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Derivation of kinetic equations

Step 1: Equations of particle longitudinal motion

Assumptions:

1. Transverse motion is not effected  by FEL operation. Electron 
trajectories are given (and known) functions of longitudinal 
coordinate in undulator and electron initial transverse coordinates 
in 4-D phase space . 

2. Interaction between two electrons in longitudinal direction is 
carried out  trough radiation field. All other collective forces are 
neglected.

3. Radiation field of electrons has narrow bandwidth and obeys 
paraxial wave equation. Therefore interaction force can be 
averaged over several undulator periods.
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Step 2: Continuity equation for the N-particles
distribution function

( ) ( ) ( ) 0;,,1,1
1

=⎥
⎦

⎤
⎢
⎣

⎡
−+

∂
∂ ∑∑

≠=

θ
θ

NfjiV
N

iL N

N

ji

N

i
K

( ) ( )
i

jjii XzXzNjiV
Δ∂
∂

Φ−= ,,, ,( ) ( )( )
i

iii z
XziL

∂
∂

Δ−Δ+= ,221 2
|| βγ

distribution function in 6×N - dimensional phase space



( ) { } { } ( ) NNNN dXdXXXfNddNf KKKK 11 ;,,1;,,1 θθ =

Probability to find the system of N particles in the 6×N dimensional 
phase space volume  dX1…dXN at the “time” moment θ

Probability density 6D vector of one particle coordinates and momenta

Physical meaning of the distribution function

∫ += NmNm dXdXff K1
m-particle 

distribution function

( ) 111 ; dXXf θ Probability to find one particle in the 6D 
phase space volume dX1

( ) 21212 ;, dXdXXXf θ
Probability to find one particle in 

the volume dX1 and another 
particle in the volume dX2



Step 3: BBGKY chain of equations
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See e.g. S. Ishimaru, “Basic Principles of Plasma Physics”, Benjamin, London, 1973.



Step 4: Truncation of the BBGKY chain
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We assume that  H(1,2,3,θ) << G(1,2, θ)

This assumption seems to be reasonable because the number of interacting 
particles (the number of particles on cooperation length ) is large.

The similar assumption is valid in plasma physics where one 
has large number of particles in the Debye sphere.
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Stationary current and narrow beam case

1. All time derivatives are equal to zero

2. Transverse beam size is constant and small

3. Interaction force can be averaged over transverse distribution
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Algorithm of numerical solution
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Results of simulations
Two coordinate distribution of the correlation function 

amplitude integrated over energy

Lg – the gain length at linear stage
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Decrease of the r.m.s. spectral bandwidth
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Energy distribution Normalized spectral distribution

Correlation function amplitude
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Conclusion

We developed the description for saturation in SASE 
FEL based on rigorous statistical approach.

For the simplest case of narrow electron beam we first 
obtained non-trivial solution for the correlation and 
single particle distribution functions nonlinear 
behaviour.
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