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Fixed Field Accelerators & Space Charge Modeling 
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 Requirements for scaling FFAs 
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1.  the field index k must be constant, where we can 
define k in terms of the bending radius ρ, the 
vertical magnetic field By, and its derivative in the 
horizontal direction x 

2.  the shape of the particle orbits remains constant 
as the size of the orbits ‘scales’ with energy, such 
that each higher-energy orbit is a geometrically 
similar enlargement of the lower-energy orbits as 
described by the following equation, derived by 
Kolomensky  
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 Non-scaling FFAs 
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Previous Studies 
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•  rms space-charge model to study  
emittance growth 

•  mechanisms due to systematic space-charge resonances and random linear  
errors in accelerators 

•  the systematic space-charge resonance that can be factorized into a  
geometric factor and a beam envelope function 

•  
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Updated numerical tools 
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•  ZGOUBI is a 3D particle tracking code that solves the non-linear equation  
of motion using truncated Taylor expansions of the field and its  
derivatives up to the 5th order 

•  recent FFA frozen space-charge works including algorithmic  
improvements to ZGOUBI is covered in Haj Tahar thesis, in greater detail  

•  the analytic expression of the particle distribution 
does not change, hence the analytical solution of the self-induced  
electric fields does not change.  

Malek Haj Tahar. High power ring methods and accelerator driven subcritical reactor application. Nuclear 
Experiment [nucl-ex]. Université Grenoble Alpes, 2017. English. <NNT : 2017GREAY004>. <tel-01611525> 
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•  KURRI scaling FFA: 
•  assuming a Gaussian 

beam distribution (2D) 
equivalent to a KV beam. 
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COSY Infinity 
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•  Fast Multipole Method (FMM) for Space Charge 

•  the method relies on an automatic multigrid-based decomposition of charges in 
near and far regions together with the use of high-order differential algebra 

•  given an ensemble of N particles, the method allows the computation of the 
self-fields of all particles on each other with a computational expense that 
scales as O(N) 

•  rigorous estimates are obtained using remainder-enhanced DA methods. All 
high-order multipoles of the space charge fields are also available, necessarily 
for the computation of high-order transfer maps and all resulting aberrations 
 

•  some space charge FFA modeling is ongoing but not yet published 



Illustration of the FMM kernels 

�����()�

P2M (Particle-to-Multipole),  

M2M (Multipoleto-Multipole), 

M2L (Multipole-to-Local),  

L2L (Local-to-Local),  

L2P (Local-to-Particle), and 

P2P (Particle-to-Particle). 

arXiv:1608.02461 



OPAL (0pen-source https://gitlab.psi.ch/OPAL/src/wikis) 
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freq:   POLYNOMIAL_TIME_DEPENDENCE, P0= , P1, …  
amp:    POLYNOMIAL_TIME_DEPENDENCE, P0= , P1, … 

phase:  POLYNOMIAL_TIME_DEPENDENCE, P0= , P1, … 
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1 GeV ADS ring 
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Magnet size F/D [m] 1.96/0.20 2.79/0.20 4.09/0.20

arXiv:1310.3588 

•  non-scaling FFA design may be able to 
support a continuous (CW) beam with far 
lower peak current than the pulsed 
alternative. 

•  a 6-cell non-scaling FFA 

•  ~ isochronous  

•  full 3D space charge 
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Ideal KURRI scaling FFA (11-150 MeV)  
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Final Remarks on MW FFAs and SC Modeling   
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Y. Bi et al. Phys Rev AB 14, 054402 (2011) 



From IsoDAR Modeling effort relevant for non-
scaling FFAs 
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Jakob Jonnerby, ETH MSc thesis 2016  
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