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Abstract

In the presence of a linear coupling due to skew
quadrupoles the sum of the single particle horizontal and
vertical emittances has carefully been obtained. It is
shown that only under certain condition the sum is an
invariant quantity.

INTRODUCTION

Linear coupling of horizontal and vertical oscillations is
of prime importance for the operation and performance of
a synchrotron [1-3]. In the presence of a linear coupling
the invariance of emittances in horizontal and vertical
planes no longer holds and it is a common consensus that
the sum of emittances is an invariant quantity. Here we
have tried to show the extent under which the sum is an
invariant quantity.

We first bring the definition of the transverse single
particle emittances using the Floquet transformation in
alternating gradient as well as constant focusing rings,
then in the presence of the linear coupling, due to skew
quadrupoles we introduce the coupled differential
equations governing the particles motion to find an
equation for the sum of the emittances.

BASIC EQUATIONS

We first recall the usual definition of the single particle
emittance

£, = ;/xx2 + 20(xxx'+ﬂxx'2, (1)

in which ﬂx is the amplitude function, ¢, the

X
’

2x and 1+0(j =,Bx7x

correlation function ¢, =—

with a similar relation for the £ . For the general case of

periodic focusing, the general trajectory equation of
motion is

d’x
ds’
The solution to the trajectory equation would be

x=.,Je B, cos(®(s)+y) (3

From Egs. (2) and (3) we can also show that
a,=BK-7,. @)

+K(s)x=0 )
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We may define the following Floquet transform from
(x,8)to (77,9)

X andp = D(s)

=I5 0.

We also keep in mind that
’

X =

Je

— F(a cos(P(s)+y) +cos(P(s)+ )
Now, the Courant-Snyder invariant Eq. (1), which
corresponds to an ellipse in (x,x') phase space, with a

- L&
0." B

(6
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shape and orientation which is a function of s can be cast
into a new form as

(@) = —2==Je. cos(Q.9+¥). ()
7o
dn _

(@) =—-=-0,Je, sin(Q.p+y). ®

Therefore, we can readily write

2
Ui
e =n’ +(—j )
0,

and similarly for £ . Also from a different point of view

we may write from Eq. (7)

Y= )=

JB 4y [pdndd

an_ “ 1y pap)
ds \/E de ds \/E QY\/FX =
(10)

and for the second derivative we can write
. 2 2 ’
” __ n_Qxﬂ(ax +ﬂax)
X = .
Qz ,33/2
X X

Substituting the above relation in Eq. (2) we are left with

s 2 2 ’ 2

n_an(ax +ﬁxax _KIBX )
Qz ,33/2

Now, from Eq. (4) we note that the expression in the
parenthesis is equal to —1 and therefore, we can write

(11)

x"+Kx = =0.

(12)
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d
If we now multiply both sides byd—z ,

—>+0in=0. (13)

we will have

2
Z—Z%” Qfﬂfl—z =0, (14)
or
a1 Q d —n*=0 (15)
do| 2 ¢ 2 do ’
therefore
2 2
d l(ﬂj +&772 =0. (16)
dg| 2\dg) 2
2 2
%(fl—zj + sz n’ =const. (17)
N’ +Qn’ =const. (18)
7'72
772 +— = const. (19)

X
For the case of smooth approximation and constant

focusing, . = const. therefore,

=0 and S, =—

X

variable7] = x,B 12 (é’zyﬁ_l/z) we write
_ﬂl/z d77 = p el dn d¢

. With the following change of

xX'= N (20)
d do ds’
or, x’=ﬂi/2ﬁE. We note that ﬁ:j—z, 77':651_2

dp _ 1 _1 -
and S=R ¢ so that — = = — . Substituting the

dS ﬂx QX

above relations in Eq. (1)

£, ﬂ(nﬁ”z) ﬁ(ﬂi”%jz, @1

,5

, therefore
X
we obtain

(22)
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LINEARING COUPLING

In order to study the effect of field errors we should
introduce a realistic field and add an additional term on
the write hand side of Eqs .(2) and (12)

.. 2
fi+0:n _AB,
0:8.” RB,
In the presence of linear coupling, we define the average
normalized skew gradient as

AB AB
K, = ! - |, with B_and B
RB,\ Ax ) RB,\ Ay ’ g

the normalized magnetic fields. From Eq. (23) the
equations of betatron motion of a test particle 7 in the
presence of linear coupling due to skew quadrupoles are
given by [3]

2

X"+ Kx =

(23)

AB
Lr0im =B0

— . 24
dg>  ~" * RB, -
d ; 3/22 ABx

— 25
d¢l legl IB Qy,z RBO ( )

Now, using the definition of skew gradient and also Eq.
(5) we can write

d¢ szn ﬂ3/2ﬂ1/2Qx1K ; * (26)
and a similar relation for y direction
d’
g szé’l ﬂj/zzﬂl/zQi,iKini‘ (27)

d ¢I

Here, the normalized (Courant-Snyder) coordinates and
angle are used

no= x50, = .8, (o)
6 = Q;iI,B;,i (0dt =07 [ B:A (e, 29)

(28)

where X, and y, are the horizontal and vertical deviations
from the central orbit, § is the azimuthal coordinate and
,Bx’y the betatron functions. Considering that the tunes
and the skew gradient are the same for all the particles,
ie. 0., =0,,Q,, =0, andK; =K, and using the
smooth

approximation and

:By,i :lBy zR/Qy

written as [3]
0. 1/2
+0/n = R{ J K¢, (30)
y

ﬂx,i :ﬂx zR/Qx

the equation of motion can be re-
an

d¢’
d ; Q 1/2
7 +0;{ =R [QXJ K. (1)
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SUM OF EMITTANCES
Multiplying Egs. (30) and (31), on both sides by Z—Z and

d

d—, respectively, we have

1/2
dn d’n ,dn ,[ O dn
— 4 B :R = k -/ ¢, 32
do do’ 2 d¢" °d¢§ 32)

ACd | adl Q) AL
d¢d¢2+de¢§ R( j Ko=>n (33)

This can be re-written as

5 ) 1/2
li(ﬂj +1dei:R2[QxJ PRI

2do\de) 27 do 0, do
Ld(dgY 1 pde (0 de
2d¢(d¢} 29 do =K x] & d¢77' 33

1/2
d(n? ] 2RO dn
— —+ = J K,—(, 36
d¢( n] 5 od¢§ (36)

0; 0.9
’2 2 172
< 5—2+§2 =ziz(&} Koﬁn, (37)
dg\ O, 0, \Ox d¢
and using the definition of emittances, we can write
i(€x+8y)=2R2K) Lgd_’h _L e (38)
dg 0,"dp \QQ, dp
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For weak skew coefficient the right hand side can be
neglected and therefore the sum of emittances remains

constant. For the special case O, = O we can write

2
(g +e)=R K [é“d—”mdg} (39)

de¢ 0, dp ~d¢
Therefore
_2R’K,
£, tE, = 77]{ + const. (40)

This relation clearly shows the effect of coupling77, ; on

the sum of emittances. In the case of weak skew
quadruple coefficient, the first term on the right hand side
is negligible and we can approximately reach a sum
invariance

£, +&, =const.

(41)

REFERENCES

[1] P. J. Bryant, A Simple Theory For weak Betatron
Coupling, CERN Accelerator School, Fifth General
Accelerator Physics course, PROCEEDINGS, 94-01,
Vol. L.

[2] J. D. Lawson,The Physics of Charged Particle Beams
(Clarendo,Press,Oxford,1988)

[3] E. Metral, Simple Theory Of Emittance Sharing And
Exchange Due To Linear Betatron Coupling.
CERN/PS 2001-066(AE).

D01 Beam Optics - Lattices, Correction Schemes, Transport

2977



