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Abstract 
Harmonic Undulator radiations at third harmonics with 

non periodic constant magnetic field has been analysed. 
Symmetric and asymmetric electron beam with homoge-
neous spread has been used to present viable solution for 
the resonance shift inherited in undulator with constant 
magnetic field. The out coming radiation, recovers shifts 
in resonance and regain its intensity with asymmetric 
electron beam and harmonic field.  

INTRODUCTION 
Free electron lasers [FEL] generation is a cutting edge 

technology and has large numbers of research applica-
tions [1]. Tunablity  and brilliance  at  lasing wave length 
in FEL are key parameters for number of applications. 
Lasing wavelength of FEL depends upon the value of  
undulator parameter, undulator wavelength and relativ-
istic parameter of electron beam used.  Recent works in 
FEL theory has emphasised the effect on non periodic 
magnetic field i.e. constant magnetic field component 
along or perpendicular or in both directions of the period-
ic magnetic field of planar undulator on the  out coming 
undulator radiations. Quality of electron beam is also 
major concern in analysis of output undulator radiation. 
Partial compensation on the divergence of undulator radi-
ation  has been demonstrated by imposing weak constant 
magnetic component  in the analytical form and all the 
major sources of homogeneous and inhomogeneous 
broadening have been  accounted for the characteristics of 
the electrons beam by K. Zhukovsky [2]. The constant 
non-periodic magnetic constituents are studied to com-
pensate the divergence of the electronic beam [3]. Dattoli 
et al has initially reported the  effect on undulator radia-
tion given by planar undulator with constant magnetic 
field component [4]. The later studies focus on higher  
harmonics generation by addition of additional harmonic 
field [5]. 

Harmonic  planar undulator consists additional harmon-
ic field along with sinusoidal  planar magnetic field,  uses 
modest electron beam energy and to increase the efficien-
cy of FELs [6-9]. H jeevakhan et al have presented semi 
analytical results for the effect of perpendicular constant 
magnetic field on the gain of harmonic undulator at high-
er harmonics [10].  In the present paper we have analysed 
harmonic undulator with perpendicular non periodic 
magnetic field with  asymmetric electron beam with ener-
gy spread and having shifted  mean energy. The Harmonic 
field compensate the intensity loss and the asymmetric 
electron  beam brings the undulator radiation back to 
resonance. 

 

UNDULATOR FIELD 
Planar undulator sinusoidal magnetic field encompass 

with a perpendicular constant magnetic field in present 
analysis and is given by 

     𝐻 = ൣ𝐻𝜅, 𝑏𝐻(𝑠𝑖𝑛𝑘 + ∆𝑠𝑖𝑛𝑘)𝑧, 0൧    (1) 

Where, 𝑘 = ଶగఒ  and  k୪ = ଶగఒ     where 𝑘  and   𝑘   are 

undulator and harmonic undulator wave number respec-
tively, 𝜆  is undulator wave length and 𝜆 = 𝑙𝜆  ,  𝑙  is 
harmonic integer , 𝐻 is peak magnetic field,  Δ = భబ , 𝑏 
and 𝑏ଵ controls the amplitude of main undulator field and 
additional  harmonic field and  𝜅  is the magnitude of 
constant non periodic  magnetic field. The harmonic un-
dulator can be designed by introducing shims in regular 
interval as per the design of harmonic undulator as shown 
in Fig. 1. The spacing between shims decides it, as 3rd  or  
5th   harmonic undulator similarly  as the harmonic num-
ber 'l' decides in Eq. (1). 

 

 
Figure 1: Schematic of one Period of harmonic Undula-
tor(l=3). 

The velocity of electron traversing through undulator is 
derived  by using Lorentz force equation: 

                  ௗ௩ௗ௧ = − ఊ ൫𝑣 ሬሬሬ⃗ × 𝐻ሬሬ⃗ ൯      (2) 

This gives                      𝛽௫ = − ఊ ቂcos൫Ω൯ + Δ ୡ୭ୱ൫ஐ൯ ቃ 𝑡                        𝛽௬ = − ఊ 𝜅Ω𝑡     (3) 
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   𝛽௭ =  𝛽∗ − మଶఊమ ൜ଵଶ cos൫2Ω൯ + ଵଶ ቀ ቁଶ cos൫2𝑙Ω൯ + ቀ∆ ቁ cos(1 േ 𝑙)Ωൠ 𝑡 + (𝜅Ω𝑡)ଶ൨    (4) 

 
Where 𝑚 𝑎𝑛𝑑 𝑚  are relativistic and rest mass of elec-

tron respectively and value of 𝑚 is governed by  the rela-
tivistic parameter𝛾 , 𝐾 = బுబஐబ is the undulator parameter 

and  𝛽∗ = 1 − ଵଶఊమ ቂ1 + మାభమଶ ቃ  with 𝐾ଵ = ∆  and Ω =𝑘𝑐. The solution of Eq. 4 gives the  electron trajectory 
along z direction, ௭ = 𝛽∗𝑡 − మ଼ఊమஐ sin൫2Ω𝑡൯ − భమ଼ఊమஐ sin൫2𝑙Ω𝑡൯ −భଶఊమ(ଵേ)ஐ sin(1 േ 𝑙) Ω𝑡 − మమஐమ௧యఊమ     (5) 

 
The spectral properties of radiation can be evaluated 

from Lienard - Wiechart integral [11], 
 ௗమூௗఠௗஐ = మఠమସగమ ቚ ൛𝑛ො × (𝑛ො × 𝛽መൟ𝑒𝑥𝑝 ቂ𝑖𝜔(𝑡 − ௭)ቃ 𝑑𝑡ஶିஶ ቚ   (6)               

 
when integrated over undulator length, 𝑇 = ଶேగஐೠ  and 𝜔 

is the emission frequency with variables as 
ଵ = − ఠమ଼ఊమஐ,           ଶ = − ఠభమ଼ఊమஐ  and       ଷ,ସ =− ఠభଶఊమ(ଵേ)ஐ        

   
The brightness expression read as ௗమூௗఠௗஐ =    మఠమସగమ ቀఊቁଶ ቚ𝚤̂  𝑑𝑡 ቄ𝑐𝑜𝑠൫Ω𝑡൯ +் 𝑐𝑜𝑠൫𝑙Ω𝑡൯ቅ 𝑒𝑥𝑝𝑖(𝜗𝑡 +φ𝑡ଷ)𝐽൫0, ଵ൯𝐽൫0, ଶ൯𝐽൫ଷ൯𝐽൫ସ൯ቚ ଶ +ቚ𝚥̂  𝑑𝑡ሼ𝜅Ω௨𝑡ሽ் 𝑒𝑥𝑝𝑖(𝜗𝑡 +φ𝑡ଷ)𝐽൫0, ଵ൯𝐽൫0, ଶ൯𝐽൫ଷ൯𝐽൫ସ൯ቚଶ൨                (7) 

Where, ϑ = 𝜔𝜔ଵ − ሼ𝑚 − 𝑛𝑙 − 𝑝(1 − 𝑙) − 𝑞(1 + 𝑙)ሽΩ 

φ = 𝜔𝐾ଶ𝜅ଶΩଶ6𝛾ଶ  

And Eq.  (7) can be further reduced to 
 ௗమூௗఠௗஐ = మఠమ்మସగమ ቄ|𝐼௫|ଶ  𝑆(ϑ, φ) + ห𝐼௬หଶ𝑆′(ϑ, φ)ቅ (8) 

With  

𝐼௫ =   𝐾2𝛾 ሼ𝐽ାଵ൫0, ଵ൯+ 𝐽ିଵ൫0, ଵ൯ሽ𝐽൫0, ଶ൯𝐽൫ଷ൯𝐽൫ସ൯+ Δℎ ሼ𝐽ାଵ൫0, ଶ൯+ 𝐽ିଵ൫0, ଶ൯ሽ𝐽൫0, ଵ ൯𝐽൫ଷ൯𝐽൫ସ൯൨ 

𝐼௬ = 2𝑖𝜋𝐾𝜅𝑁𝛾  

𝑆(ϑ, φ) = ቤන e൫ᇲఛାᇲఛయ൯d𝜏  ଵ
 ቤଶ

 

𝑆′(ϑ, φ) = 𝜕𝑆(ϑ, φ)𝜕ϑ = ቤන τe൫ᇲఛାᇲఛయ൯d𝜏  ଵ
 ቤଶ

 

 𝜗ᇱ = 𝜗𝑇, 𝜑ᇱ = 𝜑𝑇ଷ and 𝜏 = 𝑡 𝑇ൗ   is unit interaction 
time. 

EFFECT OF ENERGY SPREAD 
To introduce energy spread in the electron beam ,the 

line shape functions 𝑆(ϑ, φ) and 𝑆′(ϑ, φ)  in Eq. 8  will 
be modified  as 𝑆(𝜗 + 𝛿𝜗, 𝜑) =  𝑆(𝜗, 𝜑)ஶିஶ )(εf 𝑑𝜀        (9) 𝑆′(𝜗 + 𝛿𝜗, 𝜑) =  𝑆′(𝜗, 𝜑)ஶିஶ )(εf 𝑑𝜀                (10) 

Where, )(εf  represents Gaussian type energy distri-
bution [12] . Eq. ( 8) can be solved to get modified  line 
shape function for the values as 𝑚 = 1,3,5 … , 𝑤𝑖𝑡ℎ 𝜇 =4𝑁𝜎 

For Non symmetric electron beam 𝑆(𝜗 + 𝛿𝜗, 𝜑) =  exp 𝑖 ቄቀϑᇱ + 4π𝑚 N εଵቁ 𝜏 −ଵమగమఓమఛమଶ + 𝜑ᇱτଷቅ  d𝜏         (11) 

           𝑆′(𝜗 + 𝛿𝜗, 𝜑) =  𝜏 𝑒𝑥𝑝 𝑖 ቄ(𝜗ᇱ + 4𝜋𝑚𝑁𝜀ଵ)𝜏 −ଵమగమఓమఛమଶ + 𝜑ᇱ𝜏ଷቅ  𝑑𝜏         (12) 

 εଵ is mean energy spread, 𝜎is the  r.m.s  relative energy 
spread 

For symmetric electron bean  i.e. εଵ=0, than Eq. (11) 
and (12) can be re written as  𝑆(𝜗 + 𝛿𝜗, 𝜑) =  exp 𝑖 ቄ(ϑᇱ)𝜏 − మగమఓమఛమଶ +ଵ 𝜑ᇱτଷቅ  d𝜏           (13) 𝑆′(𝜗 + 𝛿𝜗, 𝜑) =  𝜏 𝑒𝑥𝑝 𝑖 ቄ(𝜗ᇱ)𝜏 − మగమఓమఛమଶ +ଵ 𝜑ᇱ𝜏ଷቅ  𝑑𝜏         (14) 
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RESULTS AND DISCUSSION 
Equation (8) reads the intensity of spontaneous radia-

tions extracting from harmonic planar undulator with non 
periodic magnetic field specified by the value of κ. The 
line shape functions S(ϑ, φ), S′(ϑ, φ)  in Eq. (8) from  
asymmetric electron beam is given by Eqs. (11) and (12) 
and for  symmetric electron beam is given by Eqs. (13) 
and (14). In earlier reported works [4,5,10] the second 
term in Eq. (8) consisting I୷  has been neglected due to 
diminishing value of κ. In our analysis we have included 
the second term in numerical integration and its effect on 
the line shape function . The parameters used for simula-
tion are listed in Table 1. 

Table 1: Simulation Parameters 
S. No Parameters  Value 

1.  Undulator parame-
ter  K=1 

2.  Electron bean rela-
tivistic parameter  100=γ  

3.  Undulator wave-
length λu=5 cm 

4.  Addition periodic 
harmonic field 

number 
3=l  

5.  Energy spread pa-
rameter 01.0=μ  

6.  Harmonic field  
parameter  K1=0  

 
Figure 2 illustrates the intensity distribution of  radiations  

by symmetric electron beam at third harmonic in arbitrary 
units with selection of parameters given in Table 1 and 
different values of κ. The line shape functions 𝑆(𝜗, 𝜑) 𝑎𝑛𝑑 𝑆′(𝜗, 𝜑)  are read from Eqs. (13) and (14) 
respectively.  There is a shift in resonance and reduction 
in intensity with effect of non periodic constant field 
contribution. At κ= 0.00012 there is distortion of Gaussi-
an line shape function. In Fig. 2 the shift in resonance at 
third harmonic  in terms of normalised frequency ( ω/ω1 ) 
is 0.0069 for value of κ =0.00008. The shift in resonance 
at third harmonic is more as compare to previous reported 
works [5,10]. For same simulation parameters it was  
shown that for the same value of κ =0.00008 the reso-
nance shift is 0.0045 and the intensity reduction is nearly 
12 % whereas in present case the intensity reduction is 
6.2 %, as the second term in Eq. (8) is included in analy-
sis  along with energy spread. 

In Fig. 3 we have presented a solution to bring back the 
radiation at resonance. The electron beam has been given 
a shift in the mean energy position and an asymmetric 
electron beam is used for analysis. All the parameters are 
kept same as used in Fig. 1 and for constant magnetic 
field κ =0.00008 the mean energy spread 𝜀ଵ   has been 

varied.  As the mean energy parameter changes the peak 
of intensity of radiation shifted in opposite direction. The 
radiation regains its original position for 𝜀ଵ = 0.0017    
with slight intensity degradation. 

In Fig. 3, it has been also illustrated that shift in reso-
nance has been compensated with asymmetric electron 
beam with non zero value of 𝜀ଵ = 0.0017. The intensity 
degradation mainly occurs due to energy spread in the 
electron beam, can be accommodated by additional har-
monic field.  

 
Figure 2: Frequency Spectrum at third harmonic with 
parameter given in Table 1 varying constant magnetic 
field parameter κ from 0 to 12 x 10-5. 

 
Figure 3: Frequency Spectrum  at third harmonics with 
parameters same given in Table 1, κ = 8 x 10-5 and vary-
ing 1ε  from 0 to 17 x 10-4. 

The harmonic field enhances intensity and compensate 
the loss by energy spread parameter  μ  and due to con-
stant magnetic field. The effect of energy spread with 
variation of energy spread parameter  μ =0.01 on the 
intensity at third harmonics with constant magnetic field 
as κ = 0.00008  and variation  harmonic field parameter 
as  K1 = 0.0 to 0.075 is shown in Fig. 3 and keeping all the 
remaining parameter as given in Table 1. 
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Figure 4: Frequency spectrum at third harmonics with  
varying harmonic Field amplitude as K1=0 and 0.075, 
κ =0.00008, 𝜀ଵ = 0.0017 and rest parameters same as in 
Fig. 1 

As a particular case intensity reduction by μ=0.01 and  
κ = 0.00008 can be compensated by additional harmonic 
field K1 = 0.075 and shift in resonance is compensated by 
the selection of   𝜀ଵ = 0.0017 as manifested in Fig. 4. 

In conclusion, there is as an intensity enhancement at 
third harmonics due to additional harmonic field where as 
shift in resonance remains unaltered in previous reported 
results. The present  analysis gives solution both for in-
tensity enhancement along with  resonance shift of radia-
tion simultaneously. The harmonic field can be generated 
by the addition of shims in  the planar undulator structure. 
The constant magnetic field inherently present due to 
earth's magnetic field or error in the design of the undula-
tor modifies spectrum of which can be compensated by  
using asymmetric electron beam. 
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