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BETATRON PHASE ADVANCE MEASUREMENT IN LEP 

i\L.M. Fauchet~: J.P. Iioutrlmuk 
CER?U’ 

CH-1211 Gentva 23 

A &tract \IItw switciling on the machine, thr beam position 
Inc,nitoring syatrm is critical to check thcs correctness of the op 
tics, tnlt rt+res ii rrasonablr optirs to be itself colnnlissioilt,tl. 
At this stage. th<a meast1rement of the betatron phase advance 
ran t)r a convcGrnt tc-bol. It allows an accurate cherk of the fo- 
cusillK CYYW if thus l)ram does not, rirculatr more than one turn 
nxlti if :li~ ~~YSU~WIC~~S arc noisy. The methotl used consists in 
comparing a n~~~urrd and modelled beam trajectory (or closed 
orbit) following a transverse kick. The comparison is achieved 
1)~ a cross-corrc’lation, for optimal noise rejrction; it requires a 
regular sampling of the betatron oscillation, which is suitable for 
th LEP arcs. The method proved to he precise to 0.1” in cell 
phase ad~~ncc and contributed to the identification of a spurious 
field gradient during the LEP inj<sction tests. The present LEP 
~)hase advanrt~ are foux~d to agree well with the model. 

Introduction 

The LEP arcs are made of regular FODO cells. Besides each 
horizontally defocusing quadrupole, a beam position monitor is 
installed. Tiip sampling of the beam trajectory is thus made 
at equidistant points in betatron phase advance and at constant 
amplitude function ii. 

‘Cinder tllc~st~ conditions, thr trajectory rxcit,ed eit~hrr by injrc- 
tion (‘*KITS or tielih~rntc~ly by powering an orbit. correct,or appear5 
as an exact sine wave in thP ideal linear optics: 

i, = Asin [(i - l)ki + $01 (1) 

JL is the betatron phase advance per cell and $0 an arbitrazy 
initial phase. 

The measurement of /J allows deducing the exact integrated 
strength of the focusing magnetic fields, foreseen or unexpertrci. 

Measurement of p by cross-correlation 

The phazr advance 1~. an alogous to a frequrncy, can be found by 
Fourier transforming t,hr observed beam oscillation. The small 
numt)cr of ol)servations (14 for the injection test) and the large 
phase shift bctwecn them (GO”), would have given a poor resolu- 
tion. 

W’e have rathcsr used a technique based on the cross-correlation, 
which titkfss adviultage of the a-priori knowledge of the signal (a 
p11rr sinrs Xvavr in our case). 

Principle of the method 

The methotl is easier to present, in the special case of a continuous 
sinusoidal signal obaprvrd over several complete periods. 
Let ~(8) t,(b the 11mdc4 of the ideal Matron oscillation; B is the 
betatron phasr angle. LPt i( 8) be the observed oscillation, which 
nl;iy 1lilVV it diffrrc~nt frrqurncy: 

z(6) = sine i(0) = 4 sin[0( 1 + 26)] (2) 
-_____ 
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il mcasl1res the amplitude, 2.~0 the relative difference brtween 
the modf,l and merrqured Matron phase advances. 

Thcs cross-corrc,l;ltioI1 is gim,n by: 

C(T)=: $/,’ sirif 6 + T) sin( f? t 2#f)& (3) 

LVV itSSillli<’ tlli3,t tile diffCTt’llW t>PtVWtTl tilt-’ IllOd6’1 Cilld tllP Illf‘S- 

suremrnt is reasonably small and develop thus integral to first 
order in 2t9f : 
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which can be readily integrntrtl: 
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Thcx relat,ive phase shift 2r and amplitude A are given by: 

1 2c =: - C(T) - C(-r) 
Tsinr CC01 

<4 = 2c’i(J) 
____ (‘3) 

l-f 

The calculation of only three points of the r-rnss-c.orrelation func- 
tiorl C(O). C(7), Cc-r). provides a way t,o aci‘f’ss th irrt\lid 
betatron phase advancr nnd oscillation amplitude. provided the 
optics is close enough to its model. An iterative use of the mc~thod 
makes it general. 

Cross-correlation of a sampled signal 

In practice, the Matron oscillation is sampled at an aTt)itrary 
number of points n by the bram position monitors (PV’s). Let zt 
be the model of a Matron oscillation and &? the nominal pha.~ 
advanw between PU’s: 

:, = sin [(i - l)A@ + ~J’o)] (7) 

Let, thr measured oscillation t, be diffprrnt in rrslative phasr aci- 
vancr by 2~ and in amplitude by tl; the origins of the model and 
measured oscillations are the same, i.e. the position of the kicker 
magnet: 

I;, =Asin 
I 
(i --l)ilB(1-t2~)-~~o(1 +2f) 1 (3 

The cross-correlation expression. analogous to (3), is written: 

C(k)= & i: sin [(i - 1 )ile + illi + kA@i 
,=a 

sin I( i - 1 iA@i 1 + 2F) + w*~( 1 + Zt)] (0) 
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In order to retain thp parity property of thr cross-correlation the orl)it measurements are Illild~ lx~fort alltl aftvr t Ii<. rxartur- 
fi.1lc.r ion. tlilb illlnnliition liniits sli~)rilci lit cil05t~l~: bittiun mcl subtrrv:ted. Any collstiiut offset 0x1 tlw PIT’s is tl~us 

suppressed. The ultirnatc~ accuracy may IX, c~alr~atecl its follows: 
Yk 2 0, n=l. b-,1--k rvm if th InO& and thr lllraSIIrt’IIl~Ylt have th s;*lllc‘ ~1itr&Ill<‘- 

Y’k ( 0, n=l-k, b=n trrs, tliv cross-correlation function will not Ix, synunt~trical due> 
to random measurrmcnt errors. This bias will 1x3 conr~ttvl 1)) 

Aft.er rrmverting the product of sines into a sum of cosines and thp algorithm into a phxcp adwrm mm. 

sumuling ttic- srries. one firlds equation IO. The terms within 
crirly I)rackc,t?: ( } arc only to be considered for nr*gat,ivr k. 

As ill tllc. si:nplfa rilSP, the zero shift cross-corrc,lation proridvs 
it nlr~ithur~’ of thra anlplitutte .4 pert1lrbrd by a non-vanishing e; 
tl~c, left-right asymmetry i.c a m~asur(~ of F once .4 is kno\vn 

‘4 ’ 
Ck) = zqq( cos .kAB - 2fl& - 1 (II - lkJ - l),M + (2k&3)] %!L-* - 

- cm [lkjA@ + 2390 + 2f& + (72 - Ikl -*l)AO(l + f) - {2keAi)}] sin [(v - Ik])A#( 1 + E)] &;;i) (l(j) 

A = 2t~C.io;+s [2& + (72 - 1lFAOj 
sir1~trtAt9] sin [nAO( 1 + e)] 

sirlFAB - cos [2*, + 2Czl’o + (II - 1 ,A@(1 f Fj] sin[AB(l + t-)] j 
-’ 

C(l)-C(-I, = “I1 ~~,~:~““; sin [c& + (n - 1 )~A01 sin [AH t CAB] - 

- “*’ ‘(” - ‘)‘*’ ’ ‘Ae)1 sin [2ti’~,~ + 2~)” + (II - l)(A# + tAO)] sin [CA@!) (12) 
sin [A@ + chO] 

Iterative algorithm 

The phn$cs advance pvr cell results mainly from two quantitirs 
Ivhich a~‘<’ accuratrly measured, nanlelj tlica q~~adrupolt gradients 
and the cc~ll hlgth The exp<~cted discrepancy F Letwecn rwd~l 

and mrasurrmvnt cannot be large. It is thus legitimate to develop 
tlw rquatwns (1 1.12). Thr srrmll paramrtvr is nA@c. (in the case 
of t,hr LEP injvc:ion test, its value was of the order of 0.01, i.e. 
hIlli (.onlI)iir(‘~l to 1). It is furth0r It-gitiinatc to nPglect in (II) 
tlics t,vrms cblxndent on Acl8e which arr n times smaller than the 
~rnwll ])il~‘ilIlPt<‘~. Onv ot,t,ains in this wag’ a decoupled system of 
linear <%0uRtioni: 

with 

i 
‘1 

= cos [Z&I + (n - l)AO] sin nil8 
n sir1 AtI 

md 

i.; z 2(,.” .jIl *lr) _ *Bsin I( n - ljA@] sin [1)2jy0 + (71 - l)AO] 

(n - l)sinAfJ 

A first, evalllation of (14) 11 a 0x5 a readjustm?nt of the model. A 
.iPcon(l rvalrlati~m yit-ltls thv accuracy. Onr is thus naturally leti 
t(l\vartls iin itrrativr algorithm that is stopi)ed whc~ the rrquircd 
xc-ruacy on F is rvached. 

Estimate of the accuracy 

Tllv Inctllo(i is ;lrimarily limited 1)~ t,tw PU’s rrsolution. Indr~~l 
a p1n-v oscillation may only t)6, obtained hy suhtractirig try0 mea- 
iluxsnl<Lnts: somt kick is rscitcvl to yrt urb the, Imull trajectory; 

(11) 

Let < bzpc, > be the rms PU reading error The RCCII~RC~ of 
each point of thr pure l)rtat,rnn osc*illation is tlljls 

< h: >= d? < nz,,: > 

‘1’11~ cross c0rrrlaticbn bctwrrn thv ~nrxicl a~:ti t.liv noiiy Signal 
is obtained by adding thr term 62,/.4 to the last term c)f cyu;i- 
tion 9. The mntllc~matical espc~ctancy of t& cross-corr‘c,latioIl 
function shows no bias. Its rms error is obtained aftrr the l~s~~al 
aI)ilI,osirnalic.)lls of statistics: 

< C(k) >z 
< hzp11 > 

l/m 
(15) 

Neglecting small factors in (11) and (12). one g&s the accuracies: 

< il > 2 c: 6Z.D[! > 
-=J;r A A (16) 

<2F> x 
1 2Jz < &Pi! > 

ABsinAO (n- l)m .4 (17) 

The drnominator of (17) shows that the accuracy of this m~thotl 
improves vc’ry quickly with n, as compared with other tcrhniqucs. 

Critics the conditiol:s of the LEP irijrct,ion test. i.cb. 

.4 2 15 IllIIl 2.0 = 7r /3 

!I % 11 < ‘I-‘(> >x 0.1 Illnl 

fyl:atii,n (17) yic,ldI-: 
< ,L >x 0.0:” 

For t.hr LEP commissioning, the full octants Ixvx~~~ availabl<~. 
i.c. n=30. whicli yic>lds: 

< /1 >zz 0.01” 

If th gI’itcliCTlt cllaIlgt=s from cell to wll. it iIltrr~~l~Irc3 ii ,1- 

IxxtiIip; wlrictl limits tllra accurac)-. 4 phasf~ ctdviti~cc~ niotlulatic~:l 



of 1 i%, wc~~~ltl pr<jdu~ a ii-treating of less than 1 %. For a br- 
tntIcb*l o~~~ilhtlon aiiipliturlt~ I) f 15 men, this effect wo111d douhl~ 
tt10 (Ilmtc-d rlll;.c,rt~lirlti~,s. Tht~~ arr yt,t othrr so~~rces of inaccll- 
~;IC)..SIIC~I ai the rztntlom errors of thf PU’s calibrations,... that 
art’ lik~l:; to lilllit ihe acc~lracy of tht> mr~ttlod. 

R.esults of the LEP injection tests 

Tllrs LEI’ iujt~c~ion tcYt WiiS carricyil out in il S~)(‘Ciil! optical CcHdig- 

[u-at iim TIw ~c~st up&s were not powered and both quadrupolc 
chains CJF MN~ QD were connected to the same power supply. 
Igilloring tin very small contribution of the dipole magnets to the 
focuhi:lg, Llh+: horizoIltnl and vrrtical phnqr advance: should havc~ 
t,(x<ql be the same, even if the quadrr~polr integrated gradients 
would be diffcrtxnt from design. Thp nominal phasr advanrr p~‘r 
Wll \vas 60”. 

Iii 01 &I to verify it, purr hrtatron oscillations were measured 
l,y s~~i~:ri~-tirig t,wo traj<‘ctoric.s c~xrit.~~tl by an orbit corrector *nag. 
net: l)t~taec~u the two mea~~lremrnts, the sign of the kick was rc- 
IXWI SI) as to maximizr, thy acruracy for a given kick strem$li. 
This procc~turr cancels all systematic effects. either due to the 
impc,rf(>ct ~los~~l orljit or to dc PU offsets. 

About 12 mc~asuremcnts were made in each plane, to check the 
rc,I)r(~(I~l~.it,ilit~, rind acruritc-y of thp calculation. On each data 
set. the algorithm iterat,ed typically four times. Averaging all 
thr rc,slllts obtained yields: 

Pr zz 58.48” < pz >x 0.12” 

pv =z 61.79” < +IL= >z 0.20” 

In fart, if one discards a few suspicious readings, the rms phase 
errors become respectively 0.07” and 0.13”: i.e. two to three times 
the throrrtical prediction. The discrepancy may arise from a too 
tight estimate of the PU accuracy, a small non-reproducibility of 
the injrrtion coordinates or fro111 some rippIp of t,he /l functCon 
which has a~snmed to be the S~IIW at each PU. 

The betatron phase shifts with opposite signs in the two planes 
werr later attributed to a thin layer of magnetic material (Ni) 
us~l to ?~ond tllc, lead shield 011 the allm~inium vacuum chamber. 

Results of the LEP commissioning 

An on-line program had hewn prepared to face commissioning 
cliffirll1tic.s. with some extensions to measure as well the betatron 
trinc~s (pliasc~ advance per turn) if thr beam circulates for at least 
twu tllrns. III fart, thr rommissioning of the LEP optics went 
smc>othly. Tt&cs lwtatron phase advance measurement revealed 
this tinIc only mmll &G&ions from thr design values (fig. 1). 

Thch ~)lnts(~ atlvan~ is found to vary from arc to arc by a small 
amount This is not unlikely. as the parasitic gradient, is exprctptl 
to h;tvi~ some’ distribution dur to the nianufact~uring tolrranccs of 
the v~cuIIIII cl~arnlrc~r. Due to thr operational tunes being slightly 
tliff(,rc,llt frd)m thc~ t.hrorcaticill OIWS, the average phaqp advanws 
hhO111d tlavf~ l~w1I: 

pr = 59.90" pu = 59.87” 

whilr tlw average Iii(‘itsIir(‘IIi(‘rits gave: 

/II = 59.92” pv = 59.65” 

Thta agrtr-mrnt in the horizontal plane is very good. The small 
diqcrcpanry in the vert,ical plan? (C).2’), if significant, shows t,hat 
fair t,ptical niott~~l rim he improvc<i. 
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Figllrcd 1: >leasurrd ari<I rxpt~ctt~l 11iia~ advance p<‘r cc,11 in 1111. 
LEP arcs 

Thrsr measurements were cnr~ied out using the closed ortlit 
instead of the betatron oscillation. The formula should then br 
slightly modified by a constant phase term: the pure closed or- 
bit oscillation is indeed shifted in phase with respect to the or- 
bit corrector used t,o produce the perturbation. Missing pick-up 
readings wPre merely assumed to give zero readings. A more 
elaborate treatment showed no significant change on the reslllts. 

Conclusion 

The cross-corrrlntion trrhniqllcx allowc~i IO m~s\u~ thts ~~IWV 
ad\-imre per ~11 with itI1 unexpected accuracy. given t,l:e small 
iLm(>ullt <,f data collectted Jluing tlict iitjt,ction test. 

Compared to other techniques like fitting or FFT followed 1)) 
decomrolution, this method appears more eruu1:)mir in terms of 
conlputation, which may be of interest for control systems. It 
further directly yields an estimat,e of the act-urary. It howrver 
requires a regular sampling of the betatron oscillation. which is 
typically the case of t.he accelerat,or arcs. 

The metllod cm be extended to yield morf‘ in.iight illto the 
optics: 

l Cross-rorrclating it betatron ciscillation observed oi’cr two 
slIcc.cssive LEP arcs allows thcb mt*asur~~m(~nt of the betatron 
phase advance, bct,ween the arcs, i.e. in the straight set-tirtr;s 

l C’ross-corrrlatjng a brtatron oscillation observrcl over two 
sllrcrssivr t,urns allows a fast I~i(‘as?ir(‘IIi(‘rit of the Ijetatrl )*I 
tlmrs. 

l Tll~l measurcmlent can be rrpcatcatl with an off- momt:ntum 
l~~+nl, beyond the damping aperture. This should allow a 
mart= accurate mrasurrmrnt of the chrnmatirity. 
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