
Developing 
Analytical and 

Simulation Tools for 
Coherent Electron 

Cooling 
Gang Wang, Yichao Jing, Vladimir N. Litvinenko, 

Jun Ma, Igor Pinayev and Roman Samulyak
Department of Physics and Astronomy, Stony Brook University

Collider-Accelerator Department, BNL
George Bell, David Bruhwiler, Ilya Pogorelov, Brian 

Schwartz
Tech-X Inc., Boulder, Colorado 



Outline
 Introduction
Tools predicting electron-ion interactions in a single 

pass of a CeC system 
 Modulator
 FEL amplifier
 Kicker

Tools to predicting evolution of hadron beam under 
coherent electron cooling

Status of the CeC simulations



Coherent Electron Cooling Schemes
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Classical Coherent electron Cooling scheme
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Amplifier of the e-beam modulation in an 
FEL with gain GFEL~102
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Coherent electron Cooling (CeC) Demonstration Experiment



Our Proof-of-Principle is an economic version of CeC, where electrons 
and hadrons are co-propagating along the entire CeC system

GENESIS parallel computation of 
electron beam bunching in free 
electron laser (FEL) shows 
amplification of modulator signal. 

VORPAL prediction of the 
coherent kicker electric field  E k
due to e-density perturbation from 
modulator, amplified in the FEL.

VORPAL 3D δf PIC computation of e-
density perturbation near Au+79 ion 
(green) vs. idealized theory (blue).  On 
Cray XE6 cluster at NERSC.

Param.’s from 40 GeV proof-of-principle exp. at BNL

Simulations by Tech-X and Y. Jing
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Panoramic views

From inside RHIC ring

From outside RHIC ring
Details are in next talk

by Igor Pinayev



Sub-set of analytical tools



Debye shielding in an uniform electron plasma with 
anisotropic velocity distribution:

World’s first analytical t-dependent solution
∂
∂t

f1
x, v,t( ) + v ⋅ ∂

∂x
f1
x, v,t( ) − e


E

me

∂
∂v

f0
v( ) = 0The system can be described 

by linearized Vlasov-Maxwell 
equations

In 3-D Fourier domain, the
equations reduces to a non-
homogeneous 2nd ODE

The solution for zero initial
density and velocity modulation in
Fourier domain can be found

By inverse Fourier transformation,
we obtain the density modulation
in space domain

G. Wang, 2007 

ax,y,z = σ x,y,z /ω p



Analytical Tools for the Modulation Process I
• Cold uniform electron beam (VL)

– Density modulation: 
– Energy modulation (                ):

• Warm uniform electron beam with k-2 anisotropic velocity 
distribution

– Density modulation: 
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G. Wang and M. Blaskiewicz, Phys Rev E 78, 026413 (2008) 



Simulation Tools for the Modulation Process I
• Simulations based on         approach (©Tech-X)fδ















Analytical Tools for the Modulation Process II
– Energy modulation: 

where                is an 1-D integral with finite integration limits
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Simulation Tools for the Modulation Process II

• Simulations based on perturbative trajectory 
approach (© J. Ma, with code SPACE)
– Benchmarked with theory for uniform warm beam



Simulation Tools for the Modulation Process III
– Simulation results for a continuous focusing channel (Beam is 

matched and transverse beam size does not vary.)

• Modulation is less effective for an
off-centered ion. For an ion sitting at
1σ away from transverse electron
beam center, the longitudinal density
modulation reduces by ~40%.

• The transverse density modulation
profile induced by an off-centered
ion is significantly different from that
induced by an ion at beam center

(© J. Ma, with code SPACE)



Simulation Tools for the Modulation Process III

– Simulation results for a CeC quadrupole beamline with transverse beam size varying 
along the modulator

• Beta functions extracted from SPACE agree with those from MAD-X calculations, when space charge is 
turned off in SPACE simulation. 

• When space charge is turned on, the vertical lattice function at the end of modulator deviates significantly 
from that calculated by MAD-X.

• The efficiency of longitudinal density modulation depends strongly on the quadrupole settings, which has to 
be taken into account in optimizing the system.

Longitudinal density modulationBeta functions along modulator

(© J. Ma, with code SPACE)

 Q4        Q3         Q2    Q1 



Analytical tools for FEL amplifier I

• The 1D FEL amplifier model with collinear radiation field and κ-1 
(Lorentzian) energy distribution has been applied to study how the wave-
packet forms inside the undulator.
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Evolution of wave-packet along undulator as
calculated from 1-D theory, showing that it take a
few gain length for the wave-packet to overtake
the initial modulation.



Analytical tools for FEL amplifier II
• The 1-D FEL model with uniform beam provides us with some 

insights as well as scaling laws of how the wave-packets depends on 
various beam parameters

• We also used the 1-D FEL model to study beam conditioning for 
CeC.

λ fel kwz 2πc ρ( )Units:



Analytical tools for FEL amplifier III
“Beam conditioning”

• With the same peak current density, there is an optimum bunch length to minimize 
phase variation of the wave packet with respect to ions located at different portion  of 
the electron bunch.

5 ps rms bunch length 8 ps rms bunch length 12 ps rms bunch length

• As the amplitude and phase of the wave-packets depends both on the local
beam current and the local beam energy, it is possible to optimize beam
parameters such that the cooling efficiency over the whole ion beam can be
improved.



Analytical tools for FEL amplifier IV
• By requiring the relative density variation is smaller than one, 

we derived the upper limit of the FEL gain for the amplifier to 
work in the linear regime

δ n̂ / n0 max < 1 g max < λo

2
Ie

ecLc

 gmax ~ 72 ⋅ Ie[A]⋅λo[μm]
M c

= 14.1

• γ=7460.52
• Peak current: 30 A
• Norm emittance 1 mm mrad
• RMS energy spread 2.5e-5
• λw=10 cm
• aw = 10
• λo=90.73 nm 
• Mc = 70.6
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3D Genesis simulation shows
that the maximal gain in
bunching factor is 18.7, which
agrees with our estimation.

(© Y. Jing, with code GENESIS)



Simulation tools for FEL amplifier
• We use GENESIS 1.3 to simulate the amplification process in the

FEL amplifier.
• Following the approach of perturbative trajectories, we run two sets

of FEL simulation: one with shot noise plus modulation induced by
the ion and the other one with shot noise only. The wave-packet due
to the ion is extracted from the difference of the two sets of
simulation.



• Dynamic equation in Kicker is very similar to that in the modulator except 
the initial modulation in 6D phase space dominates the process. For κ-2 
velocity distribution, the electron density perturbation is determined by:

with                                                                        and

The solution of this inhomogeneous 2nd order differential equation reads   
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Analytical tools for kicker I



• For 1D FEL output with the following initial transverse perturbation,
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Analytical tools for kicker II

• For an initial perturbation with finite transverse size, the formalism should also 
apply. The transverse profile of the modulation can affect the longitudinal field 
of the wave-packet (in progresses).



Field Reduction due to Finite Transverse  Modulation Size
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Simulation tools for kicker
• The macro-particles from GENESIS simulation are imported into 

SPACE for the kicker simulation.

The evolution of the wave-packet
shows similar behavior as that
obtained from analytical model,
i.e. the wave-packet amplitude
increases initially and then starts
to decrease.

(© J. Ma, with code SPACE)



Start-to-end simulation for the single pass I

1. At the entrance of the FEL, create macro-particles for the whole 
electron beam with proper shot noise. The 6-D distribution of the 
particles is determined by the beam dynamic simulation.

2. At the entrance of modulator, create one slice of macro-particles 
(with duration of one optical wavelength) with proper shot noise 
and 6-D distribution.

3. Run modulator simulation with the slice created in step 2. Due to 
periodic condition, the shot noise of the slice will stay correct.

4. Replace the corresponding slice created from step 1 with that 
output from step 3.

5. Run Genesis simulation. (Need to add macro-particles with negative energy 
to tail and head slices to make it work as Genesis require each slice has the same 
number of macro-particles).

6. Take a proper portion of macro-particles output from GENESIS 
and import them into SPACE for kicker simulation.

7. Repeat step 1-6 but without the ion. The difference of step 6 and 
step 7 provides the single-pass coherent kick solely due to the ion.

Steps for single pass start-to-end simulation:



Start-to-end simulation for the single pass II

• One example of start-to-end simulation
Modulator Amplifier

Kicker

(© J. Ma, with code SPACE and GENESIS)

Envelope

Density 
modulation



• Evolution of the longitudinal phase space density of the ion
bunch, after averaging over the synchrotron oscillation phase,
follows the 1-D Fokker-Planck equation

• In the limit of , an analytical solution can be derived
for the following form of cooling profile and initial condition,

as

is called product logarithm
function and can be directly
evaluated in Mathematica.

Analytical tools for predicting the influences of 
CeC on a circulating ion beam I
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Analytical tools for predicting the influences of 
CeC to a circulating ion beam II

• The longitudinal line density of ion 
bunch is given by

• For , the 1-D Fokker-Planck
equation can be solved numerically
with arbitrary form of cooling rate
and initial ion distribution.

• The analytical studies reveals the
fact that the central blips due to local
cooling tends to be smeared out by
diffusive kicks from IBS and more
significantly, from incoherent kicks
induced by neighbor ions.
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Simulation tools for predicting the influences of 
CeC to a circulating ion beam I

Energy kicks from CeC is , ,j coh j inc jE E EΔ = Δ + Δ

( ), 0sincoh j i p jE Z eE l k D δΔ ≡ − ⋅Coherent kick induced by the ion itself

Incoherent kick induced by the neighbor ions (using the Gaussian profile as obtained by 
quadratic expansion of FEL eigenvalues) ( )
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Simulation tools for predicting the influences of 
CeC to a circulating ion beam II

• Assuming the ion density does not vary significantly over the 
width of the wave-packet

• The one-turn energy kick due to CeC is

ΔEinc, j
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Simulation tools for predicting the influences of 
CeC to a circulating 40 GeV/u Au ion beam III

Fokker-Planck solver
Macro-particle tracking

The plots show how the longitudinal profile of ion bunch evolves after 40 minutes of 
cooling with 10 ps (red) and 30 ps (green) electron bunch. The left plot is generated by 
solving Fokker-Planck equation as described in the previous slides and the right plot is 
created by the macro-particle tracking code. The parameters applied are for cooling 40 
GeV RHIC gold ion beam.



Status of simulation for the proof of 
CeC principle experiment

• The start-to-end single pass simulation have been mostly developed 
and benchmarked with theory.

• With inputs of initial distribution of the electron beam, the single pass 
simulation can provide the density variation induced by an ion at any 
section of the CeC system.

• It should be straightforward to obtain the momentum kick received by 
the ion while it traveling through the kicker section and we are 
currently working on it.

• Simulation tools for the circulating ion beam has been developed. Once 
we obtain the momentum kick received by an ion at any location of the 
6-D space, we will be able to predict how ion beam evolves under the 
influence of cooling.

• We are also working on refining the simulation such as implementing a 
more realistic model for the three undulator sections (We currently 
treating it as a single long section.).



Conclusions
• We had develop a tool-box of analytical and numerical tools 

either for estimating or predicting performance of Coherent 
electron Cooling
– with the final goal to compare our perditions with the proof-

of-principle CeC experiment
• We did not discover any show stoppers in this process, while we 

included 
– space charge, energy spread, realistic e-beam parameters,

finite transverse size of the beam, resistive wall wake-fields .... 
• Next step – post-CeC-demonstration - will be in-depth studies of 

CeC with micro-bunching amplifier

Work is supported by Brookhaven Science Associates, LLC under 
Contract No. DEAC0298CH10886 with the U.S. Department of Energy, 
DOE NP office grant DE-FOA-0000632, and NSF grant PHY-1415252.
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