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Abstract where 
Analytic forrnliln for the nrlrltipole rorffir~if~nts of a. singlf~ rur- 

rtxnt filamrnt, belwf~en tVo ir:finrt.i*ly- ~~~~i-nrntnt~lc ir0ri plat,es arc 
i,t~t;tlrictI l’hrsrt u-r applied 1.0 thr ~*~frly currc~nts getreratrti io ii 
t ,\t, ~lur!t~r~slnrl:ll cYmSlli~t,lIlg s1.1rf:1w, Sllrll as a synchr~1tlnn v3c- 

~rtum r.ha:nhi~r, 1% hcxrr it is ~xpos~t~i trj a ralpiilly varying magnetic 
fit,lrl \\Y Ii1184 I.l~at. t,jrfa sextirl~nlr ~-nrrlp~~rl~r~t, h, is inserisitrvr. 
iii tb rh~;nil~~,r sh:tt..<~ :tx1<1 d~\-‘etds im!y on the ga,’ t,etwwn 1.11~~ 

}‘l;itt% if Ittic, wltlt,l~ off lIta c.huml)rr is riilil-h 1rrrgi.r tltilll l,hc IIc’iglLt 

Ilighrtr rri~rltip~il~~,, L:,, tli,r.r{,a?Pid rLlpiilly wvith incrc,asing rharrrber 
n,i,tt II Tlif~ rnthis (,f ~~iirrvt~~‘g~~r~~~~~ f,,r tht trrulti~~~ilr~ cxpaitsic-irI. ;rt, 
li,;i.st ‘11’ to I> - 10, :s ahr1111, SO% of 11~4~ v;i;li,h iIf *.he cl~nn~hrr 

a1 1 ‘I 

arc’ list.t:d irr l’ai~le I 

1. Introdi~ction 
,I r;tl~r<l i‘y~liug h!~ri(+l~otrorr may I~av* U jM 2 “5 wc: --I , 

ILIt tt rrhlIltlII~> hg- “‘I,!:: ,‘l,rl‘f 11th II, i~l~llilllCI’~(.h ,*, tll’s tiriti 
I*, .i~S,ii~~’ r+(.tri,li rl,;tcllirl(:s, II 113s Irt~u r~~~:~~ry t;’ nriLk<l IIW 
t)rn.rr. Vil(‘lllllli i.h:irli~li r -rf ;i nor1 ,.c)lrijlrrt,or tli i4rrrlrnate tInIf 
ll~,i>~~Il~-lVr8t fit Iii I,r.rI,l.r.~~;l,t.l~lrl~,, t.:,tlt, silr,!i cll:iillt:rrs RTC’ ctiftic~illl 
t;! Ill:lk~’ III t Iif, ahsprlcr 01‘ iil.f)~i, two rlrarul)rr ~hapt’5~ l,irc,til:tr 
i~i.,I rwtrmgular gtiiiri~~f rrt 5 Ilitvf: Slrll~rlP ;tn;tlyt Wal :;‘.Ilutl~.~lls 
‘I hi, i-rt~ly (‘lirr~i~ls ir: a circ-lliiir i.harirb~r irk lh? ur7rf~:rrr-i ii;,lil 
~,.‘ll”f‘;l’,” ;I J”, 1.1’ ~111,~l~~ tic,l~l ril It:, intt,rior, ;tr~ql i,~I~ly i‘l2rr’i’r1!.:~ 111 
R rcr~ang~rlar vai‘~r~iri~ c-h:tmbir generiltp II: minilrr:,ly in si’xt.ll::~~I*~ 
:,,i,it l~lll,J’~i:L.il ,I,, ;1 ,llJl1t ( 1-s fi+181 ’ \?lit~il 1,!1i, i.li:~,frlti~*r IS \~t.twPeri 
ii’ill, poli.h, wliic~i i’an Ire a~ll.“‘[lxirli-~t,~ii Imy rrLfirirtr> pc,r.tl,t~;tliil:l!, 
,il’j,~r ilr~il I~Iiv:*r pl;tr~? 1~iilrrld;~rl~~~. Ihc~ st~illtl~~rls ari ri‘t sli blillj~l" 
:,riCl ,,‘.l,i, ,ri<,;ll ~~ilill i!‘ll:, iif’ fr!-<~rli~nrly ri’sol.t~Yl Ii1 ’ It is t,!Wrr~fQr+ 
IIwriIl 1 i~sl,t,~~d :itndyt!c ~-.III~IIIH~I~~s iif harrlloriii~ corL’,irrt 10 
1!11:, !,ltl:iltl’lIl. at, it%sl. I!, illi* (‘;kic ,>I hr~vi’ra i c~!lili‘lo*t vl-~%lrltwr 
p,f8,11 ~c~t,r~r-;. r g , ri~~~;tr~glrlzr i.lr(,ular anil rlli~‘t~rr,al 

n 
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1:) Spct 1i1r8 2 w(: I~~,rirFlllt~. ~sl~arrsr~~u c.oc~ffii.ient,s ;Lrialytrcally, In 
Sc,(.t 10rr 3 t,lir rrrl:ltipolc i‘nf nfficirnts arr rorrrpar6~~I with ril1mt~rrcnl 
(.21<.111~,1 iI tri,, 91111 i’ ~~~clusir~~rs ari’ ~;rv’:rt in Sccti,Jti ‘1 

2. Analytirnl Cddntion of Hmntonks 

I .-<S J 
‘, 2s 2 
3 -2s 4 - 4t’+q 2 

-I 1 t;ia 4 + Fit7’S 2 
5 .-llj,s (j -&iAs 4 _ i[Ji4s 2 

2; 272j,$ 5 + 41ptJs 4 + pi”s 2 

7 -2i2S Ii _ 2~~()~y ~’ _ lb24f4y 4 _ (;;i”a 2 

0 7936 ts -b + 24576i3.s-” + 76d0t3se 4 + 7 i?dt J ? 
_-.--. --- --- 

A) The Fkld trf H Single Filanwut 
I’~II,~ I+i..+‘s, I.~~UI~LICX rt,!)ri,st,nt;tti,Irl for Or<, fir,lcl I1 = II, + 

i ll., it IS SIIIWJII :r, the A!>pendix tlriit this fii:lil 21. i #-If a c,urrcnt, 
fil:itlic,rit st -I,. = .I:, + iI/, , bot.h points t~et,wr~cn para.11~1, infirritc* 
Ilf*rl!ir*3l~lllly jilcitf:h, 1s grWrr L)y 

Nut? tl~st wi~n jEji”bl >> 1, wt havi: 

I-I = 6 
.( 

x (z - 2:) + ciitl., 7r(: - %I 
t.an1i ‘, 

) 2g ’ (1) 
-.y 

wti<dre I 1s the c~~rr~‘ni. anal q IS the ,gn~t I>ctwe~n t.he iron ~~liLt,Ps. 
The field c~.rr hia t,xpandrd in a Taylor srrrt?s ahout, the origin, 

* Work prrfmrrwrl ordrr thr auspices of the TT 5. Drpartmrrrt +f Fhergy 

3” tar,h (.: - +) 
il n == 82 n I 2 z il 

pn z 
i/” iWi,h (; - $j 

i-,*, II :- I, 

1: 3 ) 

(4) 

Table 1: MuIt 1p01<, ClorfIicrents of a Single Wire. 

c E cash (-a) 
- 

Thus the current filament far away from the origin, tC >> g, 
produres mamly dipole field. On the other hand, the multipole 
component is most sensitive to those current filament located at 
I‘, < 9. 

For a given distribution of current filament, the tot,nl mag- 
n*t,rc field is then gbtalned from the lin? integral (or surface 
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integral for current density) along the source current filament, 
i.e. 

/ dS,l(z,) [coth “‘~ “) + tanh ““G ;‘)I 
60Wte 

(5) 
Similarly, the multipole coefficients of Eq. (2) are obtained from 
the line (or surface) integral of thpsp Q p’s cneffictents in Table 
1: i.e. 

3, + id,, = * 
2m! J 

d&l(G) (Q,l t ,&a) L 
( > 

n-t 1 

3 
(6) 

BOUICe 

3. The Field due to Eddy Currents in a Vacuum 
Chamber Wall 

If t,he main dipole field B is uniform, anti there is no net 
transport I.urrent, the induced current c-lensity j = ok?x: where in 
is the elertrical resistivity, B is t.hr rat6: ,-If cchattgf~ of firId and r is 

distance measured from the chatnbrr center. The chamber wall is 
assumed to be symmetric about the ht>rizontnl and verticn.1 axes 
and of uniform thickness h. We consider the basic shapes of a 
circle, ellipse atlJ rectangle, with cz art<1 h denottng t,he half willth 
and half height, rpsprctlvrly For ~~xarnplr, t 1~ cIII~~I ira.1 rhat:llb+r 
is described by 

JJfai f y?fl;L = 1 (7) 

and t,he rertar~grtlar chamber by 

5 = *IL for y E (-b. I,) a11cl y = fb for .r E i-u. CL) (a) 

‘I-he multip~~lr~ coefficients of’t:cl ((8) are ol~t;~itlr<l by int,egrattttg 
i?vzr the c-hntnhpr nnll ~IIIIS. 

b, + d(l, = ~(~)““J.rI~i.,+-i.,,~~~ i!J) 

whet-r a,, and /T,, xi given by ‘I’atJf~ I and 

h,! $ IQ, E in, $ itl,) /B 

When t hr var,tutn rhamhrr is sgtrtmctrir with respect, tu (lie 
horizontal tni’i-plane, the tt~tegral tn Eq. (9) bernmcas real, 1.~ 
t hP skew m1.~1111~ol<~ c.ocffirient,s it,, ;ITP ‘tori> S~n~rl:irly wtien t II<, 
vacuutti cliarnbcr is syrrttt~~trlc: with aspect t,o vert:c.al mid platte, 
multipolps with 71 =odcl vattish Most of the va~ttum chamtrf~r 
satisfies the at~ve syrnrnt:trtt!s, we csxpct,t (.It~~rF~forr onI;” n = PVPTI 
Ilrlrlt.lpoles. 

Elquarivrt (9) hab slat) trit,+tt’i*st tug L,(.idilig Ilr8Jp<‘rty, i tl ~vti~,:~ 
the va.rurttn chamber stze tnl‘reases ior rler-rexses) prop~r1tonal 1,‘) 
the gap, 9 tltr multipole CueficiC:nt Wcluld al:,0 SCiLli’ :Is 

h, 0: g-rz” 

Ho~vcver, when 9 ts ronstant while the vartl?ttn chamber sizp 1s 
changrrl, the sralirig property is trl\:ch more ~~c~~t~~~rl~~.a~e~l U’c 
tabulate i.he multipole coeificierlts for the following possible pa- 
ramrters of fast cycling syrichrotrr~n, 

h = lmm 

CT ---I = 0.8/.&m 

BIB = 30fsec 
g = 5715cm 
h = 2cm 

for various vacuum chamber half width a Note t,hat bz increases 
toward a limiting value of h.2 = 0.824 m-2 by the following 
equation:’ 

which can he obtained front Eq (9) in the limit ofa/y >> 1. 
It is interesting to observe that the rnulttpole coefficients 

(n > 2) for the circular vacuum chamber, shown in t,he first 
column of ‘Table 2, is not small due to the image current. The 
higher multipoles h, (n > 12) scales u,ell with c”, i.e. 

poahi 
b” N 0.01 b, - h it -‘I 1: n > I” ) 

Thus the higher multipole coefficients becotne smaller for a larger 
width of vacuum chamber For a fixed h/a, rat,io between the 
semi--minor axis to thr semi--major axis, the multipole coeffictettts 
would scale with a-(“-‘). The scaling property is thus sitnilar 
to that of superrondticting magnets. For intermediate mult,iyolt 
coefftcients, 4 < 7~ 5 12, h, x nwm”’ with m < n and de~~encfs - 
t~ii.lrc sensitively on other geometric p;Lrat~~~~ti~rs. ‘Phi~si~ ntulf i~>olc 
coefficients decreased as the width of the vacttutti chamber is 
tri~~rcased The rnulttpoli, coeffirlents is in gertpral small vchitt titc 
eccentricity ratic) h/c& _< 7 1 I;‘r>r thr rectangular vacutttn <.hattlt~cr, 
the scaling is ohscurJ I& the sign variation wit11 r<~hI~~~ct t<) t 11~ 
width paratnct.er it ‘Tlt~ tt~ult~p~le cocffic-itants is in ~c!~er:tl st&l 
at sttlall b/tr. ratio ‘I‘h s;~xt,11p&~ ;rrlll 4iplr rti,!i].“‘:lr:ll:; i(“,j 
l~~tpr t,hltit :tnt. d dtptd ~~WIW~I‘J 

Table 2: b, (‘cieffctttlts [IN ‘11 Lx EIlI[II.ICRl Vit~~uuln (.‘hiLlllL~i~f 

I n[rni] 2 1 4 F> 
. _. I 

I bo/xlO-JI I -0.634 I -I.b!l 1 -5.3:1 , 
b2 a 

b,* [ x IO] 
btj x to3 
I;, x10” t I 
1’1” [x IO”] 
bL2 [xlu”!] 

0.1 al 0.502 
t; 80 -5.09 
‘r’,; 1 i 1 G 3 l- 7.47 3.41 

lM17 16 $1 
23334a. 61.5 

0 671) 
-L’.‘;,:j 

P 911 
(I li(iS 
0 ml 
0.312 

3.1 Radius of Convergence for thr Multipolt- 

Expansion 
Sinre t.ttcz magnetic fiel~i duis t,u the I:ttrretit filar-tii.ttt liiw a 

sittiplr i.~~~le :11 the atOuri’e lorzticin, Llic, ratltltb (I- i*i,rlvt~rg~r~r+ r f<lr, 
the rxpansion would be equal to the t-;1dntb elf t.ir filanrcnt, H, AS 
i’ -+ li,:, Lhe number of terms nccd~!tl in t,ttr tnuit,ipolr f’xp~at~s~~~n 
becomes large. In most, of numerical calrulat,ion t-)y liS;lifi Fta:?t ) 
prr!gram, the acc~trncy is limited Lo multiptslcs II 5 10 WC, thlls 
st.lldy the raiiius of (.onvergcttcc for nlltltipolc ~sl~~ni~~tl 11~’ tlr 
n < IO even when the higher multtpoles N > 10 cnn he ~rnlclttat~~i 
acclrrat.cly tn t,liP present method. 

Rryonil the mtlius of convergence, the esact &Id trbt.aiticd 
front F:q (5) would deviate from LA. (2) of t~~ultipole exp*tn~t~,n 
wit,h little nnprovcrnent by including htgher mult.tpr,lrs (n > 10) 
Figure 1 shows an cwtrnplt: of compartson between exact antI 
multipole cxpanston along the horiznntal axis. For a single cotl, it 
is in Keneral about 80% of the coil radius For a special designed 
current distributton, such as cosU tn the superconducting magnet, 
or the conventional H-magnet, t,he radius of convergence equal 
to ttte coil radius (in fact, these special magnets have ideally only 
b term) 

4. Conclusion 
We have obtained an analytic formula for the magnetic field 

and the multipole coefficients of a single filament between two 
infinitely permeable iron plates. The method is then applied 
to the eddy currents generated in a two dimensional conducting 
tube, such as a synchrotron vacuum chamber exposed to a rapidly 
varying magnetic field. The analytic method is then compared 
with the numerical method of PEPD We found that the eddy 
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current multipole is sensitive to the vacuum chamber geometry. (2) Polygon of Eq. (13) 
Elliptical vacuum chamber geometry with eccentricity parameter 
h/u < f gives in general small higher multipolar strength. On G, = 4 (1+ m2)1’2/3 f E - m 
the other hand, the higher rnultipole coefficients are larger for 
diamond or pulggcn shape vacuum chambers. The effect of the 
Aly cllrrrnt multipoles (n > 4) on the beam dynamics is small 

(3) Ellipse 

provided that the beam sizes% less than X% of vacuum chamber X,2 
width On the other hand, when the beam size is expected to he 
2/3 of the vacuum chamber width, the shape of vacuum chamber 

c:, z 4 
s 

sill p (~0s’ +- 4 tl’ sm2 $)I” riq 

may be Important, where the elliptical vacuum chamber gives 0 

small nr~lltipole strengths. where L = b/it. 
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Appendix A. Magnetic Field due to a Current Fiiamel~t 
in the Parallel Platt,s with Infinite Permrrthility 

‘I‘h~d niaglirtic. fitbiii Ii = H,+iH, measl1r*~c! at ;I z = ;‘+;y AlIr 
TV an infinit,e long filament with current I located at :,. = .r, + iy, 
is glvrn tjyJ 

I-1 = 
I 

27r(2 - z,.) 
(A 1) 

kVlit:n Lhr l~llrrrlll filarnt,nt is lr)catcd insitit: the two parallel iron 
\)lilttbs with ir.finltr p~rtrr-nl~lllf~ ‘I’hc hi-ltintlary cr,ndit,ion for i,his 
iii:lii itt, 151,~ i1itcrfst.i t5(*t,w~~i:t. the air autl the iron plate can easily 
lmr :trhic~wc~l ty 11sir~g t,hr irnagtb c1Irreni. method. &cause of two 
i,,;!r;t!lt~l F,];tt,F’S, 1 !1? ililiL~l' I‘ilrr(‘rltb vf the Sc>llrCF CllrWl;t I %t r, 

:m ioc-ntml at, 
z: Ifr zmg ,,1 = 1; 3,5, 
z,- f img m = 2.4,6, 

whrrv g ,s t11v gap distancr I,et,wi:in these tw, ,rijn $aks. The 
nrngrtt~tic iicl~i IrlsiJr l.hr par:tlli’l plntc-s can t)e rxprrssmi in krrns 
ill’1 Itr> l~r~r’ar ~.(itlit’!llittil)ri ,-lf IhmP i.Ilrrerlts. i e. 

Ii = 
I 1 

27r(~?--Zr,) 
t- 

271 “,.r1,3 ! 2 - it irni7) + CL 

1 

(z - 2; - imy) 1 
+$ CL 1 1 

,n ? .i. (7 - 2,. + img) + (2 - 3, - img) 1 
(‘4.2) 

The seric-s can easily be summed tc! give 

7r(2 - 2;) 
coth 

x (2 - 7,. 
+ 

) .) -9 29 1 (it.3) 
Notr the singularity nf a simple pole at z = zC is retained in Eq 
(A 3). 

Appendix B. Power Loss on the Vacuum Chamber Wall 

The power thsslpatecl per unit length on the vacuum r-hamhrr 
wall dur tn the eddy current is given by 

i!!i = Crhg2 
dt J 

x2ds 

V.C. (B.1) 
E &j2‘i3G 

P 

where cz is width of the vacuum chamber, G, is the geometric 
factor. Some of the geometric factors are listed in the following: 

(1) Rect,angle 
/* \ 

-0.006 

-0.008 LL 
0 2 4 6 8 10 

x ( cm ) 

Fignrr 1: (‘omparison of eddy rurr~rlt field for three different 
shapes of va.cuum chamber with same width and height. The 
solltl line rPpresPnts the multipole rxpansion up to n = 10 pok. 
The dashed curves reprctsent the exact field. The multipole 
expansion diverges at, z > 5 cm for t,he booster polygon shape. 


