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LONG-TERM STARILITY OF ORBITS IN STORAGE RINGS’ 

R. I,. WARNOCK AND R. D. RUYYI 

Skinford I,incw Arrt~lrrator Center, Stanhrtf I ‘ni\,ersity, Stanford, California 91;lOY 

Abstract 

We dcscribcb a nnlnerical mrt.hotl to establish long-tern1 
bounds on nonlinear IIamiltonian nlotion. By hounding thr 
change in a nrarlg constant action variable, uniformly in ini- 
tial k.ondition, one can prrdict stability for 1%’ l.urIIs hy t,rkrkiqg 
many orhits for a numhcr of turns N, much less t,han N. III 
a first application to a Inodel srxtupole latlicc in a rqion of 
st,rong nonlinrarity. we predict stability of t4 at ran rric&c~rl in 
two drgrcrs of fmdorn for.l@’ tllrris. 

1. Introduction 

Tracking of single particles, by symplectic numerical intr- 
grat ion of Ha.nlilt,on’s equat.ions, provides a direct. approach LO 
the study of orbit, stability. 1Jnfortunately, computational cx- 
pc:*w us~:ally limits the time interval of tracking to valurs much 
It-s than the desired storage timr of the hcam. This means that 
the rmults are difficult to interpret; a doubtful extrapolation to 
the time interval of interest is reql&4. 

We propose a method to derive definite information on 
long-term stability from short-term tracking of many orbits. 
The idea derives from the line of argument of the Nekhoroshev 
Thcu)rern,’ and depends on determination of an action variable 
3 that is invariant to high accuracy in a cert,ain region of phasc~ 
spatr. The residual time variation of J, stronger in some r<‘- 
gions than in others, providt- a sensitive indicator of unst,ahl(b 
behavior. 

In this tprief account we dmcribe ollly the main ideas. TP 
ferring the reader to ref. 2 for details of technique. !Ve begin 
with the action-angle variables of the underlying linear systcrrr, 
(I, ch). ISoltl-faced symbols represent d-dimensional vectors. 
where d is the number of mechanical degrees of freedom. We 
treat an example with d = 2, but the method is general. Our 
discussion is based entirely on thr time evolution map M for 
r;, lllrns. 

Jv : (I,@P)B=O - (~,@hMrN, , Cl.11 

where Q = s/R represents azimuthal location on a closed refer- 
cncr orbit. In the present work we evaluate this map through 
elerneIlt,-hy-elt,ment tracking. With sufficient care it, should 
bc possible to reprr~cnt the map by an explicit formula, arl~j 
thereby enhnnccs th? sperd of calcrllations.3*4 

A canonical transformation to nc’w action-angle variablt5 
(I, Ip) -+ (J, yl) is induced by a generating function c(J, +, 0) 
that is 277 -periodic in ch and 0. The equat.ions relating old and 
new \,nriahl*s are 

I = J $ G*(J.Qi,O) , (1.2) 

@ = Q+GJ(J,Q1,Bj , (1.3) 

where subscripts denote partial derivatives. It is sufficient fw 

our purposes to consider the transformation at 8 = 0 only. If 
thrx transformation is ideal, so that J is constant, then cq. (1.2) 
gives an rxplicit rq>rrst,ntat ion of an invariant surface (a torus): 
that, is, it gives I as a ZR-periodic function of a. The invariant, 
action J plays the role of a parameter to distinguish difSf%rt>nt. 
tori; it is equal to the average of I over @. At 0 = @ WC adopt 
ihe notation I = J $ u(J,@), whrrr, u(J,@) = Ge(J.@,@). 

l M‘ork supported by the Depart nl<‘nt of Enc*rey, contract 
DE AC03 76SF00515. 

For the nonintegrable systems of interest, rxac,t inbrariant 
tori exist.--if at all--only for values of J on a strange set of 
(Ltntor typt:. Nevertheless. tori that arc approximately invari- 
ant exist as s~rloot~h func~iorls of J ~JI oprn F?gioris of phitsr 
space, and they can bc* cornp~it.cd nun~erirally. A fancily of al’- 
pruximatcs invarianl tori drfnt,s a canonical transforlnali~)rl (at 
Q = 0). If u(J, 0) is a slnooth function of J in a qion I>. alld 

I(Q) c J -u(J.@jS)), 0 0 “A .1-T ,I ~ , . (i.ri 

theu thr equation I = J + ujJ.9) dcfi!~s a nearly coI~,tal:t 
function J(I. a,). Integrating u with rcsp& tu Qr, we obtain 

the genrrator G’( J, @, 0) and all t,hr ingredient s of a fill1 cano1~ 
ical forrnalisrrl. Familit*s of i%~>prOXiI7latC iwariwt tctri cii.n 11c 

c0ilst.ruct.d numrric-ally by t,lw rlrvt.hocl <IF wc. 3 

2. A Bound on the Change in J 

1:) a case wilh tl = 2, let. 12 l,r, the interior of a rrctanglcb in 
the J = (J1,.12) plane, and let 0, by the interior of a smaller. 
concentric rectangle so that II, c 0. Denote by A,.I, the width 
of the annulus between II, and s1 hs rrosscsd iu the z-th direction. 
Suppose that the changr in ,I, during iv, turns. for any orhit 
with initial J in R. is less than 6,J,. ‘I’hcn any orbit wit!] initial 
J in the s~m=~lIcr region II, cannot reach the outc~ h~urtdary ,if 
11 in fewer than !V = (]:I’, turns, rvhr~rr 

(2.1 ! 

‘i’his trbscrvation is dui if q is sufhci,7ir I;$ 1ai.g~~. SAUCY t li(v 
largest, tolerable excursion AJ, is sharply rest rictcd 1,~ (lrsign 
c,onsidrrntions, a largcx q is to hc nchir~ved hy making A./, small 
t tirough a good c,hoice of the canonical transformat ion 

Kotc that for practical purposc*s this is an cxtrern<~ly cons~5 
vatiw argument, since it comes from contemplating thr worst 
conceivable case in which the increment. of J, in qN,, turns is 
just q times the largest, possihlr increment, in :V, turns. In rr- 
ality, the q increments are not likely to add up linearly. so that 
it will probably take nluch more than q,V, turns to move from 
II, to the 011brr tx~llrlda.ry of i-1. 

3. Numerical Deterrninat,ion of tile 
Canonical~ansforrli~t,i~li 

‘1’0 det,erminc, t,llc> canonical transforlnat ii.,ll, wc itupall(l tlith 
fllricticrn representing a torus in a l:orlrier ser.&. WC wrilfs 

I = x Ull, P=* , 
1x1 

and determine the coefficients u, so that ccl. (3.1) is satisfied 
at points (I(0),*(0)!, Q = 0 ( mod 27r), all lying on a single 
nouresonant orbit.. I he coefiicicnt II, of the constant, tc)rrn ih 
id~*nt,it’ic4 with the ac,ticln J. whit+ varies with thp choir of 
initial condition of thc~ orhit. Lf’r rc*pvat the process :or vai ious 
ilLit ial conditions-, thrrtsby obtaining u,,,(J] on a n~esh of point5 
J -: J,, 271,2 ,.... .Y. WV t,hen rl~firi~ uIH( J) its a cnil.~~th 
function of J by int~~rpc~lal~ing lh~ vall~rs at 1nc41 Ijoint i wit11 
poly~~0rnials. Tl *P resulting t,ransf~,rrrlati~)ri. I J t u(J,G). 
is mat.hrrnatira.lly well d4ned. rven though it was oiti,ainril 
iLirrncri~ally. 
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III dt~t~~m~i~~irrg thcx uI,, to satisfy q (:I. I), we face ttlt’ dif- 
Lii-iill y tllat t\\cs cP(O) 4rV Scat.tc~rW~ rtrlprcYtict;11)1?;. IV<, LhcTrfoW 
r~;trrnot si~rll~!y t;tkc a discrvtcs F~‘our~c~ trarlsftrrrIl, which rtquirc~s 
rqylarly sj~itcd abscissae. Furtlwrnmrr, it direct solllt ion of 
thcz liric%ar ~~c~J1~11iorl~ for t hr uIn is irnpritctical, sirlc,ct ?he Inil 
1ri.y is dvrrs~~ ;~:lrl tclcb !;trgc’ for comfort. IV<, avoid tht%ch ])rol) 
](‘1,1s hy USh# t11c \.al1ws of I on a Wgrllar Jllc~sh in SJ S,"W" as 

lI,lhIlc,wrls, rat h,T 1 llall LlW Ll*,,. Til? rcYir111 lrlg SS'Stt'lll ('ill1 tw 

solved Iby itcra! ic~r. pruvitlctl ttiat. we chooses to lit only n subsc1. 
i,f lllcs (Iit!ii; IIRI~W~~, a slat in whirls thrTc~ iz c,uv itrrd only or!< 
cjj jr, f’ili.l~ i-(~ll of the- menh. lVi1.h this srl<vtiurr tlrr rua.i,rii of 
t lrc systcrn is 1~10s~ to ttrc* irrtit n~atrix arid arl itrrativc, rnt~thocl 
[( Zarr9s-S<~iclvl) ~~lr’~‘rg~‘s ritpitlly. 

111 tlrc caxcs c~f resonant. orhits of sufficic,ntly ion o&r. t,hcx 
uc~ltv~ti(,ll prc~c<‘ss will fail. Not cvq cvll of thch rrrc,sh will cor:t;iin 
a *t)(O). no m~t,tcr how long tlri‘ orbit.. ‘fllis provldt3 a uwful 
liltv agitinbt r~‘~;onancW u[b tc) sor11(~ orthv. I$‘(% fit c~rily nonr~cso 
~~,rrlt uririli (irr\ari;trit tori) or rc~sc~rr;trit orl)its of c3trtvllc9y higlr 
i,rrlvr (which art’ not tlistirrglrisha~,l~~ nrrrrwricdly frorrr tori). 

‘I’lits pol~n0nria.l 111 rqwla~,ion irr J of ttrc tori frlrrns I)ritfgcs t 
owr resonances. Since thrrc arc rt3onanrvs Wtvvwherr. this is 
ill1 CSSCJltii*l fe;lt lrrr% of arry carlorrical trartsforlrlaiic?rr d<YfincYd as 
a srr~c~~~tl~ furlriiorr of 3. lt is not n~93~1y a feat rrrt’ f0rcc~i upon 
11s by tlr+s rrxc trf nurnrric.31 rnrst,hods 

4. Computation of 6.1, 

‘1’0 c~orrJputc~ a I7ound it rcrnains to (lctcarrriirrc, b./,. I~~~i~aus~~ 
of practical liulils on computation timp, tlwrv is some uILwr- 
tainty in this dvterrllination. but, with some (-arc the unccrt aint.! 
cari hc r11adr ritth small. 

We denotc~ the inrrernent ill J owr Y, turns as 

J’ -J = Z?(J,ip,i\‘,) (4.1) 

‘lo rornp~.~t~ D, WV silnyly ol>sc!rve the tirnc) cavolution uf J irt- 
duc~d by the map .M through the changr of varid,ic: (J. %i --+ 
[I. Qr ) an11 iis iovcwc-. Trl the esart~plc* studied Ludlow, the franc 
tic-,9 ‘b has many wcillittions iLs il furic.tion of *, l,llt rclativclj 
i’c\v as a frlrrction of J on !I. It is impractical to follow PIYI‘)’ 
cexill,it io!l in swkinyS the upper l~iurld d.1, of ‘I?, lir:t w can 11u 
rant-lollI saJrJpliI~g with statistical vtimatras of zanrplirtg error te 
flrld a fairly rr,r:vinc,irlg value of ~5~1,. ‘L‘hc reader rria:’ crmsult 
ref. :! for drLtail9 on this relntivcly dclicatc~ problt7n. 

5. An Example 

l’o illustrate, we derive a hound for two-dimensional Ma- 
trorr motiorr in il latt.irP consisting of o,nt= cell of thr Hcvliel~j~ 
Advancrd Light Sorrrcc (AIS). Thr lattirc pararnc+rrs are givcarr 
111 rvf. 2. ‘Ibis c~xarnplr involves nonliucar pht’nornena similar 
LO t,huw JrI largr hadron wllidrrs, since the srxtupoks are ~0 
strong as to drive high-ordw r~sonancf~s such as thaw ~xcikd 
i)y liiqh-0r+r rr:rrltipolrs irr s:lI”.r(,‘,rr~l”cting rnqrrc~ts \‘Vc work 
in a rcyion $1 of substantial nonlinrarity. ahout half rvii.v to t.hcs 
short tvrrrr ti~larnic irl~ertilrc~ in ( hc jr,,,,,, y,,,) plarir~. Orbit 
point x 011 it t.ypi:-ai inviiriarlt scrfncr in this region am plot ted in 
fig. I. \$‘itli ;tctions n~asirrc~l in nIc1crs. thr, rl+u I? is givwt 
II\ 

2.51 Ill-" II, c ,/I < “.X2 IO--” 111 , 

I.:i.*‘lo h ni c ,I:! < l.WlW6 III. 
(5.1 i 

Iiy using our ~irnotrival fornlalisn1 1,~) map wsoriant tuw iirivs 

ii) fig. % ‘t-his figilrv ~IIOWS t11v irnagt3 0 F all resonant lirrrs 
mjul + r71~*‘~ = 17 wilh lfu, < 20. The stars mark thr iuc3tr 
points J, uwd to wt 11p t,ilcT carlorlical transformat iorl as a 
smooth fund iw of J. Thr transformation as rqxrsrnt d ill 
rq.(3. I ) in!ulvc3 Irp to ?O Furrric~r n~0dv.i in czach anpI<, 0,. 

i ,;+ ,a ,’ “, .F I 
;,““: 

I ; ” 

‘l_ . . 
/ ;,.I,‘/ 

-.. /’ ‘.%._ .‘..,_ “-.. I*,* 
,*’ ,, 

5-30 
‘...mJ.' 

(i~4&?.3 

Figure I, Plot of 11 (on t 116: vwt ical axibj versus 91 
and @2, for a torus in the region 0 defined in eq. (5.1). 
The origin is at II = 0. 
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2.6 2.7 28 
J1 (lcfirn) N.ex, 

b’igurt, %. ‘l’ht* irnagr in tlw (Jr. Jz) planc~ uf all rrw 
UIlBJl(‘C liiic~s m,ui -t- 371’21/L - 1, w;ti1 If)f&l 5 20. fw 
the region S1 defuicd in eq, (5.1). I’:acli liiicl is lalwlcd 
by (rr~i,rrrz). TIP stars indicate thus nwsh poirrt.s J, 
ilstd to set up t.lw canonical t,ransform as a smooti~ 
iirrrction of J. 

Thr discussion of ref. 2 Sirlds the following valrws for the 
nrurdwrs bJ, that, I~~urrd 27,. for ;V,, - 10”: 

irrto thrs J ~~la11e. wr final that 6! lx~ilt ains f hc* rc’sonanccs showrr I -. (6*J,,hJ2) = (2.t;.4.0) IO-%i f 5. ‘2 ‘I 
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‘l’hr corrrst)oriding vnlncs for X, = IO’, k = 0, t,2,3,4 
lla\,r sinlilar niagnitrl~lw. Id us chcwc AI, of WC. 2 so that 
q Z. .l.l,/ci.l, - I(14. witli b”, .:. !O”. ‘1‘11~~1i 11~~. sribwl 12,, of fl is 
rlc*filirad t)> 

‘.‘,,I I lr6 Ill < <II < 2.79 to- 111 . 

c ‘I, < l.hO IO-s ill 1.38 to-” ni . ; . 6 (5.3) 

Anv oi.tDit l)(‘giunillg in II, will stay ~‘ithill 111CL slightly IargtY 
,.,.,iNl f! for at Icast <{A’, = 10s turns. 

6. Effect of a Strong Ib~+onance 

:\lI ri’so~lalict’s in tllre rrgion 12 d~~fined ahovr are wc,akty (‘9 
c.itr.d and havta lit t,lp rffcct.. ‘I’hc variation of J on t,hc rcsonan~ 
lint5 is 11anlty st.ronger t,han c++ewlicW ill tht, rc$on. III ot.hcbr 
rtagions, at comparal~le amplit,rldcs, WC’ c~rlrollIllrr strong IYWJ 
II~TICPP that arex associated wit,h larger variations of J. This docks 
not, ncwwarily inlply a degradation of LIW time for st,ahility. 
si:lces oscil!at ~OIIS on a well-isolated resor~nce can he st ahlc and 
not ;tssociatl,d wit,h fast transport to nearby resonances, rvcn 
:f t.hts alrll’lit f~(lr of oscillation is fairly large. Wr have stlltlic,ti 
unr such rcwmar~~~~. with (ml, 1112) = (5,6). In the vicinity of 
this resonance , the variabbs (J, S’) follow approximalrly t.h( 
pattrrn rxp~~:tc~i of ac.tion.anglr variahlcs in the isolated r(ksI.> 
nmcc r~mdd.~ That is to say, ~1~2~11 - nlJ2 is nearly co~~st.ant , 
while m J auct m Q hehavr as action and angle of a physical 
peudulum. The phase portrait of the latter variahlrs is shown 
111 fig. 3, wit.11 m. rlr plotted rnodulo 2a. 

I-.’ ’ ’ ‘/---I 

0.2 0.4 0.6 0.8 10 
m .Y’!2n %.I WUI 

Figure B Pseudopendulum mot,ion of t,he angle-action 
pair (m J, m ?1;1) near a (5,6) resonanrc. Here m Y@ in 
piof kc1 rilodlllo 2?T. 

To est,ablish long-term stahility in this situation, we have 
to linlit any movement in the center of oscillation of t.tlcs 
pcmdulwn. for any initial condition in the region considered. 
That c-au 1~5 done by timitixlg separately t.hr changrs paralic~l 
lo m and perpendicular to m. For t.he latter, one can mereI> 
put a bound on rnz<II - ~)L~<IL. For thr former, we examirlrt tl:<, 
p~~nd111u111 r:loliorl l~y~nd t,he separatrix, wllcbrc> frill rcilat.iolls 
of 111r t~ndulur~~. rather than lihrations, occur. If the appar- 
rwt rotation c1irves of fig. 8 hrhav?d like K.A.M. CllfvCs of a 
h:;bt(‘m in I f d(.grWs of frredorn, t.lu%j- woul<t p~rmarlefitly Tori- 
fillca t lit- nlotinr of m J. Act uatly, t hc% apparent. curv(ss MC not 

really curves, as i:lspertion or a finer scale reveals. ‘I’hr motior: 
of III J f<.,ilr,ws a c\~:v(’ wit.hili iitl acc\Iracy of ;\l)clllt IO “111. 
tiow\lT. for sc~~;c*ral t tlousn~~d tllrr;s. This is c~rltirc~ly allahi 
qous to the sit,uat ion of IlW prc~violis srrtiori in whidi I fr~ttorr s 
i two-dirrlc~rlsiollal t.orus Lo a ccbrtairl accllrac‘y. (‘orlsl,ctllt‘rltly, 
we can proceed in the same way as hrforr, t)y finding a con- 
t,inuous family of curves that fit the motion t.0 high accuracy, 
t,hcn hounding uniformly the deviation from a curve during h’, 
(.iIrns. We have not yet, carried out suA a formal program. 011 
t tic basis of inf,jrinal rst,irnatc~s, WC* pr”lict sl ahi1it.y in a rcy$li 

12, conl,aining tlitt is,(;) rPsonanc<~ for at, lra.it IO’ turlis. 

7. Conclusion 

\?i: flaw ckwrild a rnr1hori for theoret ic.al prcdictiori olo:, 

hit stability over times comparahlr to storagr times ia IliidrrJIl 
rings. With furtlicr ttt~vrlopmrrit ttlc, r:i?ltlotl slli)tlltl I,cconlc~ 
Ibril<,lirat for Irlacllinc~ design. It ils<‘s cat(~~llalicbnal Inrt,hods 
tllat arc> f(*asit,tf, for rlaboratc- mod& of large marhines, pro- 
vidcd t.hat tllta spet*<I of I.ratkin, ir t’iir~ lw ir~rrrascrl i~ibsl arltiallj,. 

12:~ think that therp arr good prospects of achicvilq ihe I~WYS 
wry st>f*gYl t h rou@ cmst.rurt iorl ilf Cl111 t urr: map?. lndrc~<l. tlity 
preliminary work of ref. :1 alre;iCly inttil-atrs t,hat. very ac-cllratc> 
maps can hcl ci)nstruc.t.rtt iI1 a st.raight.forward wa! 
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