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Abstract
In the design of high-intensity linear accelerators one

of the generally adopted criteria is not to exceed a zero-
current phase advance per focusing period of 90◦ in order
to avoid the space charge driven envelope instability, or a
coinciding fourth order space charge structure resonance.
Recently it was claimed that in certain structures such a
constraint is not always necessary in the longitudinal plane (I.
Hofmann and O. Boine-Frankenheim, Phys. Rev. Lett. 118,
2017). In FODO focusing structures with an rf gap per drift,
for example, the transverse focusing period only induces a
very weak (negligible) space charge force in the longitudinal
plane. Hence, the longitudinal 90◦ stopband is practically
irrelevant and values of k0,z - as usual defined per transverse
focusing period - significantly above 90◦ are possible in
such structures, which grants additional design freedom. It
is also shown that the latter is theoretically limited by a
novel type of instability, the coupled envelope “sum mode”,
which can be avoided by observing k0,z + k0,x,y < 180◦.
Application of this finding is primarily for superconducting
linear accelerators with high accelerating gradients.

INTRODUCTION
The existence of a stopband at 90◦ phase advance has re-

sulted in the definition of a well-known design limit for high
intensity accelerators. After numerous theoretical studies
(see, for example, Ref. [1]) and an early transport exper-
iment [2] the first experimental study confirming the ex-
istence of such a 90◦ stopband in the transverse plane for
an operational high-current linac was reported in Ref. [3].
This experiment also gave evidence of a fourth order space
charge structural resonance in this stopband rather than the
traditionally expected envelope instability. For a detailed
theoretical discussion of the competing effects of this fourth
order structural resonance with the envelope instability in
the common 90◦ stopband see Ref. [4]; further details of
the correlation with the upper respectively lower edge of the
stopband are discussed in Ref. [5].

The significance of the transverse 90◦ stopband as linac
design limitation is unquestioned. However, a corresponding
longitudinal stopband - traditionally assumed at k0,z ≈ 90◦
- has been assumed as given. Recently the need for a re-
examination of this assumed limit was suggested in Ref. [6]
for FODO-type lattices with more than one rf gap per trans-
verse focusing period.

∗ i.hofmann@gsi.de

REVIEW OF THE LONGITUDINAL
90◦ STOPBAND

We first review the 90◦ longitudinal stopband for a pe-
riodic solenoid lattice with an rf gap between solenoids
(assuming, for simplicity, no acceleration), where the longi-
tudinal cell definition coincides with the transverse one as
shown in Fig. 1.

Figure 1: Layout of solenoid lattice example.
We use the TRACEWIN [7] code and assume an el-

lipsoidal bunch with equal emittances in x, y, z and Gaus-
sian distribution (cut at 3σ) in a lattice with k0,z = 120◦
(k0,xy = 60◦) and a space charge depressed kz = 76◦. Re-
sults for the rms emittances and self-consistent phase ad-
vances are shown in Fig. 2. There is a clear evidence of the
90◦ longitudinal stopband due to the fact that the longitudinal
period is identical to the transverse one.

As expected, there is a significant rms emittance growth,
which resembles qualitatively the behaviour in the trans-
verse stopband [4]. The rms emittances show an initial rise
of about 40%, followed by a plateau and a second phase with
large growth of over 200%. The phase space plots confirm
that the initial rise is due to a fourth order space charge struc-
ture resonance, and - after a mode switch on the plateau -
a following envelope instability. Note that the strong enve-
lope instability also manifests itself in oscillations of the rms
phase advance plotted in the centre graph of Fig. 2.

The complete stopband is shown in Fig. 3. For compar-
ison we also show the stopband for k0,z = 100◦, which is
considerably smaller due to the lower current needed for
resonance. Both stopbands start - similar to the transverse
case - for kz < 90◦ and lead to significant rms emittance
growth. Inspection of phase space plots allows to distin-
guish between two emittance growth regimes: the initial
one up to the plateau, which is ascribed to the fourth order
space charge resonance, followed by the envelope instability
regime. It is thus possible to distinguish in Fig. 3 between
growth attributed to the fourth order structure resonance
and the total growth by the additional envelope instability
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Figure 2: Rms emittances (top graph) and dynamical phase
advance (centre graph) for solenoid lattice with k0,z = 120◦,
kz = 76◦. Bottom graph: Longitudinal phase space at cells
23 (left) and 103 (right)).

effect. Note that Fig. 2 suggests that the envelope growth is
retarded due to the exponential nature of growth from the
initial very small mismatch; obviously the envelope growth
occurs earlier, if a larger initial mismatch is assumed.

FODO LATTICE WITH RF GAPS
The result differs significantly if the periodic solenoid

lattice is replaced by a FODO lattice with rf gaps in each
drift as indicated in the example shown in Fig. 4.

The periodicity of the transverse focusing lattice, includ-
ing the space charge force from the matched envelope with
the same periodicity, determines the effective transverse
force periodicity. It is traditionally assumed that due to

Figure 3: Complete stopband for solenoid lattice with k0,z =
120◦ (top graph) and k0,z = 100◦ (bottom graph).

Figure 4: Example of FODO lattice with rf gaps leading to
effectively halved longitudinal periods.

space charge coupling the same periodicity also applies to
the longitudinal degree of freedom. We argue, however,
that in the absence of space charge the relevant longitu-
dinal period is obviously the rf period, which is half the
transverse focusing period in a lattice of the kind in Fig. 4.
Including space charge of a well-matched beam this is still
approximately valid: the longitudinal space charge force
of a uniform beam depends only on the transverse cross
sectional area [8]. Hence, it can be assumed that it is practi-
cally identical in half-cells with focusing or with defocusing
quadrupoles, and that this is also valid approximately for
non-uniform beams. Thus, the effective longitudinal force
periodicity even with space charge can be assumed to be
given by the rf period, over which length the effective phase
advance is only half as large as over the transverse focusing
period.
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In Fig. 5 we show the simulation results for this lattice and
the same parameters as in the solenoid example (k0,z = 120◦)
and confirm absence of any emittance growth effect, hence
no 90◦ stopband. Note that the initial jump of rms emittances
is due to “nonlinear field energy” effects [8]. Actually, this

Figure 5: Rms emittances for FODO and rf gap lattice with
k0,z = 120◦, kz = 76◦.

stopband has migrated to twice as large values of k0,z and
kz as a consequence of the halved longitudinal period. We
note that the same migration also includes the accompanying
structural fourth order space charge resonance, which always
accompanies the envelope mode [4].

SUM ENVELOPE INSTABILITY LIMIT
The next question is whether the absence of the 90◦ stop-

band means complete freedom of choosing k0,z > 90◦. This
is not the case due to the existence of a “sum envelope” cri-
terion as was shown in Ref. [6].

In this context it is first helpful to remind that the con-
ventional 90◦ envelope instability is a 1:2 parametric reso-
nance, where the envelope eigenmode oscillates at half the
frequency of the periodically varying focusing (including
space charge). One can thus approximate the parametric
envelope instability condition - for example in the xy-planes
- by using a smooth approximation formula, which describes
approximately the shift of the centre of the stopband [9]:

ω ≡ 2k0,xy − ∆k2,coh =
1
2

3600. (1)

Here ω stands for the second order envelope mode “fre-
quency” (= 2k0,xy for vanishing space charge) and ∆k2,coh
(> 0) for its shift due to the coherent action of space charge.
The factor 1

2 is characteristic for the parametric nature and
absent if lattice driven resonances were considered (all in
units of degrees per focusing lattice period).

Analogous to the conventional 90◦ envelope instability in
a single plane the presence of space charge coupling between
different degrees of freedom can lead to a “sum envelope”
instability between the longitudinal and transverse planes as
described in Ref. [6]. The resulting sum envelope condition

can be written in the following way

ω ≡ k0,z + k0,x − ∆ksum,coh =
1
2

3600, (2)

where ∆ksum,coh is a coherent sum specific tune shift com-
parable in size with the average value of the longitudinal and
transverse incoherent space charge tune shifts.

This is demonstrated in Fig. 6 for a Gaussian beam with
k0,z = 120◦ (kz = 92◦) and k0,xy = 90◦ in the above de-
scribed FODO lattice with initially equal emittances. Note
that the actual emittance growth is relatively steep - after
a phase of exponential growth from the small initial noise
level. The phase space plots indicate the second order nature
of the instability.

Figure 6: Sum envelope instability in FODO and rf gap
lattice with k0,z = 120◦ and k0,xy = 90◦ showing rms emit-
tances, phase advances and phase space plots.
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A characteristic feature is the synchronous development
of emittances and envelopes in the coupled planes. Note that
z couples with both, x and y, if phase advances as well as
emittances in x and y are close to each other as is the case
here. Thus, the growth of εz is close to εx + εy .

For completeness we mention that the coherent sum para-
metric mode discussed here is essentially distinct from the
well-known single particle sum resonances in a coupled
lattice with skew quadrupoles. In the latter the coupling is
external and not by a collective space charge force, besides
the absence of the 1:2 parametric feature expressed by the
factor 1

2 in Eq. (2) [10].

OVERVIEW CHART
Our findings are summarized in the schematic chart of

Fig. 7 valid for a lattice with halved longitudinal period as
in Fig. 4. Indicated are stopbands of second (envelope) and
third order parametric effects – structural resonances (see
also Refs. [4, 9]) – as well as the resulting extended design
region. The positive diagonal is indicating the “main 2:2
resonance” responsible for emittance exchange.

The xy − z sum envelope instability driven by the trans-
verse lattice periodicity is described by the negative diagonal
following the parametric sum rule of Eq. (2). Note that all
stopbands are schematically shifted (to larger values of k0,z)
to take into account the finite space charge effects, and as-
suming a moderate (fixed) value of space charge tune depres-
sion. The transverse envelope instability (combined with
the fourth order space charge structure resonance) is associ-
ated with 90◦ following Eq. (1). For the longitudinal plane
the usually assumed limit of k0,z < 90◦ is replaced by the
more extended triangular region extending up to k0,z < 180◦.
Likewise, the longitudinal fourth order space charge struc-
ture resonance competing with the envelope instability in
the same stopband undergoes the same movement.

Figure 7: Schematic stability chart in the longitudinal-
transverse plane for a lattice with two rf gaps per transverse
focusing period, showing the extended design region (dashed
green border).

SUMMARY
In summary, the effectively shortened period in the lon-

gitudinal direction for FODO-type lattices helps to enlarge

significantly the usable area of longitudinal phase advances
beyond 90◦. It is shown that a new upper limit exists, which is
given by the sum envelope instability stopband. In practical
terms the sum envelope limit can be relaxed if the transverse
phase advance is lowered. Detailed studies are needed to
verify to what extent specific lattices, where the strict longitu-
dinal periodicity is significantly interrupted, can still benefit
from the enlargement of the usable area beyond the longitu-
dinal 90◦. Such deviations from strict periodicity could be,
for example, due to missing cavities between cryomodules.
Beam dynamics risks as well as safety of superconducting
cavity operation must be balanced against desirable hard-
ware and cost savings. Furthermore, it appears that in many
cases replacing quadrupole focussing by solenoids - for the
sake of creating shorter longitudinal periods - is no longer
necessary.
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