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Electron cooling in storage rings leads to phase space densities, at. 
which beam transfer function and Schottky noise signals can have 
unexpected features. They come mainly from the fact fhat for 
nonrelativistic energies the im!>edance is dominatrd by the imng- 
inary space char 
tics IS approache 3 

e impedance and that. the threshold of in.stnld~- 
rlur~ng cooling. Theoretical results for Srhottky 

spectra and BTF mrasuremrnt,s are used to discuss the iutrrprr- 
tation of presently availa!)!e experimental data for beams cooled 
by electrons. These data in&ate i.hat, the conventional Kril- 
Schnell-threshold has already been exrredcd !>y a factor larger 
than firr. The relevance of t.hese methods to the diagnosis of ultra- 
cold beams, where the fric.iion force plays a role, is discns~ct!. 

JxnJ r_r! rl!! ction 

The analysis of the noise from the random distribution ol par- 
ticles in circular accelerators has become a standard diagnostics 
technique since the first o!>servaf,ions at the CERN ISR [?I. In 
low-intensity (more prrcisr j 1 r, low phase space density) beams the 
phases of particles in a roasting beam are uncorrelat,etl. Since 
each particle exritrs an electromagnetic si nal at t,hc harmonics 
of its revolution fr+cl\l~ncy, thr longitudina “1 noise spe(-tnlm of R 
hemn at low phase space density, directly vields the distribution 
of momenta, This was the case 111 the early ISR mea~nrements~ 
where the microwave instability of the injecter! beam was hrlirved 
to lead to phase space rlillltion and l.hus to an uncorrelatcd noise 
spectrum. ‘I’hp thus nbtainr(! momentum distrihutinn was used to 
determine thr transverse coupling impedance from thr measurc- 
mrnt of the transverse beam transfer function (BTF). Due to Tf 
stacking the transverse phase space drnsity R~S hi<rh enough and 
lead t,lT a considerable “collertivc” shift of the starhility diagram 
proportional lo the couplin 
assumed value of the impcc nnce a momentuln ~list.rihut,ion could 7 

impedance and the current. For some 

he ralrnlated. If it ngrert! with fhe Srhottky measurement, t,!le 
corrrcl impedance was found. 

The development of electron cooling and, mosf rerent,ly, :,F 
laser cooling has lead to high phase space dcnnitics in the longl- 
tudina! as well as the transverse tlirection. The Srhott,ky spectra 
are considernllly distorted by collective effects (dnuble peaks or 
“ears”), as has been shown I>y meaSuremrnts of several groups 
[1,2,3]. Effective cooling leads to the boundaries of longitudinal 
and transverse stability, in which case the con&lent, interpret,+ 
tion of t.he data of Schot,tky noise and beam transfer function 
measurements is not, st,raightfnrward, and a comparative support 
from thrnretirnl cnlcnlafr0ns t)ccomrs ne<‘esrary. 

It is int,eresting to ndc here that rnuc-h earlier a behaviour analo-- 
gous to the double peaks has been observed in scat,tering of e!ec- 
tromagnetic waves from plasmas. Calculations pertaining to the 
backscattering of radar from the ionosphere have shown that, the 
scattered spect,rum for a “hot” electron plasma is Gaussian (“in- 
coherent scattrring”), wherea- for “low” temperature there is a 

and another one at nega.tive frecplrncirs 
ern relat.cd to “coherenf scattering” at the 

The oscillations cituse spat,ial 
rorrelatic,ns over distances of the wavelength nf the oscilln.tioll, 
which then lead t,o enhanced scat,tering at therr part,icnlar frr- 
quencies. 

Analytical Treatment 

In the following we present some basic relationships for Schot- 
tky noise spectra and BTF of cooled beams (see also Ref.[5,6,7]) 
as well as numerical evaluations. The mode! used here is that of a 
beam described as a 

plasma” a 
Y 

preach 
tion force 

only in the last section,. where the st,rong fric- 
ram the cooling elect.ron beam IS discussed. 

Longitudinal Schottky Spectrum 

The origin of the e!trtromngncl(ic f!n[-tunfions in a circulating 
beam is the statistical noise with no correlations in (he case cli 
low phase space density. On a !ongit,udina! pick-up c>n,’ c~lxerv~ 
at each harmonic p of ihr rrvolution frequency a power spcdrum, 
which is given !,y thr familiar exilression j8] 

tion frcqucncirs. 

For a cooled beam this expression has to !,e m~difird in the foi- 
lowing sense: the electromagnetic flnrt,nations line tn 111~ ranclnln 
noise act as a source term to which WC muqt ;ct!<! IhP c-~lll~~ctiv<~ 
response of t,hr lwanl. 

F,,,,,r :: fi:,,.,.,,* I ~.',-,~I~..,,,w (2) 

As us~tal in rle~~tromnjinrti~. 1.1~ r>i>ry tllic c-an hr I!CDSC by in!rAilcing 
a t!ielert,ric function connrct,ing lhe t,r,la! elc(.(lir field with t!11> 
sI7urcf- (r~rrn according tc0 

F’ 4,1?,7, c --- c i”r,,t.,! (3) 

The dielectric fnnciion is rxl~~ulatr~! fr,,nr lh~ c~~llisi~~nlt~ss \‘l;t~~~~ 
equation by first order perturbation theory. For langi(udinal prr- 
turbatinns onr obtains the familiar rxprr<4,-ln frr I hi oni- r!iiu~;i~ 
siona! plasma diebrtric runrtion 

q(b2,p) 1 7%‘I)(S?,p) ifi) 

wllev I) is (he r!isprrsi,,n intrgrnl g:ivt,n lry 
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and %’ is ri~latrd til thus i.irrlp!irle inlp~~!a~l~.~ .iw! the (r~!f~~~lrii.al) 
rurrent I according lo 

‘Pi 1 %” -- q---- 
/i’-iA,vGie (‘ii 

with A the ion mass, and 71 inl,r0da~.ed as i;,-/t4* ,$I~I/~~. It in 
important to note herr t.hat for nnnrrL!ativiqtic ~nc-rglt~ the space 
charge impedance 

Zl ;I t 2h( R,/R,) 
,377 (Oi1m) 

P 2pyz 

is in general much larg-r than t hr puw marltin- itt~pf~d:il~~~e. in 
particular the resistive (real) part of thr imprdanrr. 

With t,hc rlielertric fnnction and using Eq.? wr thus oiitnin thr 
general expression for the Schottky !vwer sprrtrnm 

q2e2 N \Ilo(n/p) 
l’,,(R,p) : -;---; -itilTz 

It is noted that for small impedance or Current we have O- 2 I, and 
thus Eq.1. On the other hand, if we decrease the momenfnm width 
of a beam with given current, c can hecome very differeni. from 
unity indicating a large collective response as will br ra.!cnlated 
in thr next section. Here we only note that for small mc>~ncn(urn 
s read the s ectrum develops two sharp peaks. 
(Pormally) ;nKnitr, if for some real It 

They lwcnmp 

q(62.p) - 0 (9) 
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which is the condilion for the existence of real eigrnfrcqnencirs 
(i.e. the dispvcsion relation). Eq.9 is at the same time the bound. 
ary to instability to 1~~ discussed next. 

BTF, St,ability Curve and Kcil-Schnell-threshold where the momentum spread is the half fwhm V&P 

‘1%~ I~am transfer function ~11 is defined as ratio of brand FP- 
sponsc to th- excitation voltage on a kicker, where we have t.cr 
add thr additional coll~clive response as above. It is nsnal t.rl 
c~~mpar~~ the collective ces >onse with a feedback loop given by an 
impedance. Thr crlatinns ii ‘I> can be written in the same fashion 
as Eq.8, whccr thr souccc term is t,he response in thP aljsence nf 
fh+ impedance, rsp. intensity. Hence we have 

where as usual 

WI 
I 

i?m~/ad 
w = i/il-;;;tT,,c21, n-;-“&l 

‘I’hP invcrsc rcsponsc is the stability diagram, which is written as 

hrncc t11~ shift <II t11r stability dia. ram gives directly the impedance 
The bnnndary of stability ii ccac ed, If the inverse response van- % 
ishcs, in a~~c~~r(lauc~ with Rg.9. In F1,e.l we plot in the compI~x Z/l 
plan? thr turve l/rl,,o for thrrr distinct I~CIIIIF.II~IIIII distributions, 
hut nc~rrnnlin-tl tr> the same (ap/~)),~, I,,,,: a qnadratic (1 x2)2; a 
Gaassian rY “‘; and a hi-Gaussian c 2 -1 Te (+“, WhrrP a frar- 
tion 0 (hecr 1~ := 0.4) of the main distribution is contained in the 
br~~drr (+anc,sian. I”;,r st,abilitv f.hc print -8, must be iusidts they 
rrspectivr cncvc. Due to its ~hacl) ed 

P 
e the quadratic distribution 

haq t,hp smalltst stabilit,y region, ~lereas the extended tails of 
thr Ii (Gaussian lc~ad 1.0 an enlncgrd stnl~le area near the posii,ivr 
imaginary axis [9]. This is thr dirrction, which is releva.nt for tht 
space chnrep in~pr~lnnce below trnnsitioll energy, whrrens al)ov~ 
Iransili*~n lhf~ ~tnllilitg Inargirl r~xt~nds only io the lowi~r bi111nd~ 
ary. 
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Fig. 1 Sfnhdily Curws and If~il-S~~~FII-~ircie 

It is noted that the distance to t,he lower boundary is pcac- 
tically the same for all three distributions, hence it is a meaSuce 
fllr (ap/p)f,.h”,, In order to relate this to real numbers it. is con- 
venient to d4ine a circle in the complex ZIP plane wit,h a radius 
extending to the lower boundary as indicated in Fig.1, whirh is 

of the dintrihntion, R = ydn, and using the Gnussian. Hence we 
find: 

/Z,,I ( I1/T,,,o/pw” 7 ~!-py&f)h,w*m (13) 

llow to Intecoret Measured Schottkv Sl)ectra? 

Langi!.ndinal Schottkv spectra rrflrcting the characteristic don- 
ble peaked features have%een obtained by all gconps working with 
electron cooling after successful control of electron and ion heam 
parameters. Fig.2 shows the measured current (i.e. the square 
root of the power) for a 2.5 emA beam of “Get at 11.7 MtV/u in 
the Heidelberg TSR before and after cooling [IO] 
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Fig.2 I!~POSIIW~ Schr)itky ca~rcrrl (TSR Ifcide!hPrgl 

It is noted that the cold beam spectrum has developed two 
peaks, which ace related to the slow and fast coherent waves. 
A straightforward evaluation would be to calculate spectra for 
different momentum spreads and an assumed distribution function 
and compare them with the measured s 

E 
ectca. The almost e ual 

heighth of the slow and fast wave pea s of Fig.2 indicate t x at 
the resistive im 
assumed a sma K 

edance is quite small. We have thus arbitrarily 
resistive impedance of 1 % of the space charge 

impedance, the precise value of which is of no importance for 
the rest of the discussion. The space char 
taken according to Eq.7 approximating the 5 

e impedance we have 
ogaclthmic term by 2 

(for a more consistent determination see the later section on peak 
separation). For a Gaussian momentum distribution the Schottky 
current (i.e. the square root of the expression of Eq.8) is shown in 
Fig.3 for the beam of Fig.2 and using different momentum spreads 
(half fwhm). 

A corn 
r 

acison between the measured and calculated spectra 
suggests 1 lat the case with Api - f0.00015 agrees best with 
the measured spectnlm of the co d beam. 7P - 

“Figure of Merit” of Longitudinal Cooling 

In the stability diagram of Fig.1 the shift corces onding to this 
cold beam result is represented by a cross. Hence t K. 1s case is well . . . 
wlthm the stability boundary of the Gaussian, but a factor of 5.7 
above the Keil-Schnell-threshold. This is an important result with 
respect to the design of heavy ion fusion storage tin s 9 111 It 
is interesting to note that the excess factor over the #ei/-&hnell- 
threshold is also related to the Suppression of the Schottky current 
at the band center (where St = pwO), which is given by the dielec- 
tric function c. This suggests to use this factor as the “fi ure of 
merit” of longitudinal cooling, by using Eqs.lO,l’L, with a il func- . . . . . usually understood as “Keil-Schnell-threshold”. This we can cead- 

ilv calculatr by inserting, into Eq.11 the frequency at. the cent.er tlons evaluated at the band center: 
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Fig.3 Cnlcula~c~d longiivdinal Schoilky currevl wilh decreasing 
rnon~~n~um spread joy Go~c,~ainn momrnium drqirihufion and beam 
of Fig.2 

” FM” ? e,,*.< (14) 

Hence the Keil-Schnell-threslI~~ld corres mnds to “FM” 1 and a 
Schottky current suppression at the ban d center by 2. TLis is also . 
in agreement. wth Fig.3, whrre the dlffercnt curves rorrcsl~c~nds 
to “FM”- 0.09, 0.8, 5.7 and 12.8. 

For compli~tcncss WC ncltv that above transition energy the r.h.s 
of Eq.14 acquires a negative sign. . -----ApprnachingK %reshold of 
the “negative mass instability” (cI/~.~. = 0) thus Ipads to an in- 
finitely high Sch~tfky lx>wer at the band cent,rr. 

Ixf~~?&nP~n..tjle Disj&gjjon Function 

11~ thp 
accuracy t R 

receding sectikn we have shown thnf within slrffiricnt 
e suppression of Schottky currpnt af the band cent.pr 

of the cooled hearn iq a relinblc measure for (Ar,/‘?),,.,;,,>. Ilsing 
Elqs.13 14 and corn mriug the central suppression in the sprctra 
of the ~~ncoolrd andl r I ooled heam oue ran ihus rlirc~ctly d~~trrminr 
( Ap/p),urhin. 

In Fig.4 we compare calculazt,ed power spectra (i.e. squared 
Schottky currents) for the three momentum distributions intrm 
duccd in the precedin section, again normalized fo the samr 
(AP/P)w~> and all ot xrr parameters as in Fig.3. k 

during roolin the cdgr of the distribution function movrs across 
the Cc~herrIlt r rPqufn(‘y. 

Reducing thr momrntum spread hlrther down to rtO.OOOl illus- 
trates the importance of the tails: the Gaussian (same as coldest, 
case in Fig.3) is almost at. the stability boundary and therefore 
has higher, but narrower Srhottky peaks (note t,hat the quadratic 
is unstable at this momentum spread). We thus conclude that 
the heighth of the Schottky peaks is a quite sensitive function of 
the population of the tails of the distrihntion function, and of the 
vicinity to the stability bnundary. 
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Figs.4,5 comfirn~ thaf all thrrcx distributions havrs in cr>n1*no,1 
an equally large soppress~I Schottky power at the band center 
as described by Eq.14. The suppression of the inirgratrd Schnt- 
tky power (over one band) is also an indication of decreasing 
(Ap/p),.,,,,,, yrt i,his depmcls quant~it;ttively rnor~ on thr iail pnp 
ulati<)n as follows from inspcrt,ing th-7 areas in Figs.4 I:, 

Peak Separatirjn and Itnp~:dani:r 

Il’hc Gaossian, and PYCI~ morr thr hi Gaussian, s11r~~ the, typ 
ical double eaks at 

r: 4 
practically t,hr SRIUC separation. Fib* suffi 

ciently cold earns ( M” comparable with or larger than unity) 
this separation can be thus used to measurr the roherrnt frr- 
quenry shift. The left peak is related to the “slow ware” and thr 
rrght peak to the “fast wave”. By inserting int,o IQ.4 a (i-function, 
‘PO -- w::(~R)~(w w,,)~ onr obtains readily 

Ail +bl 
WI 

“/21 In1 
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1 ‘, \ 
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The peak separation can he used to determine the total intensity if 
the impedance is known. Eql5 can 1~ used also to determine the 
impedance via the slope of the frequency separation ~8. intensity. 
Measurements pcrformctl at fhp TSR have indicaird with inrrrcas- 
ing intensities a decrease of the slope [IO]. This is consistent with 
thP asumption that the s lace c-hargr impedance decreases, Smce 
with increasing intrnsity t I, err is an increast of thr emittnnce and 
thus of Rh. 

If the impedance WP~C known one could directly detrrlnine rjl,“, 
the imaginary part of which gives the derivative of the distriLu- 
ticIn functjrln. For unknown impedan<.r one has lo search fnr I>ot.h, 
impedanct and distributinn function. Wt, discuss Iwo procedUrPs 
depending on whether t,hr Srhrtilky spr~.trnm is known <jr not. 

Comparisorl with Schottky Spwtrum 

With an assumrd value for ill+- imtwdan~+= one can dcterrnine a 
function T,,,~, nnd frc,nl Kq.5 A ~~orrq70nding distribution iunctir)n 
Qbtf. With this impedance and the dispersion integral and by us- 
irlg lCrts.1,8 we0 ol)l;tin ~nrbthrr distril>ution Inns-tinn Q,C~.o,r~y. 7’hP 
trlicb snluti<,ri is found if lwih f~lrvt.ic~ns agrw, i.r. if thP hln1-til-)nal 

I 7 / lV31.,h,ttky *khf:/‘~f~~ (If\) 

,‘R,,,S ICS or adopts a mlrll*lluiLI Il(‘ilT zrrn. ‘1 This ~)roc~dure has I~rn 
irnplernrni,ed in the diagn-rntica conrcpt of thr E5R [12,33]. ~ZII 
appropri:it,c r,,nlputPr program has ljcrn written hPrr*fr)rC. Wltll 
an analytical input for the R’l’l’ and Schottky ,~,wcr WC have 
rnlculaf.rd in Fig.fi thr variation of I Ly varying t.hr real part,, rc- 
sprcti\cTly ill,: irringinary part of lhr- ilnl)edancC. \tr*T alsn show the 
nwtlilicntion assuming a 5’% siatisi.itral error on the input Schot- 
tky signal, whirh inrli;-atw that i.hr minimunt search is still wrll- 
d cfi ,I &‘I 
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Fig.6 C’nrinfiortnl fiincfionol fo dclermine inipedanrr 

BT_F .evalwttio~~Asn e 

Due to signal suppression for cooled beams it ma not always 
be possible to obtain sufficient resolution for the SC K ottkv spec- 
tra. The longitudinal BTP measurement alone can be useA to dr- 
termine approximately impedance and distribution function) pro- 
vided that the shift of the ori in is large en*,] h. A suflirlently 
large ReXi, can he det,errnined >y checking the s f k lit. of the asymp- 
totes of the stability dia ram. This rerluires sufficient resolution 
for the frequenries outs1 2 c of the I)a~m distribution. The shift in 
direction ImZll can be approximated by noting from Fig.1 that 
the unshifted origin is a 

1 i: 
~)r~~ximatel at the center of a cirrle fitted 

t.o the bottom of the sta llity curve I.P. thp “K&l-Schnell-circle”). 

‘&arttverse BTF 

In cooling rxlwrini*nt,s with 0 ‘+ the shift of Ihe transverse stn- 
Mity diagram has been recently determined l)y the LEAR group 
1141 as the v~c(or t,f disr)lacemf=nt frnm the p(oint of symmetry 

,.-I /” E+t73 

-6 .r:. -c .3 +:I,2 [I.!:1 1:) , ‘< : 1:1,4 1:r.F; 0.: 

F’tg.7 Tmn~vrrsr .tfahilify dingmm oj conlrd 0” (Ref.[l4]/; 

Having determined the impedance they have subtracted it 
frank l/rl and platted the them obtained function I/TL,~, which 
is the zero impedance response. As expected one finds thnt the 
curves corresponding to the slow and fast waves overlap (with 
zero chromaticity). This confirms that the correct impedance has 
been subtracted. Obviously this overlap method can be used di- 
rectly for searchin the impedance. Due to the separation of fast 
and slow wave sta %. lhty curves in the transverse case this fitting 
method is more straightforward than the analogous procedure for 
the longitudinal case. The distribution function of momenta fol- 
lows directly front the imaginary part of l/rl,,. Here it must 
he assumed that there is no overlap with the transverse am li- 
tude distribution.: in which case the sitnation becomes cons1 er- *B 
ably more comphcated. 

Feedback Sta.bilieation ---~ 

At sul%ciently high intensities several groups have reported un- 
stable transverse oscillations of the beam (14,101. This confirms 
theoretical estimates that transverse Landau damping is lost in 
the 
At E 

recess of cooling [IS]. 
EAR a transverse damper has been used successfully to sta- 

Lilize the oscillations observed for the lowest harmonics 1141. TF- 
transverse position signal on an electrostatic ick u is bm’plified 
and a ’ 

K 
propriately delayed, before it is apphe fonaiicker to cor- 

rect t e transverse displacement. The mstability is usually ob- 
served for proton intensities exceeding 10’. It manifests itself by 
rapidly growing coherent Schottky si nals, which develop in the 
process of cooling and disappear with t e damper turned on. Thus a 
it has been possible to raise the intensity above 10’. The e uiv- 
alence of the feedback dam 

f 
er with an impedance is seen ‘t ram 

the stability diagram (Fig.8 The dam er near1 compensates 
the large shift from the impedance, whlc would 3 IT ave otherwise 
brought the origin into the nnstahle region. 
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Fig.6 C’ompcn~ation of irnprdance by a stabilizing feradbnrk 

Schottky Spectra for Very Cold Beams 

The development of electron cooling and for appropriate ions 
- of laser cooling towards achieving very la>w lbcam temperatures 
introduces some further romplicatlolls for interpret.ing Srhottk> 
spectra. In the following we summarize several features fhat go 
beyond the morlt~l f)f c~~I11sionl~ss particles with <pnly coll~~ctivr r++- 
sponse used so far: 

I) The electron cooling acts as a friction brce on coherent os- 
cillations. This friction force can he included in the dynamical 
description of the respcmse and widrns the sta1,ilil.y diagram, if 
the cooling rale is comparnl~le or lar er f.han the growth rat+,. 111 
Ref. 7] 

I 
it was found sufficient for sta ~rlleatlr-in to have a factor of 

f., . 

iwn arger cooling rate than the growth rate. ‘l’hcsr calrulation~ 
havr shrlwn that the Srhottky dooblr-l)caks become lower 11ue fo 
this “collisional” damping of the roherrnt nscillations 

2) For very low inlrnsities it is p9ssihle that thr VoiJin 7 rrti9 
becomes comparahlr with the frequency of coherent ~usc~d ntlon .p : 

given by Eq.15 (the “beam plasma frequrnc ” r* JR lrl f ,..I’ 1% 1Lic.h 
case the coherent response is entirely damper by fr~tbctn. <:alr~~- 
lations have shown that under such extreme rondit,ions the Srhot- 
tky power spectrum looses the donhlr peaks and adopLs again n 
single-peak shs e [5,7] We note however, that this rcquircs cool- 
ing times, whlc 1 are considerah y ltrlow a milliserond. drpending 3 i 
on the number of particles. 

3) A n entirely new phenomenon would arise, if the positions 
of the ions alon 
mpnts on Ap/p a 

the equilibrium orbit were Order+-d. The require- 
ave horn disCussed first 1)~ t,he K’ovosihirsk group 

[I]. For iutensitirs between 10” and 10’ particles (une w(.>ultl ex- 
pect a “linear chain” ordering, which can >robably 1~ achieved 
more easily than three-dimensIona “crysta hne” ordering requir. b 
ing mnch higher intensities [18 A dirr:ct evidence of such a linear 
chain ordering could be Biven b y exciting transverse or lon 
nal oscillations and pickmg up the response signal. Thr co rrrent P 

it,udi- 

frequency shift would reflect whether the C~.>ulomb force is dnc 
to ordered positions [17]. 01 )bioosly this requires frequencies far 
beyond standard t.t~chniques, i.e. as high as 100...1000 GJIz. 
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