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Abstract

We present here a non conforming finite element in R3. This
finite element, built on tetrahedrons, is particularly suited for
computing eigenmodes. The main advantage of this element is that it
preserves some structural propertics of the space in which the
solutions of the Maxwell's equations are to be found. Numerical
results are presented for both two-dimensional and three-
dimensional cases.

Introduction

Because of its flexibility, the finite element methods are now
widely popular in the scientific and technical community and are a
basis for a number of efficient finite element codes which provide
the numerical solution of a large number of problems arising in
practice. The purpose of this paper is to provide a description of a
non conforming finite element in R3 for computing eigenmodes for
resonant cavities. This element takes into account the continuity of
the tangential comporents of the electric field along its edges and
that permits the fluxes of the electric field to be continuous. This
element has been proposed by Nedelec!'! and advocated by
Bossavit'?! for solving eigenvalue problems. The main advantage of
this finite element is the possibility of approximating Maxwell's
equations in verifying Faraday's law. Moreover, this choice avoids
the parasitic modes (modes which don't satisfy the zero divergence
condition). These modes appear in finite-difference or in classical
conforming Lagrange's finite element methods for instance.

A linear matrix eigenvalue problem is generated by applying
a Galerkin type method. The numerical solution of this problem is
used to qprovidc an initial RF-eigenmode for the particle code
PRIAMU!. This application is at the origin of this study.

A mixed variational formulation in three dimensions

Consider for convenience, an half cavity £ completely
surrounded by conducting walls T¢. Let I'y be the plane of
symmetry such that dQ =T U T

The eigenmodes of this structure satisfy the time-harmonic
Maxwell's equations :

curl H = iwD (1

icurl E =-ioB 2)
and they are represented by the following expressions

E (x, ¥, 7) elol

H (x, y, z) €@ .

where E, H, B and D are three-dimensional fields and ® the
pulsation.

Boundary conditions at the conducting surfaces I'c require
the electric field E to be normal : we write

EAn = 0 on conducting walls I'e 3)

on a plane of symmetry ['p, the surface currents are symmetric © we
have

Han =0on 1% 4
We briefly discuss the main propertics and the relations
between the linear differential operators grad, curl and div.
Let L2 (Q) be the space of square integrable functions. Let
us now define the following subspaces :
dom (grady) = {p e L (Q), grad ¢ « (L2 @F, ¢=00n l'h}
dom (curly) ={pe (L2 f, Lllcurl pl<es, pan =0 on I‘h}

dom (divy) = pe (L2 (Q)P. jn|div plz<c~o, p.n=0on I’h}

We note that the following diagram :
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satisfies
Im (grady) < dom (curly) (5)
Im (curly) < dom (divy) (6)

We guess that particular structure relative to ', can be carried on
e :

—= 12(CY)
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grade curle

It is the obvious thing to bring closer these two structures as it 1s
done in figure 1 :
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Fig. | : Tonti's diagram for
the time-harmonic Maxwell's
equations

Note that the Maxwell's equations are represented vertically and the
constitutive relations appear horizontally.

Let us suppose £ paved by tetrahedrons, and consider a
finite element method of approximation. We have to construct finite
dimensional subspaces T@z of dom (grady), m:} of dom (curlp)
and mﬁ of dom (divp) (similarly for the %&c subspaces).

Let W?\ be spaned by the functions wp which are
continuous, piecewise linear, equal to 1 at node n, to 0 at other
nodes.

Let m:\ (respectively 'D@ﬁ) be spaned by the vector fields
Q. (respectively 19 such that the circulation of 18, along edge e
is 1 (and 0 along other edges), while the flux of UYs across face f is
1 (and O across other faces) : these elements are refereed in the



literature as mixed elements (for more details see M and [2]),

In general, most of the properties of continuous problem
don't carry over the approximate one. Nevertheless in a mixed finite
element approximation the relations (5) and (6) mentioned above
hold by construction. Hence it is important to notice that
Tﬂho < dom (grady)...

We have the same diagram as figure 1 :
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Fig. 2 : discrete structure

The approximate eigenmodes satisfy the Maxwell's equations (1)
and (2). The error of approximation comes from the constitutive
relations D = eE and B nH whlch cannot be guaranteed because
the discrete spaces m and 'DQ— are distinct!?.

For our purpose we keep E in the 5pace°wé, therefore

B =- cu_g_lg belongs to 'w§

iw
AsH= 1 B, we can express the relation (2) in the following weak
form: M

~L_curl (curl E)p dx —io| eEpdx=0forpe U3,
Q 1opt 9]

Using Green's formula over € we obtain
J curl E curl pdx - wzeuj Epdx=0Vpe wé
Q Q
Now we consider the following approximate problem :
Find a pair (E, k) € 'D@CI x R solution of

[ curl E . curl p dx :kzj Epdx Vpeld!
Q Q

N

where k is the wavenumber k = oy/c # 0 (¢ = light velocity)

Mixed finite element

The geometrical domain Q over which the finite element
method is applied is subdivided into tetrahedron. In this section, we
present a mixed element, first introduced by Nedelec!!], which 1§
conforming in the space H (curl) —-{p e (2@, “curl k <oc
and exactly preserves the continuity of the tangential components of
the electric field .These elements permit a first order interpolation of
the field in the interior of the tetrahedrons in which they apply.
Inside each tetrahedron T, the field E is interpolated by the function

ay + Paz —Bay

Ep ={0z + B3x - Bz

a3 + By — Pox

1697

The degrees of freedom are the values of the tangential
component ¢ = E.t at the midpoints of the sides of dT, where tis
an unit tangent along the edge dT of T.

Fig. 3 : degrees of
freedom in a tetrahedron

6
The electric field is expanded as Ep = _ZIQ)JNi (x, y, z) where Ni's
i=
are basis polynomials such that jJTNi .tj=128; and ¢ are
unknown expansion coefficients.

In the finite element method, this relation is properly
combined to yield a global linear eigenvalue problem; the finer the
mesh is, the better the approximation of\ector field will be

In each tetrahedron curl Ey = Z d),/V (where V is the

volume of the element) is constant and dxv Eh =0.
Remark

Let us start from the eigenvalue problem in terms of E
curl (curl E) = k2E

if k # 0 then we have div E=0.

Presenily, it is possible to construct a lot of equivalent
formulations for solving our eigenvalue problem. For example, the
classical conforming Lagrange's finite element method seems to be
convenient tool.

However, the disadvantage of this formulation is in its
limitation by parasitic modes : fields we obtain don't verify the zero
divergence condition.

On the other hand, no problem exists with "mixed"” element :
consider E € mé such that

(curl E, curl p) =k2 (E,p) V pe 18!

Let ¢ be a test function suitably chosen such that
p=grad ¢ e ! (thlﬁ exists becduse the opcralor grad maps
the finite- dlmcnsmnal subspace “&9 onto ‘U8 c) We obtain
(E,grad @) =-(divE, @)=0 Vo i e the equation div E = 0 is
preserved.

Results for a two-dimensional configuration

In order to investigate the usefulness of our element, we
have written a code for the electric field in an axisymmetrical
configuration. Only TM eigenmodes are computed in which
(Er,Ez,Bq,) occur.

The method was applied in order to solve the eigenvalue
problem curl curl E = k?E in a homogeneous medium. On the axis,
we have By = 0. As in our case Maxwell's equations yield to
curl E = -iBg we finally obtain the boundary condition on the
axe: curl E =0,

The eigenvalue equation was solved by using a subspaces
iteration method (Fig. 1, 2 and 3).
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Results for a three-dimensional configuration

At a first test of our three-dimensional code, we have applied
it to the case of a circular cylindrical resonant cavity. The boundary
condition EAn = 0 was used on conducting walls (Fig. 4, 5, 6
and 7).

Conclusion

We have illustrated that the use of the mixed finite element
method for computing electromagnetic fields is very well suited.
The advantage in the case of Maxwell's equations is that mixed
finite element method can be interpreted by means of physical laws.

Our developments are achieved by using the Modulef
facilities!®! and all computations have been carried out on a Vax
8600 computer.
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Fig. 1 : Finite element mesh of
an axisymrmetrical resonant
cavity (First cell of LAL RF-
Gun)

Fig. 2 : eigenmode of the RF
cavity at 3 GHz frequency :
the electric field vector

Fig. 3 iso-Bg lines multiplied
by the radius

Fig. 4 : Half cylindrical cavity
finite element mesh

Fig. 6 . Cross section of the
1s0-E, lines for TMg19 mode
with respect to the x =0
plane

Fig. 5 : is0-E, lines for TMp1qo
mode

Fig. 7 : Cross section of the
is0-E; lines for TM210 mode
with respect to the z = 0.5
plane



