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Abstract
It is known that in a high-gain tapered free electron laser

(FEL) there is the so-called second saturation point where the
FEL power ceases to grow. Sideband instability is one of the
major reasons causing this second saturation. Electron syn-
chrotron oscillation coupling to the sideband SASE radiation
leads to the appearance of sidebands in the FEL spectrum,
and is believed to prevent a self-seeding tapered FEL from
reaching very high peak power or improved spectral purity
without resorting to external monochromators. In this paper,
we propose a simple method of using phase shifters to sup-
press the undesired sideband signal. This method requires
no external optical device and so is applicable at any wave-
length. The phase-shift method is implemented in the post-
saturation regime where the main signal shall have reached
its available power level. Numerical simulations based on
Pohang Accelerator Laboratory x-ray FEL beam and undu-
lator system confirm the effectiveness of this method. The
results show that the sideband signals are clearly suppressed
while the main signal remains a comparable level to that
without employing such a method.

INTRODUCTION
Generating an intense high-power x-ray free electron laser

(FEL) can be of great interest, e.g. the pulse power at the
level of ∼50 GW, since such power level of output radiation
has stimulated numerous experiments in various scientific
areas [1–3]. The output characteristics of FEL are deter-
mined by its operation modes (see, for example, Ref. [4]
for introduction of short-wavelength FEL basics). In the
x-ray wavelength regime a single-pass high-gain FEL can
work either in the Self-Amplified Spontaneous Emission
(SASE) or seeded mode, despite the lack of direct seeding
source. In the SASE mode [5], the initial seeding originates
from shot noise of the electron beam. Therefore the output
characteristics of SASE can be chaotic in both temporal and
spectral profile, although the transverse coherence can be
excellent. Acting as an amplifier, the seeded mode indeed
requires an input source. It has been known that utilizing
higher harmonics generation, e.g. high-gain harmonics gen-
eration (HGHG) [6,7] or echo-enabled harmonic generation
(EEHG) [8, 9], can be an option. Another option is the so-
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called self-seeding [10–12]. In the self-seeding option the
FEL system starts with the first section of undulators based
on SASE mode and is followed by a crystal monochromator
or mirrors to select/purify the output spectrum, serving as
the subsequent input signal. Then a second section of un-
dulators proceeds, acting as an amplifier, and will amplify
the (purified) signal, i.e. the main signal, up to saturation.
Compared with SASE, the output characteristics of seeded
FEL are in general with much narrower spectral bandwidth
and better wavelength stability.

In some applications when an even higher pulse power can
be desired, e.g. the femtosecond x-ray protein nanocrystal-
lography, single molecule imaging and so on, dedicated un-
dulator taperings are typically employed [13–16]. Recently
the efficiency enhancement based on phase jump method is
also proposed [17]. In other situations when the temporal
coherence or spectral brightness may be benefited or even re-
quired, e.g. the resonant scattering experiment, mixing-wave
experiment or those which rely on spectroscopic techniques,
the seeded mode shall be considered. However, the higher
spectral purity may be prevented by the so-called FEL side-
band instability (see, for example, [13, 18–20]). Such insta-
bility in FEL is caused by the interaction of the radiation field
with the electron synchrotron motion in the ponderomotive
potential well after the first saturation of FEL. Such a poten-
tial well, formed by the undulatormagnetic field and themain
signal, will trap electrons and result in the oscillation with
a synchrotron frequency (and its multiples) away from the
resonance frequency (i.e. the frequency of the main signal).
Once the interaction creates a positive feedback, the electron
beam energy will continuously transfer and contribute to
the electromagnetic field with the specific synchrotron side-
band frequency. Then the sideband signal will grow and the
output radiation spectrum will feature a main-signal peak
with surrounding sideband peaks or a pedestal-like struc-
ture. This usually brings about undesirable consequences;
the sideband effect can not only degrade the spectral purity
but also limit the level of the saturation power of FEL. Em-
ploying a post-undulator monochromator may help clean
the sideband structure. A dedicated monochromator how-
ever depends on specific wavelength range or photon energy
and may limit the tunability. The method introduced here
requires no external optical device and so is applicable at
any wavelength.

In this paper we propose a simple method of using a set
of phase shifters to suppress the undesired sideband signal.
As mentioned above, because the phase shifters used for
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sideband suppression will not likely enhance the main signal,
they should be placed where the main signal has reached
its desired power level in a prescribed undulator tapering,
i.e. those phase shifters with sideband-suppression purpose
should not be placed too early. It should be also noted that
the phase shifters should not be placed too late, where the
sideband signal would have been dominant.

THEORETICAL ANALYSIS
The study is based on 1-D FEL analysis [4], where the

individual particles in an electron beam are characterized
by the electron relative phase θ = (ku + k1)z − ω1t and en-
ergy deviation η = (γ − γR(0))/ργR(0) from a reference
particle with the energy γR. Here t and z are the time
and undulator coordinates. ku and k1 are the wavenum-
bers of the undulator and the resonant signal (or the main
signal), respectively. λ1,u = 2π

/
k1,u, ω1 = ck1. ρ is the

usual FEL or Pierce parameter. The FEL resonance condi-
tion is λ1 = λu

[
1 + K2(z)

/
2
] /

2γ2
R(z). In a tapered FEL,

K(z) = K0 fB(z) with the taper profile 0 6 fB(z) 6 1. Cor-
respondingly we have γR(z) = γR(0) fR(z) with fR(z) =√(

1 + K2(z)
/

2
) / (

1 + K2
0
/

2
)
. In the 1-D analysis the elec-

trons are described by the following equations [13,18,20,21]
dθ
dẑ
=
η − ηR

fR
(1)

dη
dẑ
= −

fB
fR

(
Eeiθ + c.c.

)
(2)

where ẑ = 2kuρz, E is the normalized complex electric field,
E = E

/√
4πn0ργR0m0c2, and c.c. denotes the complex

conjugate. In the aftermath of the appreciable main signal
growth, it can be shown that the main signal behaves as a
low-gain FEL1. In the post-saturation regime the low-gain
enhancement by virtue of energy detuning may be limited
because the phase space should have been populated by
electron beam particles with appreciable energy spread, i.e.
the warm beam.

Note that although the (large) main signal can follow low-
gain FEL process, the (small) sideband signal after saturation
can grow exponentially. The field dynamics is governed by
the slowly-varying wave equation, dE/dẑ = ( fB/ fR)

〈
e−iθ

〉
.

For simplicity we only consider two-frequency model, i.e.
E = E1 + Es = |E1 | eiφ1 +

��E±s �� eiν±φ1 with
��E±s �� � |E1 |.

In what follows, the subscripts 1 and s here refer to the
main and the sideband signal, respectively. Here φ1 is the
1 We can Taylor expand the electron energy and phase coordinates as
η = η(0) + η(1)1 + η

(2)
1 + η

(1)
s + ... and θ = θ(0) + θ(1)1 + θ

(1)
s + ...,

respectively. To be clear, the subscripts 1 and s here refer to the main
and the sideband signal, respectively. It can be shown that Madey’s

first theorem [22]
〈
η
(2)
1

〉
= (1/2) ∂

〈(
η
(1)
1

)2
〉/
∂η(0) can be obtained

(where the bracket 〈...〉 denotes the phase average of the electron
beam macroparticles), and the low-gain function can be formulated as

G ∝ −L̂2
u∂

[
sin

(
η(0) L̂u

)/
η(0) L̂u

]2
/
∂η(0) (where L̂u = 2kuρLu is

the normalized undulator segment length) in the absence of undulator
tapering [4].

phase of the main signal and ν± = 1 ± ∆ν = ω/ω1 with the
frequency detuning of upper sideband signal (∆ν > 0) and
the lower sideband signal (∆ν < 0). Our analysis begins with
separating the complex electric field into the main signal
and the sideband signals

dE1
dẑ
=

fB
fR

〈
e−iθ

〉
(3)(

d
dẑ
+ i
∆ν

2ρ

)
Es =

fB
fR

〈
e−iνθ

〉
(4)

We then further rewrite the main and sideband field equa-
tions into their amplitude and phase components, which lead
to the following four equations

d |E1 |

dẑ
=

fB
fR

cosΘ (5)

|E1 |
dφ1
dẑ
= −

fB
fR

sinΘ (6)(
∂

dẑ
+ i
∆ν

2ρ

) ��E±s �� = fB
fR

cos ν±Θ (7)��E±s �� dφ±s
dẑ
±
|∆ν |

2ρ
��E±s �� = − fB

fR
sin ν±Θ (8)

where Θ = θ + φ1 denotes the ponderomotive phase.
In adjusting a phase shifter between two consecutive undu-

lator segments, the relative electron phase∆θ is changed. As-
suming the radiation pulse travels along a phase shifter with
negligibly small phase change (∆φ1 ≈ tan−1(LPS/zR) ≈
tan−1(1/15) ≈ 4◦ where LPS is the section length of a phase
shifter, assumed 1 m, and zR is the Rayleigh length, typically
in the range of 10 ∼ 20 m), the ponderomotive phase change
can be approximately quantified as ∆Θ ≈ ∆θ. The goal is
to arrange the electron beam within the phase of deceler-
ating the sideband signal (cos ν±Θ < 0), while the main
signal should remain constant (cosΘ ≈ 0). Prior to a phase
shifter, we assume the averaged ponderomotive phase over
the electron bunch coordinate θ and beamlet slices s does
not change too much, i.e. 〈Θ〉θ,s ≈ 0, during the passage
in the undulator. Our numerical simulations support this
assumption. A phase shifter is assumed to delay all parti-
cles of the electron beam relative to the radiation. After the
phase shifter, the rate of change of the main signal is pro-
portional to cos∆θ [see Eq. (5)], while that of the sideband
becomes cos∆θ ∓ |∆ν | ∆θ sin∆θ [see also Eq. (7)]. Note
that the detuning parameter |∆ν | ∼ 10−3 � 1. It can be
easily found that ∆θ ≈ π (or its odd integer multiples) can
meet the requirement.

NUMERICAL RESULTS
We take as an example the Pohang Accelerator Laboratory

x-ray FEL (PAL-XFEL) beam and undulator system [23].
Table 1 summarizes the relevant beam, undulator and ra-
diation parameters. The FEL operation mode is assumed
to start from SASE in the first undulator section and then
self-seeding in the second undulator section. It is assumed
that in the second undulator section the system consists of 22
planar undulators, with 4.94 m for each undulator segment
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Figure 1: Two consecutive undulator segments with a phase
shifter (a small by-pass chicane) in between to delay the
relative electron phase to the radiation. The number and
strength of the phase shifter is determined by optimizing the
ratio of the main to the sideband signals. The longitudinal
phase space plot above is to illustrate the purpose of our
phase shift method to suppress sideband. The gray and
black colors refer to the situations before and after the phase
shift. The phase delay will cut out the electron synchrotron
motion and therefore suppress sideband signal. The FEL
field energy remains constant because the electrons first give
and then absorb the energy before and after the phase change.

Table 1: The Relevant Beam, Undulator, and Radiation Pa-
rameters for PAL Hard X-Ray FEL

Name Value Unit

Electron beam energy 5.885 GeV
RMS fractional energy spread 1.74 × 10−4

Peak current 4 kA
Normalized emittances (x, y) 0.4, 0.4 µm
Average beta function (x, y) 10, 10 m

Undulator parameter K0 (peak) 2.08
Undulator period 2.6 cm

Input seed power 500 kW
Resonance wavelength 3.1/4 Å/keV
First saturation power ∼20 GW
First saturation length ∼30 m

and made with variable gaps. The variable undulator gaps
enable the undulator tapering up to 15%. Here we only
utilize a total ratio of 7% (quadratic) tapering throughout
the undulator system. A small by-pass chicane, acting as a
phase shifter, is installed between two consecutive undulator
segments. In what follows we will present the simulation
results in the second undulator section, assuming the seeding
power is 500 kW, which is achievable easily in a self-seeded
FEL.
We note that the above analysis is based upon 1-D FEL

model. In the following we will verify the concept of π phase
shift for sideband suppression by using GENESIS [24], a
three-dimensional time-dependent FEL simulation code. In
GENESIS a phase shifter between two consecutive undu-
lator segments can be modeled using a virtual undulator
section. The effective undulator parameter for this section,
KAD , should satisfy

1+K2
AD
(z)

1+K2(z)
kuLPS = mπ, where m can be

an integer or a fraction. A discrete or stepwise undulator ta-
pering is assumed and the optimized tapering profile is based
on the algorithm outlined in Ref. [14]. In the above analysis
we have assumed the incident ponderomotive phase Θi = 0,
i.e. assuming most of the electrons are deeply trapped in the
bottom of ponderomotive potential well2. Figure 2 compares
both the integrated power and the main-signal power before
and after employment of the π phase shifters. From Fig. 2(a)
it can be seen that inserting π phase shifters will result in
slight degradation of the integrated power (the black and
red solid lines). This can be expected because the π phase
shifting, rather than 2π for the constructive interference be-
tween FEL radiation and the electron beam, will cut out
the effective interaction. The smaller deviation of the red
solid and dashed lines indicate that the main-signal power,
quantified as P(ω) ≈ (dP(ω)/dω) δω, where dP(ω)/dω is
the frequency distribution of the total power, appears to be
more contributed than the usual case, in which all the phase
shifters are simply set to 2π. Figure 2(b) and 2(c) respec-
tively illustrate the resultant FEL radiation spectra for all-2π
case and the optimized π-phase-shift case. Here we note
that all the π phase shifters should form as pairs, in order
that the beam and the radiation can remain in phase in the
downstream undulator segments of those π phase shifters.

Figure 2: (a) The integrated power and the main signal power
as a function of z; (b,c) the radiation spectra for all-2π case
and the π-phase-shift case. Here the π phase shifters are
inserted at the locations where the arrows in subfigure (a)
are indicated.

SUMMARY AND CONCLUSION
From the analysis presented above, we have proposed a

simple method of utilizing π phase shifters to effectively
suppress the undesired FEL sideband instability. Such a π
phase shifter should not be placed in the too-early tapered un-
dulator segments; otherwise it will cut out the (still efficient)
interaction between the main signal and the electron beam.
2 In reality Θi may be close to 0 but does not necessarily vanish. To obtain
an optimal solution for ∆θ, we numerically vary ∆θ (i.e. KAD ) in the
nearby value of π (or its odd integer multiples). Note that Fig. 2 presented
here is not optimized yet. The numerical optimization is ongoing.
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Neither should the phase shifters be employed in the too-late
undulator segments, where the sideband signal would likely
have become dominant. The numerical simulations based on
PAL-XFEL beam and undulator parameters have confirmed
the analysis. The results show that the pulse power ∼50 GW
with excellent spectral purity can be achieved by using this
simple method.
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