Egs. (7) and (10) in Eq. (9), we obtain the
variance of the power for the central satellite [8]

VGV(P«»)

11— = NS+ (4N? —4N)ya + (2N? - 3N) >
q fo
+ (4N3 - 16N? + 12N) Ba? + (-4N3 + 10N2 - 6N) o*
(11

where y and & represent the third and fourth moments of Z;.

It is worth noting that Eq. (5) is formally identical to
the squared distance of a one-dimensional random walk of
N steps of variable length Z;,. By reducing Eq. (5) to the
particular case of unit steps, wehavea =y =0, § = § =1,
and we find the same expression for the mean and variance
as in the one-dimensional random walk of unit steps [9].

Non-Central Satellites

For non-central satellites (i.e. p # 0), we extend the
notation introduced in Eq. (6) to different order p of the
Bessel function

Zip) = Jp(”hwo/T;), Yie [1,N].
Similarly, we also define the following moments of Z; ,,,
ﬁ(l’) :E(Zl'z’(p)), 6(1)) :E(tht(p))’ (12)

The power contained in a given satellite p, can be derived
from Eq. (4) and is given by [8]

o~ Jjp (25, =% )
Py = a3 Y T, (nywoT)J, (nywoTy)e
i’
=%} Zzi,(p)e]p K (13)
i
By assuming that T; and $,, are independent random

variables, one can show that the expected value and variance?

for non-central satellites are respectively given by [8]

E(P)) = q'zfo2 NB )

Var(P,)) = ‘14f6‘ (Na(p) + (N2 - ZN)'B(ZP)) :

Note that Eq. (13) is formally identical to the squared dis-
tance of a two-dimensional random walk of N steps of vari-
able length Z; ) and directions p® . By reducing Eq. (13)
to the particular case of unit steps, we have B,y = §(,) = 1,
and we find the same expression for the mean and variance
as in the two-dimensional random walk of unit steps [10].

Figure 1 illustrates the coefficient of variation (CV), de-
fined for both central (p = 0) and non-central satellites as

Var(P(p))

CVip) = EP,))

As can be seen, for typical LHC conditions, CV is \/E for
the central satellite and 1 for non-central satellites.

2 The variance was derived under the assumption of a linear RF bucket.
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Figure 1: CV of the longitudinal satellites around the har-
monic n, = 427 725 for a Rice amplitude distribution
(dashed lines, o, = 0.22ns and b, = 1.306) and a Gaus-
sian bunch profile (solid lines, o, = 0.31 ns).

TRANSVERSE SCHOTTKY SPECTRA

The transverse Schottky spectrum is given by the power
spectral density of the dipole moment signal. By assuming
that chromaticity Q¢ is the only source of betatron frequency
spread, the corresponding random process of the dipole
moment can be written [2, 5]

Nos g
D(r) = ;Z Y ng]P (l%,nw,)

i=11n,p=—

00 0 +pQ, 2@ 5 +pd, )
where the nominal tune is decomposed into its integer and
fractional part Q = Q; + QO and with

;(%,n = (n + %) woT;.
In the above equations, 7 is the slippage factor, and X, ® B;
are respectively, the random variable of the amplitude, and
the initial phase of the betatron motion of particle i. The sum-
mation over + corresponds to the upper and lower transverse
sidebands of the Schottky spectrum.

The PSD of the dipole moment can then be computed
with Eq. (1), and the mean and variance of the power for a
given satellite p around the Schottky harmonic n = n;, can
be derived, leading to the following expressions [8]:

Ng*f2 %5
E(P},) = —40 Zﬁgp), (14)
514f6¥ 2 2 2
£ ) = ST =28t
Var (P{,)) = =g~ (NTast,) + (N? = 2N)%5° (5,))?) .

with X5 and X7, the second and fourth moments of X;, and
where we extended the notations introduced previously with

+ 2( ¢ + _ 4( t
Bl = E|J5 (t5,50,) |- 00 =E[ (250,10,
In contrast to the longitudinal spectrum, these expressions

are also valid for the central transverse satellites due to the ad-
ditional betatron phase appearing in the dipole moment. The
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CVs behave similarly to those of the longitudinal satellites,
approaching 1 as N becomes sufficiently large (including the
central satellites).

Figure 2 illustrates how the power of different Bessel
satellites, as given by Eq. (14), are impacted by the harmonic
number and the chromaticity on each sideband. It can be
observed that as the harmonic number increases, the power
of lower order satellites decreases, while the opposite occurs
for higher order satellites. The effect of chromaticity can
also be observed, resulting in a higher and narrower upper
band compared to the lower band.
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Figure 2: Harmonic scan of the expected powers of the trans-
verse Bessel satellites for a Gaussian bunch profile (o, =
0.31ns). The solid lines correspond to a zero chromaticity
Q¢ = 0 while the dashed lines correspond to Q& = 20.

SIMULATIONS AND MEASUREMENTS

The theoretical equations derived in this study are com-
pared against macro-particle and Monte-Carlo simulations
of a realistic LHC ion fill in Fig. 3. The macro-particle sim-
ulations has been performed using PYHEADTAIL [11, 12]
and the method used to retrieve the Schottky spectra from
the tracking simulations is presented in [13]. The procedure
of the Monte-Carlo simulation is described in [13, 14]. Both
simulation techniques show a good agreement with the the-

oretical predictions and a clear convergence to a CV of V2
and 1 can be observed.

It should be noted that the previously developed theory
is studying the mean and variance over different random
draws of the bunches (phases and amplitudes of synchrotron
and betatron motions), while in the real machine, there is
a unique instance of the bunch. However, due to various
non-linearities present in reality, the relative initial phases
of synchrotron and betatron motions are drifting with time.
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Figure 3: Macro-particle and Monte-Carlo simulations of a Schottky spectrum. The average spectrum and CV are based on
1000 random draws of the bunch for the macro-particle simulation, and 5000 random draws for the Monte-Carlo simulation.

After a given period, this unpredictable drift is equivalent
to drawing new random phases, making the averaging over
successive instantaneous Schottky spectra equivalent to the
averaging over different random draws of the bunch. The
same conclusion can not be drawn for the longitudinal cen-
tral satellite, since the synchrotron phases do not appear in
Eq. (5). Figure 4 presents an experimental measurement
from the LHC Schottky monitors. The CV for the transverse
sidebands and the non-central (|p| > 2) longitudinal satel-
lites agree with the theory. No conclusion can be drawn
for the central (p = 0) longitudinal satellite for the reason
given above. The CVs for p = +1 and +2 longitudinal satel-
lites deviate from the predictions, which suggests that these
satellites are subject to effects beyond the adopted theory of
Schottky spectra and should not be used for diagnostics.

CONCLUSION

The aim of this study was to quantify the statistical prop-
erties of Schottky spectra and reveal the dependencies on
particle count, harmonic number, and oscillation amplitude
distribution. Our analysis demonstrated the convergence of
the coefficient of variation to specific, non-zero values, for
different Bessel satellites. This highlights the importance
of averaging instantaneous Schottky spectra to access the
mean spectrum described by existing theories. Our findings
were validated through simulations and data from the LHC
Schottky monitors and while transverse and non-central lon-
gitudinal satellites exhibit consistent convergence in the ex-
perimental data, the behaviour of the central longitudinal
satellite still requires further investigation.
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igure 4: Experimental LHC Schottky spectrum taking during fill 8412 from *2022-11-18 17:44:00” to *2022-11-18
18:17:00°. Upper plots: average of 1980 instantaneous Schottky spectra. Lower plots: CV of the PSD.
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