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Abstract

The evolution of the electron density during multibunch
electron cloud formation can often be reproduced using
a bunch-to-bunch iterative map formalism. The coeffi-
cients that parameterize the map function are readily ob-
tained by fitting to results from compute-intensive electron
cloud simulations. This paper derives an analytic expres-
sion for the linear map coefficient that governs weak cloud
behaviour from first principles. Good agreement is found
when analytical results are compared with linear coefficient
values obtained from numerical simulations.

INTRODUCTION

The evolution of the electron cloud from the passage of
bunch m to m+1 is empirically well represented by a cubic
map [1, 2]

ρm+1 = aρm + bρ2
m + cρ3

m , (1)

where ρ [nC/m] is the linear electron density inside the
beam pipe. The values for the coefficients a, b, and c
are readily obtained by fitting to results from compute-
intensive electron cloud simulations. This paper shows an
analytical calculation of the linear map coeficient a in Eq. 1
and compares it with those obtained after running CSEC
simulations for the Relativistic Heavy Ion Collider (RHIC).

Consider Nm quasi-stationary electrons uniformly dis-
tributed in the transverse cross-section of the beam pipe,
as shown in Fig. 1. After a bunch passage, we determine
the formation of an electron cloud by evaluating these three
steps: 1) compute the electron energy gain due to the pas-
sage of a bunch with a non-uniform charge distribution [3]
2) compute the number of secondary electrons produced
after an electron-wall collision as a function of the elec-
tron energy (parameterization of δ(E) [4]) 3) calculate the
electron survival until the next bunch arrives [1]. The sur-
vival electrons at step 3) represent Nm+1, the number of
electrons at bunch passage m + 1. The coefficient a is
a = Nm+1/Nm (for small Nm), so that an electron cloud
builds up if a > 1. A similar calculation was first intro-
duced in Ref. [5], although it did not include the survival
time of the electrons.

ENERGY GAIN AND ELECTRON
MOTION

A cylindrical beam pipe of radius Rp is considered
(RHIC case). In the absence of external electromagnetic
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Figure 1: Schematic analysis of the evolution of an elec-
tron cloud between two bunch passages. The bunch m ac-
celerates the Nm electrons initially at rest to an energy Eg.
The symbol C1 marks the first wall collision, when two
new “jets” are created: the backscattered one with energy
Eg and proportional to δr, and the “true secondaries” (with
energy Esec ∼ 5eV and proportional to δt). The sum of
all these jets becomes the number of surviving electrons,
Nm+1.

fields and assuming that the electron motion is limited to
the transverse radial direction (transverse plane, electron
trajectories crossing along the beam pipe diameter), the
time of flight is for an electron with energy E is

tF (E) =
2Rp√
2E/me

, (2)

where me is the electron mass. The assumption of trans-
verse radial motion implies that the electron-wall collisions
are at a perpendicular incidence angle. Although this is not
a bad approximation for field free regions, but not valid
elsewhere.

Since the “critical radius” is in the same order as the
RHIC beam pipe radius Rp, the energy gain is given by [3]

Eg = mec
2 Nbre√

2πσz

(
ln

Rp

c0σr
− 1

2

)
, (3)

where Nb is the bunch charge, σr and σz are the rms bunch
radius and length, respectively, c0 = 1.05, re is the clas-
sical electron radius, me is the electron mass, and c is the
speed of light.

ELECTRON-WALL COLLISIONS

The Secondary Emission Yield (SEY or δ(E)) gives the
number of secondary electrons produced after an electron
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of energy E hits a chamber wall. We divide this contribu-
tion into “true secondaries” and “reflected” electrons [4, 6]:

δ(E) = δt(E) + δ(E). (4)

(See Fig. 2). To avoid long mathematical expressions, we
use δt(Eg) ≡ δt and δr(Eg) ≡ δr throughout below. Their
distinction is given by the energy at which the secondary
electrons are emitted: “true secondaries” are emitted with
an energy Esec (typically around 5 eV), while the (elas-
tically) “reflected” electrons are emitted with an energy
Eg (see Fig. 3). The contribution of the so-called “red-
iffused” electrons is neglected in this analysis. Figure 3
shows a comparison between the measured energy distri-
bution curve (red points) and the energy distribution curve
assumed in this analysis (blue boxes). The energy distribu-
tion curves in this case becomes two Dirac delta functions
centered at Esec and Eg (Fig. 3, left), whose height is pro-
portional to δt and δr, respectively (Fig. 2).
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Figure 2: SEY as a function of the electron energy, show-
ing the contribution of the “true secondaries”– δ t, and the
backscattered electrons – δr.
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Figure 3: The red points show the measured energy dis-
tribution curve in the SEY process, the blue boxes show
the energy distribution curve in this analysis: electrons are
emitted either with energy Eg (reflected) or Esec (true sec-
ondaries). Courtesy of M. Furman [4].

SURVIVING ELECTRONS

Assume now that all the electrons initially at rest gain
an energy Eg after the bunch passage. This monoenergetic
jet collides with the vacuum chamber (marked with C1 in
Fig. 1). The electrons produced at the chamber wall are [4]

NC1,sec = Nmδt, true secondaries, and (5)

NC1,ref = Nmδr, elastically reflected. (6)

The number of elastic collisions the monoenergetic jet
with energy Eg performs between two bunches is

n =
tsb − tFG/2

tFG
, (7)

where tsb is the time between two consecutive bunch pas-
sages, and tFG ≡ tF (Eg) corresponds to the time of flight
of an electron with energy Eg . The high energy electrons
before bunch m+1 passes by are those provided by the last
elastic wall collision at energy Eg . These are [1]:

NCn,ref = Nmδn
r . (8)

For low energy electrons impinging on a surface, there
is no fundamental distinction between true secondaries and
elastically reflected [6]. All secondary electrons are con-
sidered to be produced after elastic processes. Define

δ(Esec) = δt(Esec) + δr(Esec) ≡ δsec , (9)

insofar as the secondary electrons are all emitted with the
same energy Esec ∼ 5 eV. After a Ci collision (see for
example collisions C1 or C2 in Fig. 1), the number of true
secondaries is:

NGi,ts = Nmδi−1
r δtδ

ki
sec , (10)

where ki is the number of collisions for the low energy jet
after the Cith collision:

ki = (n + 1− i)
√

Esec/Eg ≡ (n + 1− i)ξ . (11)

The summation of the contribution by all the true secon-
daries is [1]:

n∑

i=1

NCi,sec = Nmδt

n∑

i=1

δi−1
r δki

sec . (12)

THE LINEAR MAP COEFFICIENT

The contributions of both the high and low energy elec-
trons (Eqs. 8 and 12) provides then the total number of elec-
trons at bunch m + 1, i.e. Nm+1. Hence, the linear map
coefficient is

a = Nm+1/Nm = δn
r + δt δξ

sec

δnξ
sec − δn

r

δξ
sec − δr

. (13)

Recall that the terms in δt, δr, n, and ξ are functions of
the energy gain produced by the bunch passage (parame-
ter Eg , see Eq. 3), while n is also a function of the bunch
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spacing as well. Thus, Eq. 13 merges beam and wall sur-
face chamber parameters in a single expression and eases
parameter space analysis. Note for example, that a → 0
as n → ∞ (infinitely long bunch spacing). However, if
δ0 → 1, a→ δt/(1−δr), which shows that electron clouds
can occur even for an infinitely long bunch spacing!

This calculation of a has been performed assuming
only one monoenergetic jet of energy Eg results from
the electron-bunch interaction. More realistic calculations
should involve not a single jet with energy Eg but the dis-
tribution of the energy spectrum h(E):

a =
∫ ∞

0

[
δr(E)n(E)+

+ δt(E)δξ(E)
sec

δ
n(E)ξ(E)
sec − δ

n(E)
r

δ
ξ(E)
sec − δr(E)

]
h(E) dE . (14)

From this expression, it is compelling to call the parameter
a the effective secondary emission yield of the beam pipe
wall, δeff , depending on both the chamber material and the
beam characteristics. This analysis allows to easily study
thresholds beyond which electron cloud formation occurs.
Figure 4 shows two examples of how a evolves as a func-
tion of the bunch spacing for the beam and chamber param-
eters listed in Table 1.
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Figure 4: Analytical prediction of a as a function of the
bunch spacing.

COMPARISON WITH SIMULATION FITS

Figure 5 compares the results of calculations of the linear
map coefficient a using this analytical method (lines) and
after fitting the CSEC simulation results (marks) as a func-
tion of the bunch population and for different δmax. The
color of the marks and lines coincide for the same δmax.
Both results agree acceptably in the general evolution of
the parameter a. We stress that the largest disagreement
occurs when N > 12 × 1010 protons/bunch. This is ar-
guably related to the neglection of the rediffused electrons,
which might play an important role when the energy gain
Eg due to the bunch passage is larger than the energy at
which the SEY has its maximum, Emax.

Table 1: Beam and SEY parameters used for the calcula-
tions in Figs. 4 and 5.

parameter value
beam pipe radius, b[cm] 6
bunch spacing, tsb[ns] 107
maximum SEY, δ∗max 1.9
SEY for E → 0, δ0 0.7
rms bunch length, σz[m] 1
true second. energy, Esec[eV] 5
SEY at E →∞, δ∞ 0.15
energy for max. δ, Emax[eV] 300
rms beam size, σr[mm] 2
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Figure 5: Comparison of the linear map coefficient a de-
rived using CSEC simulations (symbols) and using the
analysis in this report (lines with the same color), as a func-
tion of the bunch population N for different values of δmax.

SUMMARY

The linear map coefficient a is derived from first princi-
ples. The expression merges both beam and vacuum cham-
ber characteristics, and it is in an acceptably good agree-
ment when compared with results obtained after CSEC
simulations. The analysis is useful to determine safe re-
gions in parameter space where an accelerator can be op-
erated without creating electron clouds. The formalism
shows that electron clouds can occur for long bunch spac-
ings if δ0 → 1.
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