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Abstract 
Thin crystals are used as many important optical ele-

ments in XFELs, such as monochromators and spec-
trometers. To function properly, they must survive the 
ever-increasing heat load under repeated pulses. Here, we 
conduct a thermal stress analysis to examine the crystal 
lattice distortion due to the thermal load under various rep 
rates from 0.1 to 1 MHz. The thermal field is obtained by 
solving the transient heat transfer equations. The tempera-
ture-dependent material properties are used. It is shown 
that for pulse adsorption energy around tens of J over a 
spot size of 10 m, the thermal response of diamond is 
sensitive to rep rate. The thermal strain components are 
very different in the in- and out-of-plane directions, due 
to different constraint conditions. It suggests complicated 
strain effects in the Bragg and Laue diffraction cases. 

INTRODUCTION 
XFELs generate high peak-power pulses with atomic 

and femtosecond scale resolution, impacting high-frontier 
scientific research [1,2]. Thin crystals are used in several 
important elements, such as monochromators [3,4], sin-
gle-shot spectrometers [5–7], and other applications [8]. 
In pursuit of high-brightness XFELs, the power has been 
increased by orders of magnitude, so the thin crystals will 
experience much increased heat load. Thus, it is important 
to understand their photo-thermo-mechanical behaviours 
at higher temperature. Here, we perform a thermal stress 
analysis to elucidate the deformation field in a thin dia-
mond crystal subjected to repeated heat load of XFEL 
pulses. The stress/strain field is obtained with a thermal 
field as a loading source by solving the static equilibrium 
equation. The thermal field is modelled by solving transi-
ent heat transfer equations and material properties, such 
as the thermal expansion, heat capacity [9] and thermal 
conductivity [10] valid up to temperatures ~3000 K. The 
problem is solved with a finite volume method [11,12]. 
The case of a 40-m thick plate with a Gaussian beam of 
FWHM of 20 m is studied with rep rates from 0.1 to 
1 MHz. For a pulse depositing tens of J energy, the 
temperature that a next pulse sees ratchets up slowly at 
0.1-0.2 MHz, but upsurges at higher rep rates. At 1 MHz, 
a runaway increase of temperature is found after a few 
pulses. It is because the heat relaxation rate through con-

duction decreases with temperature due to decreasing heat 
conductivity. The thermal stress/strain fields are analysed 
with a residual thermal field as a loading source. The 
strain components are different, implying complicated 
strain effects in Bragg and Laue diffractions. 

 
Figure 1: Schematics of instantaneous heating and subse-
quent heat transfer upon laser energy deposition in a thin 
crystal. The inset on the upper-right shows the thermal ex-
pansion and the stress to be built up due to constraint. The 
cylindrical coordinate with axisymmetry is used. 

PROBLEM FORMULATION 

Governing Equations 
An XFEL impinging on a crystal would interact with 

the electrons and deposit a part of energy first onto the 
electrons [13]. Later the energy is transferred to the lattice 
raising the temperature. This process occurs at the pico-
to-nano second scale. Then, the thermalized lattice ex-
pands emitting stress waves at the nano-to-tens-of-nano 
second scale at the sound speed [14]. The thermal diffu-
sion will start, but not become effective until hundreds of 
nanoseconds. During this time, the stress waves would 
have bounced back and forth between boundaries for tens 
of times. If passive damping is instated, the inertia effect 
will soon become trivial. Thus, we assume that the speci-
men is in the mechanical equilibrium despite the transient 
heat transfer. The thermal field will significantly affect 
the deformation field, but the effect of deformation on 
thermal field is trivial. We analyse the processes of tran-
sient heat transfer and resulting thermal stress field. A 
cylindrical coordinate system (r, ߠ, z) is used with z-axis 
normal to the crystal surface as in Fig. 1. Only a pulse 
perpendicular to the crystal surface is studied. 

The equilibrium equation without body forces is: 

 ∙ ࣌ ൌ 0	,      (1) 

where ࣌ is the stress tensor. Assuming the isotropic ther-
moelasticity, the constitutive law is given by [15]: 
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࣌ ൌ ܩ2 ቀࢿ െ
ଵ

ଷ
trሺࢿሻࡵቁ  ܭ3 ቀ

ଵ

ଷ
trሺࢿሻ െ ቁ்ߝ  (2) ,	ࡵ

where G is the modulus of rigidity, ܭ the bulk modulus, 
 the thermal strain, I the identity ்ߝ ,the strain tensor ࢿ
matrix, and trሺࢿሻ the trace of ࢿ. 

The equation of energy conservation is given by 

ௗ
ௗ௧

ൌ െ ∙ ሺെܶߢሻ	,    (3) 

where T is the temperature, ்ܷሺൌ  ௩݀ܶሻ the thermalܥߩ
energy density, ߢ the thermal conductivity, ߩ the mass 
density, and ܥ௩ the specific heat. 

The initial temperature is ܶ ൌ  The FEL pulse .ܭ300
energy is partially absorbed raising the temperature. The 
FEL pulse is assumed to be Gaussian. It impinges per-
pendicularly to the crystal surface, assumed so that the 
problem can be reduced to be axisymmetric. The change 
of thermal energy density as a function of r and z is 

∆்ܷሺݎ, ሻݖ ൌ
ଶூబ
గమ

݁ି
మೝమ

ೌమ 	݁ି

ಽ	,    (3) 

where ܫ is the FEL pulse energy, a the transverse FWHM 
of the Gaussian beam in the radial direction, and L the 
attenuation length. The temperature increase is deter-
mined from the relationship of ்ܷ to T. The thermal insu-
lation and traction-free boundary conditions are applied.  

Material Properties 
The thermal strain and specific heat capacity of dia-

mond are taken from Ref.9. The thermal strain is given by 

்ߝ ൌ ∑ ఏ

ୣ୶୮൬
ഇ
 ൰ିଵ

ଷ
ୀଵ   ,    (4) 

where ߠ and ܺ are constants, given by ߠଵ ൌ 200	K, ߠଶ ൌ
880	K, ߠଷ ൌ 2137.5	K, ଵܺ ൌ 0.4369ൈ10ିKିଵ, ܺଶ ൌ
15.7867ൈ10ିKିଵ, ܺଷ ൌ 42.5598ൈ10ିKିଵ. The linear 
thermal expansion coefficient is ்ߙ ൌ ்ߝ߲ ߲ܶ⁄ . The ்ܷ is 
obtained through ܥߩ௩݀ܶ with tabulated values of ܥ௩ up 
to T = 3000 K. The thermal conductivity is ߢ ൌ
2200	Wm-1K-1 for diamond at 300 K. Yet, it decreases 
rapidly with increasing temperature, to be 100	Wm-1K-1 at 
T = 2000 K. The data of Ref. 10 from 300 K to 2000 K 
are averaged and fit to a power law: ߢ ൌ 23.9ൈ
10	ܶିଵ.ଷ. Other materials constants are given as density 
ߩ ൌ 3.51	g/cmଷ, shear modulus G = 508 GPa, and bulk 
modulus ܭ ൌ 678	GPa. 

RESULTS AND DISCUSSION 
Simulations were carried out at four rep rates: 0.1, 0.2, 

0.5, and 1 MHz. The FWHM of the Gaussian beam is a = 
20 m. The pulse energy I0 = 100 J. The attenuation 
length L = 50 m, corresponding to ~4 keV X-ray. The 
crystal plate thickness h = 40 m. In this case, the laser 
energy is about 55 % absorbed by the crystal. As the laser 
energy decreases, it raises the internal energy at the front 
 

(entry) surface about 2.2 times that at the back (exit) 
surface. This amount of energy is added to the system 
each pulse according to the rep rates. Eleven equal divi-
sions are used to discretize the domain in the thickness 
direction. An adaptive mesh is used in the radial direction, 
with 10 equal divisions in near 10 m distance, and 200 
unequal divisions with increasing size outwards by gradi-
ent 1.015 in following 1490 m distance, from the center. 
The time step is 10 ns. For each repetition rate, the simu-
lation was run longer than 0.1 ms. Selected results are 
presented in Figs. 2–6. Figures 2(a)–(d) show the temper-
ature evolution on the front surface (z = 0) at three radial 
distances r = 0, 20, 50 m for the four rep rates. Figures 
3(a)–(d) show the temperature profiles along the radial 
direction on the front surface for the four cases. Figures 
4(a)–(d) show the corresponding three normal strain com-
ponents, r, , and z. Figures 5(a)–(d) and 6(a)–(d) show 

the same profiles as in Figs. 3 and 4, but on the middle 
plane of the layer. Based on the above results, some ob-
servations are made and discussed as follows.  

 
Figure 2: Temperature evolution at three radial distance r = 0 
(red), 20 (green), 50 (blue) μm on the surface (z = 0) under 
repetition rates: (a) 0.1; (b) 0.2; (c) 0.5; (d) 1 MHz. 

 
Figure 3. Temperature profiles along the radial axis at the 
front surface (z = 0) at times before a next pulse strikes un-
der repetition rate: (a) 0.1; (b) 0.2; (c) 0.5; (d) 1 MHz. Twen-
ty pulses are plotted in each case. 
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Figure 4. Profiles of strain components εr (red), εθ (green) 
and εz (black) along the radial axis at the front surface (z = 0) 
at times before a next pulse strikes under repetition rate: 
(a) 0.1; (b) 0.2; (c) 0.5; (d) 1 MHz. Twenty pulses are plotted 
in each case. 

 

 
Figure 5. Temperature profiles along the radial axis at the 
middle plane (z = 20 μm) at times before a next pulse strikes 
under repetition rate: (a) 0.1; (b) 0.2; (c) 0.5; (d) 1 MHz. 
Twenty pulses are plotted in each case. 
 

 
Figure 6. Profiles of strain components εr (red), εθ (green) 
and εz (black) along the radial axis at the middle plane (z = 
20 μm) at times before a next pulse strikes under repetition 
rate: (a) 0.1; (b) 0.2; (c) 0.5; (d) 1 MHz. Twenty pulses are 
plotted in each case. 

It may be seen from Figs. 2, 3, and 5 that the thermal 
response of diamond is sensitive to repetition rate when it 
gets near 1 MHz at the energy deposition of tens of J per 
pulse over a spot size around 10 m. At 100 – 200 kHz, 
the temperature increases with each pulse, but slowly. At 
500 kHz, the temperature ratchets up much more quickly. 
At 1 MHz, a runaway of temperature is observed only 
after a few pulses. At 100 – 200 kHz, the temperature is 
nearly uniform across thickness upon relaxation after each 
pulse and before the next pulse. In contrast, at the higher 
rep rates, the temperature rises so high and the thermal 
diffusivity drops so significantly that the thermal equilib-
rium cannot be established across the thickness between 
pulses. At 1 MHz, the runaway thermal spike occurs near 
the front surface where the laser beams strike. At low 
temperatures, the strain resulting from thermal expansion 
is proportional to the temperature change with a coeffi-
cient about 1 x 10-6 K-1, indicating that diamond is an 
excellent material against thermal expansion. At higher 
temperatures, its strong lattice force constants soften, 
leading to much increased linear thermal expansion coef-
ficient. It quickly reaches 4 x 10-6 K-1 at ~1000 K and 
keeps rising though at a slower rate, similarly to how its 
specific heat varies with temperature. The spatial varia-
tion of strain follows that of temperature as in these fig-
ures. The strain fields are also somewhat different at the 
surface and inside the layer due to three-dimensional 
effect across the thickness and along the radial direction. 

Due to the different constraint conditions, the strain 
components r, , and z turn out to be very different. r 

and  are equal to each other along the center line (r = 0) 

of the FEL spot, as in Figs. 4 and 6. This is consistent 
with the corresponding analytical result demonstrating the 
validity of the present numerical solution. Importantly, it 
is seen that z is nearly twice the other two normal com-

ponents. Since the Bragg and Laue cases of diffraction 
use reflection planes ranging from parallel to the surface 
to tilted by a large angle from the surface, it becomes 
complicated how the strain field affects them. It necessi-
tates a detailed thermomechanical study to understand the 
thermal effect on diffraction. The present study and alike 
provide the 3-D strain field in a thin crystal under heat 
load. The relationship of thin-crystal-based optical ele-
ment sensitivity to strain is yet to be established. 

SUMMARY 
Transient heat transfer and static thermal stress anal-

yses are performed for a thin diamond crystal under re-
peated FEL heat load. The formulation is phenomenolog-
ical. The problem is solved with a finite volume method 
[14,16]. The realistic material properties of diamond from 
room temperature to elevated temperature are used. The 
range of rep rates from 0.1 to 1 MHz is considered. 
For deposition energy of tens of J per pulse over a spot 
size of 10 m, the thermal response of diamond is found 
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to be quite sensitive to the repetition rate. The instantane-
ous maximum temperature due to a single pulse can reach 
over 2000 K. It relaxes to a certain extent before a next 
pulse. The temperature and hence the thermal strain field 
ratchet up with pulses, slowly at 0.1–0.2 MHz, but much 
accelerated at 0.5 MHz and above. At 1 MHz, a runaway 
increase of temperature is observed after only a few puls-
es. Meanwhile the temperature increases, the thermal 
conductivity drops. It slows down the thermal relaxation 
in the radial direction and across the thickness. Finally, it 
is shown that the strain components are very different in 
the in- and out-of-plane directions. It implies complicated 
strain effect in the Bragg and Laue diffractions. The pre-
sent analysis and alike using realistic material properties 
are necessary to understand the limits to using diamond in 
the optical elements for XFEL’s under high rep rate. 
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