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Abstract

The calculation code for the acceleration voltage pattern
is usually based on the differential equation of the longitu-
dina synchrotron motion. We have developed the method
based on the forward-difference equation which satisfies
the synchronization with the bending magnetic field ramp-
ing accurately.

INTRODUCTION

In the case of the Rapid Cycling Synchrotron (RCS),
since the bending magnetic field is usually ramped by si-
nusoidal wave form using resonant network system and
the cycle is fast. It is very important for the longitudinal
particle tracking code to cal culate the synchronous particle
motion precisely, because the change of the energy, the rf
frequency and the amplitude of the rf voltageislarge. Fur-
thermore, when we perform the particle tracking including
the field error of the bending magnet [1], it is very compli-
cated to calculate the energy gain of the synchronous parti-
cleturn by turn. In the case of the JPARC RCS, the bend-
ing magnetic field is not pure sinusoidal wave, but have
some higher harmonic components.

The phase stability of the accelerated particles around
the synchronous particle has been investigated well, but the
motion for the synchronous particleis not so much investi-
gated so far. The basic principle of the synchrotron [2, 3] is
that the energy gain AE per aturn has a relation with the
bending magnetic field B as

AFE = Visings = QWPR% , (@D}

where V¢ is the amplitude of the acceleration voltage,
¢ is the synchronous phase, p is the bending radius and
R = C/2r is the average radius which relates to the cir-
cumference C of the accelerator ring. Thisisawell-known
equation to know how much accel eration voltage the rf cav-
ity feeds into the particle. In order to get the acceleration
voltage from the energy gain, other conditions should be
considered to define ¢s. The JJPARC RCS employs the
condition that the longitudinal emittance ;, and the mo-
mentum filling factor P; should be kept constant during
almost all of the acceleration period [4]. The calculation
code “RAMA [5, 6]” manages such things.

However, when we use the acceleration voltage calcu-
lated turn by turn from eg.(1) for the longitudinal particle
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tracking code, we found that the energy gainis dlightly dif-
ferent from the expected value. This comes from the fact
that eq.(1) consists of the differential of the bending mag-
netic field, whereas what we have to know is the difference
of the bending field turn by turn.

Furthermore, in the conventional longitudinal particle
tracking code, the frequency of the accelerating voltage
fut is proportional to the revolution frequency of the syn-
chronous particle fe, as

frf - hfrev 5 (2)

where h isaharmonic number. It seemsto beindifferent to
the synchronous phase ¢, that is, such frequency pattern
does not satisfies the energy gain V¢ sin ¢, turn by turn
accurately.

In this paper, we investigate how to get the accelera
tion voltage pattern, which is based on the difference equa-
tion of the longitudinal motion and the acceleration voltage
tracking scheme.

DIFFERENCE EQUATION FOR THE
SYNCHRONOUSPARTICLE

Let us consider the energy gain per turn as shown in
Fig. 1. The bending magnetic field has a value of B,, on
n-th turn at the time ¢,,. The particle passes through the rf
cavity at that time, then getsthe energy AFE = V¢ sin ¢s.
The total energy of the particle changes from E™~ 1" to
Emntl where the suffix n — 1 : n shows “from (n-1)-th
turn to n-th turn” and n : n + 1 shows “from n-th turn
to (n+1)-th turn”. The momentum of the particle becomes
p"~Lim and p™m+l. The revolution period of the particle
from (n-1)-th turn to n-th turn is 72 1™ and 7727+ from
n-th turn to (n+1)-th turn, respectively.

It is considered that thereisthe relation between the mo-
mentum and the bending magnetic field as

eBnp (©)
pv"tt = eBniip, 4

where e is the elementary charge. These equations mean
that, for example, the particle gets the energy on n-th turn
as that momentum matches with the bending magneticfield
on (n+1)-th turn. Thisis the principle of the synchrotron
that the energy gain per turn should match with the change
of the bending magnetic field turn by turn.

From the relativistic relations,

n:n+1 mocﬁn:n-l-l,yn:n-l-l (5)

p =
m002 \/1 + (ﬁn:n-‘rl,},n:n-‘rl)z , (6)
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Figure 1. The schematic view of the energy gain turn by
turn.

where my is the rest mass of the particle, 5 is the ratio of
the velocity to the speed of light cand v = 1/4/1 — 32,
respectively. Combining the eq.(4), (5) and (6), we aobtain
that

E’n:’n+1 — m002 1 + (Bn+1p> . (7)

mocC

On the other hand, the revolution period from n-th turn to
the (n+1)-th turnis

C
n:n+1 __
Trev - ﬁn:n+1c7 (8)

where we assume the orbit of the synchronous particle

traces the center of the ring. From the another expression
of eq.(6),

En:nJrl — 'y"’"JrlmOcZ . (9)

Combining the eq.(5), (8) and (9) we obtain
. Bhi1c%p. .

En4n+1 _ Pn+l T7L.7L+1
C rev

Since the equations (7) and (10) should have the same
value,

(10)

Bni1p\’
m002 1 + (—Jrl/))
mocC

2
_ BnJrlC an:nJrl
C rev

Sincethetimet, 1 = t,+T7%"*+!, thenwerewriteeq.(11)

rev

using the revolution period as

B(t, + T+t
WZ%*( (t, + >p>
mocC

B(tn + TI%:\ZL+1)C2an:n+1

C rev °
This is the equation of the synchronous particle motion
by the forward-difference method. We can get the revo-
Iution period from eq.(12), and when the bending magnetic
field patternis defined, the revolution period is also defined
uniquely.
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Once the revolution period is obtained, we can calculate
the energy gain per turn as

AE = ‘/;f sind)s — En:n+1 _ En—l:n
. 2
B(tn + TIE"p
= m002 1+ ( )
moc
2
B(tn)p
—moc®([1+ L (13)
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Figure 2: The difference between the conventional method
and the forward-difference one.

In the longitudina particle tracking code, the conven-
tional method to track the synchronous particle is that the
energy gain per turnisobtained from eg.(1) at first, then the
revolution period T, is cal cul ated according to the energy
at thetimet,,. Itisnot confirmed precisely that the periodis
really synchronized with the bending magnetic field. Inthe
case of the forward-difference method, the revolution pe-
riod 77 +! s obtained associated with the bending mag-

netic field and the energy gain per turn.

The Figure 2 shows the difference between the conven-
tional method and the forward-difference one. The con-
dition of the JPARC RCS is used, that is, the proton is
accelerated from 181 MeV to 3 GeV within 20 ms. The
thick line in the upper figureis the total energy difference,
dot line is the frequency difference, and the lower figure
shows the time difference on each turn. In these case, the
final energy becomes 3.0 GeV exactly in the case of the
forward-difference, though 2.9998 GeV in that of conven-
tional one.
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ACCELERATION VOLTAGE TRACKING

Let us consider “ accel eration voltage tracking” as shown
in Fig. 3, where h = 2 is chosen for JPARC RCS as an
example. The synchronous particle is accelerated by the
acceleration voltage with the frequency of f;;:l"“ on the
phase ¢”;" ! at n-th turn. The suffix “1” shows the first
bucket. In this case, thereis no assumption for "+, this
means f11" 1 # hfe is acceptable. The particle circu-
lates the ring with the revolution period T, calculated
from eq.(12), then the particle sits on the phase ¢ ;"2
at (n+1)-th turn.

n-th turn (n+1)-th turn

tn n:n+l tn+l
]

Trevl
v \,

n:n+1 n+1:n+2

(l)sl ¢52

Figure 3: The schematic view of the relation between the
frequency change and the synchronous phase.

nn+l
frid

In order to satisfy this condition, f7;""" on (n+1)-

th turn should have a relation, which consists of f/1"*!,
f7;127l+1 and 7"+ gg
T

rev

m+1
nin+1l l 1 — ¢?1n 1
revl - n:n+1 n:n+1 n:n+1
2 frfl 27I—frfl frf2
N 1 1 ¢?1+1:n+2 (14)
P n+1l:n+2 n+ln+2 °
2 frfl 27Tfrfl

This equation shows the frequency of the acceleration volt-
age is defined so that its wave length should trace the
change of the synchronous phase turn by turn. In order to
calculate the (n+1)-th turn’s frequency f 742 from the
n-th turn’s one, we have to consider about f;" " for the
second bucket. We can calculate the revolution period for
the second bunch T2 from eq.(12), then we aso obtain
the same kind of relation for f17" 2 as

Tn:n+1 o 1 1 ¢?2m+1 + ]‘
2 - 5 : - : :
rev: 92 f£2n+1 271_fr7}2n+1 f£1n+1
1 1 7»H—1:n+2
+ ¢52 (15)

2T B
This equation includes f/1'" "2, so eq.(14) and (15)
should be solved simultaneously. The Figure 4 shows the
difference between f7""*2 and h f,., turn by turnin the

case of the JJPARC RCS. Since the synchronous phase ¢ ,
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increases until 15 ms, the frequency of the acceleration
voltage pattern becomes a little bit higher than h f e .

n
Q
(=]

fhf o (H2)

= =
15} @
S o

-50f \
-100f

-150}

_2000 2 4 6 8 10 12 14 16 18 20

Time (ms)

Figure 4: Thefreguency difference between f.y1 and A froy -

SUMMARY

We investigate how to get the acceleration voltage pat-
tern which is based on the difference equation of the
longitudinal motion and the acceleration voltage tracking
scheme. By using this scheme, the more accurate longitu-
dinal particle tracking is performed, and it is very useful
when we simulate under the conditions of unexpected dif-
ference between the acceleration voltage pattern and the
bending magnetic field.
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