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Motivation

Comprehensive study of longitudinal wakes 
in XFEL (including transverse beam size) 

is needed

ESASE schemes:

GW-level
Optical laser

Electron
beam

Wiggler Dispersive 
Section

20 kA-spike XFEL



Impedance and wake

Usually wake function is defined from point-to-point:

sΔ

To account for transverse dimensions: disk-to-disk

To calculate Z:  - Calculate sources - Calculate field  
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vo is the correspondent velocity, 
so the curvilinear abscissa, 

f(t) the longitudinal distribution of electrons

We will work in the space-frequency domain

Electromagnetic sources

Sources can be written as

where

Oscillating SOURCE disk
Oscillating TEST disk

wD



Must calculate transverse and longitudinal field

Field calculations (1) : paraxial approximation

Paraxial approximation can be used to get the field envelope:

Current term Gradient term

Transverse
field

Longitudinal
field



Field calculations : results

Transverse field
Space-charge gradient term

Radiative gradient term (fast wave)

Radiative gradient term (slow wave)

Radiative current term (slow wave)
Radiative current term (fast wave)
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Field calculations (3) : results

Longitudinal field

Radiative gradient term (fast wave)
Radiative gradient term (slow wave)

Space-charge gradient+current



Field calculations (3) : results

Longitudinal field

Rad. Gr.
Rad. Gr.

S.C. 



Cross-check with Gauss law

Field expression has been cross-checked

In particular, it obeys Gauss law.

Interesting remark:

ρπ4=⋅∇ scE
r

0=⋅∇ radE
r

Separately.
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Longitudinal impedance: general result

Using expressions for field and Bessel functions we obtain:

S.C. long.R. tran. Slow R. tran. Fast
;2DzfL γ= ;1
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Asymptote I : wDD<<⊥
2σ

(Gaussian model)

;1)(0 ≈xJ ;)2/ln()(0 xxK E −−≈ γ ;)]2/ln()[/2()(0 xxY E +≈ γπ:1<<x



Asymptote II : wDD>>⊥
2σ

Large transverse size suppresses radiative contributions



Asymptote II : wDD>>⊥
2σ

Large transverse size suppresses radiative contributions



Asymptote II : wDD>>⊥
2σ

Only space-charge term. Like free space, but zγγ →



Wake fields

Gaussian longitudinal profile
Gaussian  transverse  profile
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