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Abstract

The impact of longitudinal wake fields on an elec-
tron beam accelerated through a ultra-high field gra-
dient is discussed, based on solution of Maxwell’s
equations for the longitudinal field. We consider an
acceleration distance much smaller than the overtak-
ing length, as for laser-plasma devices. We give ex-
pressions for impedance and wake function that may
be evaluated numerically. A limiting expression is
found for a large distance of the electron beam from
the accelerator compared with the overtaking length.
We derive analytical solutions for a Gaussian trans-
verse and longitudinal bunch shape. We apply our
analytical asymptote by studying the feasibility of a
Table-Top VUV FEL (TT-VUV-FEL) based on laser-
plasma driver. Numerical estimations indicate a seri-
ous threat to the operation of this device. A detailed
report with relevant references is given in [1].

INTRODUCTION

In this paper we study longitudinal wake fields pro-
duced within electron beams accelerated with high-
gradient fields. We assume that the acceleration dis-
tance da is much smaller than the the overtaking
length. This is the distance travelled by the electrons
as a light signal from the tail of the bunch overtakes
the head of the bunch. Given a bunch of rms length σz,
the overtaking length is 2γ2σz, and corresponds to the
radiation formation length 2γ2� calculated at � = σz,
� = λ/(2π) being the reduced radiation wavelength.
When da � 2γ2σz, electrons can be assumed to be ac-
celerated at position zA down the beamline. This is
the case for laser-plasma devices, since acceleration
in the GeV range takes place within a few millimeter,
but not for conventional accelerators. The assumption
da � 2γ2σz simplifies wake calculations. When this
condition is verified, the wake generated along the
part of the trajectory following the acceleration point
zA is independent of any detail of the accelerator. Thus
our study is valid independently of the particle accel-
erator technology chosen, provided that da � 2γ2σz.
One may also have contributions to the wake gener-
ated before zA. These depend on the physical nature
of the accelerator, can be separately calculated, and
will be neglected here because they do not affect the
bunch in the case of a laser-plasma accelerator. We
base our study on solution of Maxwell’s equations for
the longitudinal field. Our consideration is valid in

free-space. This approach gives accurate results if the
typical dimension of the vacuum pipe a is larger than
γ� = γσz, that is the typical transverse size related
with the longitudinal electric field. Paraxial approx-
imation can be applied to describe electromagnetic
sources up to the observation point, while sources
after the observation point in the beam propagation
direction can be neglected. We make use of the parax-
ial approximation to calculate the Fourier transform
of the longitudinal field produced by fixed electro-
magnetic sources (current and charge densities) at a
certain observation plane down the beamline. This
constitutes the basis of our treatment, because it al-
lows to calculate the longitudinal impedance and the
wake function. Impedance and wake function yield
an analytical expression in the asymptotic limit of a
large distance of the electron beam from the accel-
erator compared with the overtaking length, i.e. in
the far-field zone for all wavelengths of interest (up
to � ∼ σz). This asymptotic limit allows simple es-
timations of the impact of the longitudinal wake on
the electron beam energy change. We apply our the-
ory by studying the feasibility of TT-VUV-FELs based
on parameters described in [2], and finding a serious
threat.

FIELD IN SPACE-FREQUENCY

Let zA be the exit of the accelerator. After zA, the
nominal Lorentz factor of electrons is γ. Acceleration
happens on a scale da � 2γ2�. Significant emission
is present for wavelengths longer than the longitu-
dinal bunch length σz, up to transverse beam sizes
σ⊥ � γσz. For typical ultra-relativistic beams, condi-
tion da � 2γ2� can be read as da � 2γ2σz. We picture
the fast acceleration process as a sudden ”switch-on”
of both harmonics of the electromagnetic sources and
of the field. When the switching distance (the acceler-
ation distance) da � 2γ2σz, the description of the wake
generated after the switching point (the acceleration
point) zA, is independent of the nature of the switcher.
As long as sources are rapidly switched-on, it does
not matter whether we are considering a fast longi-
tudinal acceleration or other switching mechanisms.
We first calculate Ēz(zo,�r⊥o, ω), that is the longitudinal
electric field at frequency ω from given electromag-
netic sources in vacuum. It is detected at longitudinal
position zo > zA and transverse position �r⊥o. We de-
fine the Fourier transform of a function f (t) as f̄ (ω) =∫ ∞
−∞ dt f (t) exp[iωt], and we follow analogous conven-
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tion in the definition of the Fourier transform in two
dimensions. The field in the space-frequency domain
�̄E(zo,�r⊥o, ω) is the Fourier transform of the field in the
space-time domain, �E(zo,�r⊥o, t). As is well-known, one
may use the field in the space-frequency domain for
a given frequency and yet think of the amplitude of
a monochromatic field or viceversa. We should solve
the paraxial equation for sources located in [zA, zo]:

c2 exp[iωz/c] · [∇2
⊥ + 2iω/c∂/(∂z)]�̃E = 4πc2�∇ρ̄ − 4πiω�̄j.

Since electrons are moving along the z-axis, we write
the harmonic components of the charge density as
ρ̄(z′, �r′⊥, ω) = ρo(�r′⊥) f̄ (ω) exp[iωz′/v]u(z′ − zA), while
j̄z(z′, �r′⊥, ω) = βcρ̄. Notation u(z′ − zA) indicates
a Heaviside step function centered at position zA,
whose presence signifies that there are no sources
before the plasma accelerator. Functions ρo and f̄
are specified once a model for the beam is chosen.
The quantity ρo has the meaning of transverse elec-
tron beam distribution. It may depend on the har-
monic ω, but we will assume it does not. Thus, all
information about the longitudinal electron density
distribution f (t) is included in its Fourier transform
f̄ (ω). A typical Gaussian beam model is defined
by ρo(�r′⊥) = 1/(2πσ2

⊥c) exp[−r
′2
⊥/(2σ

2
⊥)], and f (t) =

(−e)N/(
√

2πσt) exp[−t2/(2σ2
t )], whose Fourier trans-

form is given by f̄ (ω) = (−e)N exp[−ω2σ2
t /2], N being

the number of electrons in the beam and (−e) the elec-
tron beam charge. Here σt is the rms bunch duration,
connected σz by σz = βcσt, so that in terms of lengths
f (s) = (−e)N/(

√
2πσz) exp[−s2/(2σ2

z)]. The wake gen-
erated along the part of the trajectory following zA, is
independent of the nature of the switcher. However,
the above expressions for ρ̄ and j̄z violate the conti-
nuity equation, and should be completed by extra-
contributions depending on the switcher. For exam-
ple, if one thinks of an acceleration process where a
low energy bunch with Lorentz factor γo is acceler-
ated on a distance da up to a Lorentz factor γ, one
should add to ρ̄ and j̄z the contribution of the har-
monic at frequency ω associated with the beam with
Lorentz factor γo. In that way, the continuity equation
can be satisfied. However, these extra-contributions
depend on the switching process. Here we will not
consider them. We will focus, instead, on the switch-
independent part of the problem. Moreover, in the
case of a plasma accelerator, the switch-dependent
contributions have no effect on the longitudinal wake
field acting on the electron beam. For zA → −∞, cor-
responding to the steady state solution, we obtain the
following expression:

Ẽz = −2iω
γ2c

exp
[
iωzo

2γ2c

]
f̄ (ω)

×
∫

d�r′⊥ ρo(�r′⊥)Ko

(
|ω| | �r⊥o − �r′⊥ |

γc

)
. (1)

Ẽz depends on zo through a phase factor only. When
zA = 0, corresponding without loss of generality to
the switch-on case, we have:

Ẽz(zo,�r⊥o, ω) = −
ω f̄ (ω)
γ2c

∫
d�r′⊥ρo

(
�r′⊥

)

×
{

i
∫ zo

0

dz′

(zo − z′)
exp

[
iωz′

2γ2c
+ iω
| �r⊥o − �r′⊥ |2
2c(zo − z′)

]

+
γ2c
ωzo

exp
[
iω
| �r⊥o − �r′⊥ |2

2czo

]}
. (2)

Eq. (1) and Eq. (2) can be used to estimate the im-
pact of the field generated by the electron beam on
any particle in the beam. We do so with the help
of the concepts of wake fields and impedances. By
definition of impedance Z(ω, z) we have Z(ω, z) =

1/| f̄ (ω)|2
∫

V
j̄ ∗z Ēz dV, where | f̄ (ω)|−2 accounts for the

fact that test and source disks have total charge (-
e), while j̄ ∗z ∝ f̄ ∗ and Ēz ∝ f̄ . Here the vol-
ume V encloses the beam up to position z. Rela-
tion between impedance Z and wake G is given by
Z =

∫ ∞
−∞ d(Δs)/(βc) G(Δs) exp[iωΔs/(βc)]. An explicit

expression for Z(ω, z) is

Z = − ω
γ2

∫
d�r′⊥

∫
d �r′′⊥ρ ∗o (�r′⊥)ρo( �r′′⊥)

∫ z

0
dz′

⎧⎪⎪⎨⎪⎪⎩i
∫ z′

0

dz′′

(z′ − z′′)
exp

[
iω
2c

(
z′′ − z′

γ2 +
| �r⊥o − �r′⊥ |2

z′ − z′′

)]

+
γ2c
ωz′

exp
[
iω
| �r⊥o − �r′⊥ |2

2cz′

]
exp

[
− iωz′

2γ2c

] ⎫⎪⎪⎬⎪⎪⎭ . (3)

Eq. (3) constitutes a practical algorithm to compute
both real and imaginary parts of the impedance (and,
subsequently, of the wake).

Since ρo is a real quantity, Z(ω) has the property
Z(ω) = Z ∗(−ω). Then, Re[Z](ω) is an even function of
ω, while Im[Z](ω) is odd. The property Z(ω) = Z ∗(−ω)
follows, more in general, from the fact that G(Δs, z) is a
real function. If we split the wake function in the sum
G = GS + GA of a symmetric and antisymmetric part,
the Fourier transform of GS gives back Re[Z], while the
Fourier Transform of GA yields Im[Z]. The symmetric
part of the wake, GS, is also known as active part and
is related with the energy lost by the bunch through
radiation. The antisymmetric part GA is known as
reactive part and is related with energy redistribution
within the bunch.

ANALYTICAL ASYMPTOTES

Impedance
With the help of Eq. (3) we calculate asymptotes

of the real and imaginary parts of the impedance for
z� 2γ2� (see [1]). The real part is:
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Figure 1: Plot of ζRe (left) and plot of ζIm (right).

Re[Z](ω) = − c
π

∫
d�θ

∣∣∣∣ρ̃o(�θ, ω)
∣∣∣∣
2 γ4θ2

(
1 + γ2θ2)2 . (4)

We now choose a Gaussian model for ρo, substituting
ρ̃o(�θ, ω) = 1/c · exp[−θ2ω2σ2

⊥/(2c2)] in Eq. (4). This
gives Re[Z] = ZoζRe(α), where

ζRe(α) =
1

4π

{
1 − (1 + α2) exp[α2]Γ(0, α2)

}
, (5)

Γ(0, x) being the incomplete gamma function, Zo =
4π/c the free-space impedance and α = ωσ⊥/(γc). A
plot of the universal function ζRe(α) is given in Fig.
1 (left plot). Re[Z] exhibits a singular behavior for
σ⊥ −→ 0 (i.e. for α −→ 0 in Fig. 1 (left plot)). This
is linked with our particular model, where we chose
da −→ 0. The imaginary part is:

Im[Z](ω) = − 1
π
ωz

∫
d�θ

∣∣∣∣ρ̃o(�θ, ω)
∣∣∣∣
2 1
(
1 + γ2θ2) . (6)

Similarly as for the real part, use of a Gaussian beam
model allows to give an explicit expression for Im[Z].
Namely, Im[Z] = (Zoẑ) ζIm(α), where

ζIm(α) = − 1
2π

exp[α2] Γ(0, α2) , (7)

where and ẑ = z/(2γ2�). A plot of the universal func-
tion ζIm(α) is given in Fig. 1 (right plot).

Wake function
Analytical results given for z � γ2�. GS(Δs)

can be found calculating the inverse Fourier trans-
form of Re[Z](ω) with respect to Δs/βc. Using no-
tation Δξ = γ(Δs)/σ⊥, one obtains GS(Δξ) = γ/σ⊥ ·
HS(Δξ) where HS(Δξ) = −1/(4

√
π){
√
π |Δξ| + π[1 −

(Δξ)2/2] exp[(Δξ)2/4] · erfc[|Δξ|/2]}. A plot of the uni-
versal function HS as a function of Δξ is given in the

Figure 2: (a) Plot of HS and (b) plot of HA.

left plot of Fig. 2 (a). The energy gained or lost by
a single particle at position s within the bunch due
to the active (symmetric) part of the wake, averaged
over transverse coordinates is given by the convo-
lution ΔES(s) = (−e)

∫ ∞
−∞GS(Δs) f (s − Δs)d(Δs). An ex-

plicit expression for ΔES/Eo as a function of ξ = γs/σ⊥,
Eo = γmec2 being the nominal energy of an electron
(with rest mass me) is

ΔES

Eo
=

Imax

γIA

∫ ∞

−∞
d(Δξ)HS(ξ − Δξ) exp

[
− (Δξ)2

2η2

]
, (8)

where we introduced the new parameter η = γσz/σ⊥,
and we called the Alfven current IA = e/(mc3) 
 17 kA
and the beam current Imax = eNc/(

√
2π σz).

GA can be found calculating the inverse Fourier
transform of iIm[Z](ω) with respect to Δs/βc. One
obtains GA(Δξ) = γηẑ/σ⊥ · HA(Δξ), where HA(Δξ) =
−Δξ/(2

√
π) {2

√
π/|Δξ| − π exp[(Δξ)2/4] · erfc[|Δξ|/2]}

and we redefined ẑ = z/(2γ2σz). A plot of the univer-
sal function HA is reported in Fig. 2 (b). The energy
gained or lost by a single particle at position s within
the bunch due to the reactive part of the wake (av-
eraged over transverse coordinates) is given by the
convolution ΔEA(s) = (−e)

∫ ∞
−∞GA(Δs) f (s − Δs)d(Δs).

ΔEA/Eo as a function of ξ = γs/σ⊥ is given by :

ΔEA

Eo

( s
σz

; η
)

=
Imaxẑ
γIA

F
( s
σz

; η
)
. (9)

where Eo = γmec2, and

F
( s
σz

; η
)

=

∫ ∞

−∞
d(Δξ) η HA

(
η

s
σz
− Δξ

)
exp

[
− (Δξ)2

2η2

]
.

(10)

A plot of F is given as a function of s/σz in Fig. 3 for
different values of η.

Plots for ΔES/Eo and ΔEA/Eo as a function of ξ can
be computed with the help of numerical techniques.
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Figure 3: Plot of F at different η.

Figure 4: ΔEs/Eo (left) and ΔEA/Eo (right) for the TT-
VUV-FEL at z = 0.8 m.

IMPACT ON TT-VUV-FEL

One of the applications envisaged for next-
generation plasma accelerators is as drivers for table-
top FELs [2]. Here we will apply our theory to the
VUV case in Table I of reference [2]. The undulator pa-
rameter K is smaller than unity. Thus, wake field cal-
culations in vacuum can still be used inside the undu-
lator. In the TT-VUV-FEL case 2γ2� 
 18 cm, several
times smaller than the size of the planned undulator,
that is about 0.8 m. Therefore we are well-within the
applicability region of the our asymptotic expressions.
Needed parameters are γ = 300, η = 10 and I = 50 kA.
Also, we need to fix a position along the longitudinal
axis. Here we set z 
 0.8 m, corresponding to the fore-
seen undulator length. The relative energy change
ΔES,A/Eo are presented respectively on the left and on
the right plot in Fig. 4 as a function of the longitudinal
coordinate inside the bunch. While travelling down
the undulator, a correlated energy change develops
along the electron beam. For estimations of the effect
on the FEL gain we can use the linear energy chirp
parameter α̂ = −(γωρ2

1D)−1 · dγ/dt. The effect of linear
energy chirp starts to play a significant role on the FEL
gain when α̂ � 1. One finds α̂ 
 10, that indicates a

very large effect. Note that the energy chirp in Fig. 4
(right plot) depends on the electron beam profile but
also on time, because it develops along the undulator.
This effect is fundamental, and is directly linked with
the feasibility of the proposed FEL scheme. Radiation
generated in one part of the undulator cannot interact
in resonance in another part of the undulator, and the
amplification process is destroyed.

CONCLUSIONS

We studied the impact of longitudinal wake fields
on the quality of electron beams produced with high
field-gradient accelerators. Our consideration does
not depend on the particular realization of the accel-
erator. However, given present technological devel-
opments, one of the most relevant applications of our
study should come from the realm of laser-plasma
accelerators. We calculated longitudinally symmet-
ric and anti-symmetric parts of the wake function as
well as real and imaginary part of the impedance with
the help of paraxial approximation within a space-
frequency domain formulation of Maxwell’s equa-
tion. While the general expressions for wakes and
impedances need numerical techniques to be evalu-
ated, it is possible to present analytical expressions
for the asymptotic limit when the electron bunch has
reached a position, down the beamline, that is far
from the acceleration point with respect to the over-
taking distance. Then, the wake and the impedance
are proportional to universal functions. Our results
can be used as analytical benchmarks for computer
codes. Taking advantage of similarity techniques we
presented such result in terms of a complex depen-
dent on the problem parameters (γηẑ/σ⊥) multiplied
by a universal function HA. Our expression for GA

can further be used to calculate the relative energy
change of a particle within a given bunch. In case
of a Gaussian longitudinal profile the relative energy
spread reduces to Eq. (9). Plots presented in Fig. 3
will help the reader to perform a fast estimation of
the influence of the space-charge wake at the stage
of planning of experiments. As a particular exam-
ple, we used our results to estimate the impact of the
longitudinal wake fields on the energy change of the
electron beam for the TT-VUV-FEL setup in [2]. The
total energy deviation is found to be critical.

For details on our work we refer the interested
reader to [1].
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