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Motivation

 Constant focusing channel；

 Clear boundary of stable and unstable area；

 No limitation on the amplitude of the acc. gradient；

 Bucket area is determined by syn. phase and acc. gradient;
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Motivation 

⚫ High voltage->strong defocusing;

⚫ Long period length;

⚫ Low cavity filling factor

η = 𝐿𝑐/𝐿
⚫ Large phase acceptance requirement、

high acceleration efficiency;

⚫ Large phase advance;
𝑳𝒄 ≈ 𝜷𝒈𝝀 ≈ 𝟏𝟏𝟎𝒎𝒎

𝜼 ≈ 𝟏𝟏𝟎/𝟔𝟔𝟒 ≈ 𝟏/𝟔

Smooth approximation is still valid and for low 

current is there limitation on phase advance per 

period? 



Model

𝑤′ ≡
𝑑𝑤

𝑑𝑠
= 𝐵 𝑐𝑜𝑠𝜑 − 𝑐𝑜𝑠𝜑𝑠

𝜑′ ≡
𝑑𝜑

𝑑𝑠
= −𝐴𝑤

B = ቐ

𝑞𝐸0𝑇

𝑚𝑐2
, 0 < 𝑠 < 𝜂𝐿

0, 𝜂𝐿 < 𝑠 < 𝐿



Linear dynamics

𝒙′′ + 𝒌𝟐𝒙 = 𝟎

𝒌𝟐 = ቊ
−𝑨𝑩𝒔𝒊𝒏𝝋𝒔, 𝟎 < 𝒔 < 𝜼𝑳
𝟎, 𝜼𝑳 < 𝒔 < 𝑳

✓ The system is equivalent to a periodic solenoid 

channel;

✓ The linear dynamic properties can be deduced 

from transform matrix;

𝑐𝑜𝑠𝜑 = cos 𝜑𝑠 + 𝑥 ≈ 𝑐𝑜𝑠𝜑𝑠 − 𝑠𝑖𝑛𝜑𝑠𝑥



Linear dynamics

 The phase advance per period is:

𝒄𝒐𝒔𝝈 = 𝒄𝒐𝒔𝜽 −
𝟏

𝟐

𝟏 − 𝜼

𝜼
𝜽𝒔𝒊𝒏𝜽

𝜽 = 𝒌𝑳𝒄

 If both q<<1 and s <<1, we can get:

𝝈 = 𝜽/ 𝜼

 The transform matrix:

𝑻 = 𝑻𝒅𝑻𝒄



Linear dynamics



Nonlinear dynamics

 Poincare section

𝜑𝑛+1, 𝑤𝑛+1 = 𝑇(𝜑𝑛, 𝜑𝑛)

✓ Integrate with 4th order 

Runger-kutta;

✓ Particle loss when 𝜑 >10;

✓ 1000 iterations per particle;

✓ 500 particles uniformly 

located along phase axis 

between S.F.P and U.F.P;



Dynamics properties as function of 

filling factor
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s= 𝟗𝟎 𝒅𝒆𝒈., 𝝋𝒔 = −𝟑𝟎 𝒅𝒆𝒈.



Dynamics properties as function of 

phase advance per period
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𝜼 = 𝟎. 𝟐𝟓, 𝝋𝒔 = −𝟑𝟎 𝒅𝒆𝒈.



Phase acceptance

Higher order fixed point of the map Tn;

M. Henon, Quarterly of applied mathematics, vol. XXVII, 1969



Conclusions 

 When phase advance is greater than 60 degree, 

the smooth approximation is no longer valid;

 The longitudinal acceptance is decreased as the

phase advance per period increase and it becomes 

zero when phase advance per period is 120 

degree;

 The compact lattice structure is preferred;
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