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Abstract
The development of sub-femtosecond x-ray capabilities

at the Linac Coherent Light Source requires the implemen-
tation of time-domain diagnostics with attosecond (as) time
resolution. Photoelectrons created by attosecond duration
x-ray pulses in the presence of a strong-laser field are known
to suffer an energy spread which depends on the relative
phase of the strong-laser field at the time of ionization. This
phenomenon can be exploited to measure the duration of
these ultrashort x-ray pulses. We present an implementation
which employs a circularly polarized infrared laser pulse and
novel velocity map imaging design which maps the phase
dependent momentum of the photoelectron onto a 2-D detec-
tor. In this paper, we present the novel co-linear VMI design,
simulation of the photoelectron momentum distribution, and
the reconstruction algorithm.

INTRODUCTION
Electron motion in atoms and molecules is the essen-

tial key to understanding the earliest processes involved in
chemical changes. Electrons move across a molecular bond
in 0.1 to 1 femtosecond (fs), a time scale of which direct
measurement was impossible until recently when high har-
monic generation [1, 2] became a widely used tool to synthe-
size light pulse in the extreme ultra-violet regime with sub-
femtosecond duration. Extending the photon wavelength
to the soft x-ray regime, the enhanced self-amplified spon-
taneous emission (eSASE) from x-ray free electron lasers
enables the production of high intensity attosecond pulses
[3]. The method of eSASE is currently being implemented
experimentally at the linac coherent light source (LCLS) [4].
The electron bunch goes through an emittance spoiler which
destroys the bunch except for a femtosecond duration beam
core. The unspoiled core then interacts with an optical laser
which imprints energy modulation on to the beam. Going
through a dispersive section, the energy modulation turns
into a single current spike with sub-femtosecond duration.
The current spike goes through the undulator which emits
coherent attosecond x-ray pulses.

Therefore, in order tomeasure the temporal profiles of sub-
femtosecond x-ray pulses we employ a variant of the well
known “attosecond streak camera” technique [5]. Our varia-
tion, which is closely related to the “atto-clock” technique
[6], exploits the correlation between optical-cycle phase and
streaking direction in a circularly polarized laser pulse. The
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Figure 1: Side view of the cVMI design, with the linearly
polarized x-ray pulse and circularly polarized streaking laser
pulse propagating co-linearly. Picture taken in SIMION-8.0.

photoelectrons generated by the attosecond x-ray pulse in-
teracting with gas molecules in the presence of a strong
laser field experience an energy spread which depends on
the duration of these ultrashort x-ray pulses. With a cir-
cularly polarized streaking laser, we provide a kick to the
photoelectrons momentum distribution, and the angle and
the strength of the momentum shift contains timing infor-
mation of the x-ray pulse. Similar work has been done with
longer x-ray pulses and a detector that measures a slice of the
photoelectron momentum distribution [7]. With our novel
co-linear velocity map imaging (cVMI), we will measure a
2-D projection of the 3-D momentum distribution of elec-
trons generated by the linearly polarized attosecond x-ray
pulse and the circularly polarized IR streaking pulse.
We develop an algorithm to reconstruct the x-ray pulse

from the 2-D photoelectron momentum distribution. We
use the von Neumann representation [8] to decompose the
x-ray pulse into a set of basis functions. The fitting algo-
rithm searches for the complex coefficients related to the
basis functions by minimizing the difference between the
measurement image and the fitted image. We demonstrate
that we can successfully reconstruct attosecond x-ray pulses
generated from free electron laser simulations.

VMI DESIGN
AVMI spectrometer has the advantages of high collection

efficiency and high angular resolution. The critical require-
ment for a VMI to work is to image the charged particles
with the same momentum onto the same position on the
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Figure 2: Simulation of the measured VMI image with a
FWHM 300as x-ray pulse streaked by a 1.3µm laser. From
left to right we vary the relative phase between the x-ray
pulse and the streaking laser pulse to be 0, π/4, and π/2
respectively. The red arrows illustrate the direction of the
momentum kick relative to the center of the image.

two-dimensional detector, regardless of the particles’ initial
position. This is achieved by arranging the metal plates with
specific voltages in the spectrometer to create electro-static
field that images the photoelectrons. Our co-linear VMI de-
sign follows a similar procedure as described in [9]. Instead
of a traditional VMI configuration [10], we include a focus-
ing lens plate and several subsequent plates for enhancing
energy resolution to treat the novel setup where the x-ray and
streaking laser propagate co-linearly. We use an ion-tracking
program, SIMION-8.0, to simulate electron motions in the
VMI. Figure 1 is a side view of the cylindrically-symmetric
spectrometer.
The energy resolution of the VMI is determined by sim-

ulating trajectories of groups of charged particles with dif-
ferent central energy, 0.3 standard deviation in energy, and
a uniformly-distributed initial momentum direction. Our
cVMI design is capable of distinguishing 3% energy differ-
ence among the particle groups. For the purpose of diag-
nosing photoelectrons generated by attosecond pulses which
necessarily have a large bandwidth, above 3eV, our VMI
design provides sufficient energy resolution.

STREAKING SIMULATION
We base our simulation of the streaking process on the

Lewenstein model [11]. Under the strong field approxima-
tion, the governing equation to calculate the transition ampli-
tude as a function of photoelectron’s final momentum, b( ®p),
of the continuum states of atoms in the presence of strong
laser field is expressed as follows,

b( ®p) = −i
∫ +∞

−∞

dt ®E(t) · ®d( ®p + ®A(t)) exp{iΦ(t)}, (1)

and
Φ(t) = −

∫ +∞

t

dt ′[( ®p + ®A(t ′))2/2 + Ip]. (2)

In Eq. 1 and 2, ®E is the total electric field, ®d is the dipole
moment for the transition to the continuum states, ®A is the
vector potential of the streaking laser, and Ip is the ionization
potential of the atom. The integral in the exponential starts
from the time of ionization, t, to∞, and the outer integral
expands entire time to allow any time of ionization. Because

the x-ray pulse contains much higher frequency components
compared to the streaking laser pulse, only the x-ray field
contributes to the outer integral to compensate for the fast
oscillating phase Φ. We can replace the total electric field ®E
with the x-ray electric field ®EX . Note that Eq. 1 calculates the
transition amplitude as a function of a photoelectron’s final
3-D momentum, b(px, py, pz). However, what we measure
with a VMI spectrometer is the probability distribution of a
photoelectron’s 2-D momentum,

B(px, py) =
∫

dpz

����b(px, py, pz)b∗(px, py, pz)
����. (3)

An important feature of angular streaking is that the cir-
cularly polarized streaking laser imposes a momentum kick
to the photoelectrons as a function of time. The strength
and the angle of the kick is determined by the relative phase
between the x-ray pulse and the streaking laser pulse. In
Fig. 2 we demonstrate the simulated photoelectron momen-
tum distribution projected onto a 2-D VMI detector, while
varying the relative phase between the x-ray pulse and the
streaking laser pulse. The apparent double-arc shape comes
from the dipole moment ®d in Eq. 1.

RECONSTRUCTION ALGORITHM
Traditionally VMI images are analyzed with inverse Abel

transform due to cylindrical symmetry [12]. This is not possi-
ble for our VMI design because angular streaking breaks the
cylindrical symmetry. However, since we know the physics
of the streaking process, we can limit the reconstruction to a
small subset of all possible momentum distributions.
The basic idea of our reconstruction algorithm is to de-

compose the measured VMI image into “basis images” and
the complex coefficients corresponding to each basis give the
reconstructed x-ray pulse. As shown in Eq. 1, the transition
amplitude is linearly proportional to the x-ray electric field,
b( ®p) ∝ ®EX (t). If we decompose ®EX (t) into a sum of basis
functions, then we can write b( ®p) =

∑
n cnbn( ®p), where we

allow the coefficients cn to be complex. The measured 2-D
momentum distribution becomes

B(px, py) =
∑
n

∑
m

∫
dpzc∗ncmb∗n( ®p)bm( ®p)

=
∑
n

∑
m

c∗ncmBnm(px, py),
(4)

where ®p denotes the 3-D momentum, and Bnm(px, py) is
what we refer to as the “basis image”.

To decompose the electric field, we choose the von Neu-
mann representation to describe the x-ray electric field [8],
which includes the intensity and phase information of the
x-ray pulse in both the time and the frequency domain. The
von Neumann basis function is

αωi tj (t) =
(

1
2απ

) 1
4

exp
[
−

1
4α
(t − tj)2 − itωi

]
, (5)

where ti and ωj are the time and frequency axis in the von
Neumann representation, α is a constant determined by the
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Figure 3: Example reconstruction of an attosecond x-ray pulse from genesis simulation. Top row from left to right: input
2-D momentum distribution; results of the nonlinear fitting algorithm to describe the x-ray pulse in the von Neumann
representation; time domain reconstruction of the x-ray intensity; frequency domain reconstruction of the x-ray intensity.
The bottom row is to show count statistics by sampling the simulated VMI image with Poisson noise of 7K particles.

time and frequency window, and i, j are indices that expand
the frequency and time axes respectively (see details in [8]).
We then obtain the basis functions bn( ®p) by plugging αωi tj (t)
into Eq. 1, and obtain Bnm using Eq. 3. Note that the index
for the basis function n and m each spans the entire parameter
space in time and frequency. In other words, n = i j, and
it is the same for m. The von Neumann coefficients Qi, j

are obtained by rearranging the 1-D coefficients cn into a
2-D representation, where one axis is for time and the other
is for frequency. The reconstructed x-ray electric field is
®Erecon =

∑
i, j Qi, jαωi tj .

Therefore the reconstruction problem is reduced to solving
for the complex coefficients cn. We define the cost function
to be

cost =
∑
px,py

����M(px, py) − B(px, py)
����2, (6)

where M(px, py) is the measured photoelectron 2-D mo-
mentum distribution. We use Matlab’s fminunc function
to search for the complex coefficients cn by minimizing the
cost function. Figure 3 illustrates an example of the recon-
struction result. We obtain the input pulse from a GENESIS
simulation which has intricate substructures in the time and
frequency domain. The algorithm successfully and com-
pletely reconstructs these structures. With count statistics
of 7K particles sampled via Poisson noise, the algorithm is
robust enough to still reconstruct the x-ray pulse in time and
frequency domain.

It is worth noting the intricate structures in the GENESIS
pulse which shows up as a second peak in time domain as
well as frequency domain. The effect of the second bump
in the x-ray pulse on the VMI detector image is an interfer-
ence pattern of the photoelectron wave packet, which then

is reflected in the interference fringes in the 2-D momentum
distribution [13] (see the lower left corner of the VMI image
in Fig. 3 for an example). Our reconstruction algorithm is
capable of decoding such complicated quantum mechanical
effects thanks to the complex coefficients that contain the
phase information of the pulse. Further discussions on the
algorithm’s convergence, robustness, and limitations will be
found in a future publication.

CONCLUSIONS
In this paper we discussed the working mechanism of

angular streaking as diagnostic for attosecond x-ray pulses.
We presented the novel co-linear VMI design with 3% en-
ergy resolution to measure photoelectron momentum dis-
tribution in the presence of a circularly polarized streaking
laser. We showed the simulation results of the streaking
process based on the Lewenstein model. Moreover, we de-
scribed the nonlinear fitting algorithm that takes advantage
of the von Neumann representation of any electric field. We
demonstrated successful reconstruction of an attosecond x-
ray pulse in both time and frequency domain. The outlook
of this work is to utilize the angular streaking technique with
experimentally produced attosecond x-ray pulses generated
at LCLS.
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