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ABSTRACT 

The Hamiltonian formalism is used to derive toler
ances for the magnetic field errors in an H- cyclotron in 
order that emittance growth due to precessional mixing 
or vertical amplitude growth stay below specified limits. 
The resonances Vr = 1, 2vr = 2, 2vz = 1, Vr = 2vz and 
Vr + 2vz = 2 are considered. Emittance growth mainly 
results from the Vr = 1 and 2vr = 2 resonances. The 
other resonances may cause vertical beam blow up. The 
30 MeV isotope production cyclotron TR30 1

) is used as 
an example. All resonances studied have in common that 
Vr ::::J 1 and V z ::::J 0.5 as is the case for all the important 
resonances in TR30. 2) The resonances are driven by er
rors in the vertical field. Besides that, the effect ofradial 
field errors in the median plane on emittance is consid
ered. 

1. INTRODUCTION 

Magnetic field errors in a cyclotron excite coherent 
oscillations of the beam because they displace the central 
orbit or they distort the transverse phase space. The to
tal phase advance of these oscillations at extraction will 
differ for different turn numbers. In an H- cyclotron, be
cause of rf phase spread, there usually are a number of 
different turns in the extracted beam and therefore the 
coherent oscillations cause an apparent increase of the 
emittance (precessional mixing or betatron phase mix
ing). This is of importance also because a larger emit
tance gives a larger energy spread in the extracted beam. 
The effect does not only depend on the magnitude of the 
field errors but also on the radial area in which they oc
cur. 

2. THE /1,.= 1 RESONANCE 

The Vr = 1 is a one-dimensional resonance that is 
driven by a first harmonic field error. The Hamiltonian 
describing this resonance is given by3) 

H = (vr - 1)1 + 1 v2I(Al cos ¢ + Bl sin ¢), (1) 

where the azimuth B is the independent variable, the 
action variable 1 is the generalized coordinate, the angle 
variable ¢ is the generalized momentum, A1 = C\ cos 1/)1, 

and B1 = C 1 sin 1/)1 are the relative first harmonic field 
components and Vr is the radial oscillation frequency. In 
most important order the radial phase space coordinates 
a:, Px and the orbit centre coordinates ;z:c, Yc are related 
to the action-angle variables by 

x = rov2Icos(¢ - B) Px = v2I sin(¢ - B), 

Xc = rov2I cos ¢ Yc = rov2I sin ¢. 

From Eq. (1) it follows that the first harmonic excites a 
coherent oscillation with an amplitude 

(2) 

The phase advance per turn of this oscillation is Ci¢ = 
2?T(vr - 1), so for a turn spread at extraction of Cin = 
1/ (vr - 1) there is complete mixing (Ci¢ = 27T). If the 
beam is initially matched and t is the initial emittance, 
then the circulating emittance after complete mixing is 
(see Fig. 1) 

where Xo is the initial beam size, related to the normal-

Xo 
initial emittance 

circulating 

emittance 

x 

Figure 1. Emittance growth due to a first lJarmonic 
perturbation 

ized injected emittance tn = f3,t as 

1 1 

Xo = (~)2 = (.\t1l)2 
?TVr 13, ?TVr 

where.\ = moc/qBo. If the maximum allowed emittance 
growth factor is denoted by 1m = (tc/t)max then the 
maximum allowable beam shift is 

(3) 

This formula together with Eq. (2) gives an upper limit 
for the first harmonic amplitude, assuming a coasting 
beam. 

If the beam is not coasting but accelerated to an 
outer radius then the field properties may change with 
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radius. In order to take this effect into account the or
bit centre equations are derived with turn number n as 
independent variable. These are given by 

where fJ = 27l'(vr - 1). Assuming smooth acceleration4
) 

and an isochronous magnetic field, nand 1'0 are related 
as follows 

n = Q'1'5, with Q' = ~ q2 132 /(moD..Eturn ), (4) 

where 13 is the average magnetic field and D..Eturn is the 
energy gain per turn. Note that D..Eturn still depends 
on the rf phase of the particle. The orbit centre equa
tions can be integrated for arbitrary radius dependence 
of V r , Al and B 1 . Assuming an initially centered beam 
(xc(O) = Yc(O) = 0), the orbit centre at radius 1'0 is 

Xc = -27l'Q' iro r2C1 (7') sin [D..<p(1'o) - D..<p(r) -1/>1 (7')] dr, 

Yc = -27l'Q' iro r2C1 (f) cos [D..<p(ro) - D..<P(f) -1/>1 (f)] dr, 

where D..<p(1'o) is the total phase advance of the betatron 
oscillation between l' = 0 and 1'0 

D..<p(ro) = 47l'Q' iro r(vr(r) - l)dr = in 7](n)dn. 

The distance at radius 1'0 of the orbit centre to the origin 
is given by 

R 27l'C't[(i
ro 

r 2C1(r)sin(D..<p(r) -1/>I(r))dr) 2 

+ (i
ro 

r 2C1(f) cos(D..<p(r) -1/>I(r))drr]~. (5) 

This represents a circle in orbit centre space which is 
covered with beam, if we assume complete mixing. The 
quantity R is equivalent with D..xe used in Eqs. (2) and 
(3) but it will give a more accurate result. From Eqs. 
(3) and (5) it followed for TR30 that a constant first 
harmonic of 2 gauss would give a total emittance growth 
in the order of 50% .2) 

3. THE 21Jr = 2 RESONANCE 

The 2vr = 2 is a linear one-dimensional resonance 
that is driven by a second harmonic field error and its 
gradient. The Hamiltonian describing this resonance is3 ) 

H = I[(vr -1 )+( ~ A2+t A;) cos 2<p+( ~ B2+t B~) sin 2<p], 

where the prime denotes rd/dr and with I and <p defined 
in the previous section. It is convenient to put B2 == O. 
The equations of motion for the orbit centre are given 
by 

where Co = Vr - 1 and C2 = ~ A2 + t A~. Thus, the 
frequency of the perturbed motion in orbit-centre space 
is given by 

Vc = (cg - Cn~ . 

The motion becomes unstable if IC2 1 > ICol . For TR30 
the resonance is not crossed and therefore this instability 
is not expected to occur. 

A more important effect is the distortion of the 
phase space. In the ideal case the orbit centre tra
jectories are circles, but with a second harmonic field 
error these become ellipses with aspect ratio Yo/ Xo = 
((Co + C2)/(Co - C2))~' To obtain a worst-case esti
mate of the emittance growth assume that at injection 
the beam is matched and there is no field error . The 
beam is accelerated through a region where there is a 
finite error and then again enters into an error free re
gion. Assuming complete mixing the emittance growth 
becomes (see Fig. 2) 

f - Cc _ 7l'Y6 _ Co + C2 

- C - 7l'X6 - Co - C2 . 

For TR30 it followed that, for the emittance growth to be 
smaller than 100%, the second harmonic should be less 
than 50 gauss and the gradient less than 10 gauss/cm 
everywhere in the cyclotron . 

space 

x 
c 

area 1tX~ 
matched beam 

x 
c 

Figure 2. Emittance growtlJ due to a second lJarmonic 
perturbation 

4. THE 21Jz= 1 RESONANCE 

The 2vz = 1 is a linear resonance that is driven 
by the gradient of a first harmonic field error. Close to 
the median plane such a gradient produces a radial field 
component which is proportional to z. This component 
combines with the azimuthal velocity to give a vertical 
force that drives the Hill equation for z. The Hamilton
ian for this resonance is 

H = G[(vz - ~ ) - A; cos 21/> - B; sin 21/>]. (6) 
4vz 4vz 

The vertical phase space coordinates z, pz are related to 
the action angle variables G, 1/> as 

z = 1'oy/2G/vz cos(1j! - ~ B) , pz = y/2Gvz sin(1/> - ~ B) . 
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The Hamiltonian is a constant of motion. The curves 
H =constant describe the flowlines in phase space. For 

Ivz - ~ I < _1_ (A? + B~2) ~ , 
4vz 

the flowlines are hyperbolas and the motion is unstable. 
The width 6.1' of the radial area that corresponds with 
this stopband of the resonance is given by 

The number of turns in the resonance is 6.n = 2ar6.r 
with a defined in Eq. (4). The amplitude of the vertical 
oscillation is Az = roJ20/vz. The amplitude growth 
per turn in the stopband is therefore determined by the 
Hamiltonian equation of motion for O. From this it fol
lows that 

1 dA, 7rC. 
--" = --sm(21/> - ad, 
Az dn 2vz 

where we introduced A; = C cos aI, and B; = C sin al. 
For a worst-case estimat.e we can put sin(21/) - ad = -l. 
Then 

with 6.n the number of turns in the resonance. If one al
lows a maximum amplit.ude growth am = (6.A z / Azo)max 
then t.his determines an upper limit for C which is given 
by 

1 dvz am 
C< ---

I' dr' 27ra' 

at. t.he radius where V z = 0 .. 5. For TR30 the resonance is 
crossed at 30 em wit.h 6.1'=6.5 cm and 6.n=15 turns; for 
an amplitude growth less t.han 50%, the gradient of t.he 
first harmonic at 30 em should be less t.han 5 gauss/cm. 
At larger radii V z st.ays above but rat.her close to 0.5. 
Therefore there will again be emittance growth due to 
precessional mixing. Since V z ~ 0.5, the Hamiltonian H 
as given in Eq. (6) can be used to study this effect. This 
Hamiltonian has exactly the same shape as the Hamil
tonian for the 2vr = 2 resonallce and t.herefore the same 
analysis as given in section :3 applies. 

5. THE //,.= 2//z RESONANCE5
,6) 

The Vr = 2vz is a two-dimensional nonlinear res
onance that is driven by radial derivat.ives of the main 
field. The resonance does not cause instability but it ex
changes energy between the horizont.al and vert.ical bet.a
t.ron oscillat.ions. Therefore, it may become dangerous if 
t.he horizontal beam quality is bad. In that. case the ver
t.ical oscillation amplitude can become large and beam 
can be lost. at the dees. If both Vr ~ 1 and V z ~ 0.5 then 
the Hamiltonian for the resonance is 

q" 
H = (vr - 1)1 + (vz - ~)O - ~0v2i cos(¢ - 21/,), 

Vz 

where 1, ¢ and G, 1/> are the action-angle variables for the 
horizontal and vertical motion respectively, as defined in 
the previous sections. The quantity gil is defined by 

II 1 (_/ _II 2) _/ l' dB _II 1'2 d2 B 
9 =4' J1. +11 +vz , II = Bdr' It = B dr2' 

where B is the average magnetic field. 
The quantity 21 +G is a constant of motion. To show 

this, introduce new variables via the canonical transfor
mation 

1 = 1, ¢ = ¢ - 21/>, G = 21 + G, 1/> = 1/>. 

The new Hamiltonian is given by 

H- - A 1- ( 1 )C~ 11(0 - 21)V2J ;: 
- uV + V z - 2' r - 9 cos "', 

V z 

where 6.v = Vr - 2vz . This Hamiltonian does not depend 
on ;{; and therefore G is a constant of motion 

(7) 

where Xo and Zo are the amplitudes of the betatron os
cillations. It is convenient to scale the action variable 1 
as follows 

21 (xo/ro)2 
p = J

o 
= J

o 
' (0 < p < 1). 

Then, for ~given value of G = Jo the scaled Hamiltonian 
for p and ¢ becomes 

2H -
f{ = - = 6.vp - KJP(l - p) cos ¢, (8) 

Jo 

where the parameter K = 2g'\(J~/vz is the excitation 
width of the resonance. It is related to the radial width 
of the stopband by 

2K • dVr dvz 
6.1' = d(6.v)/dr = 2K/( ~ - 2~). 

The number of turns in the resonance is 6.n = 2ar6.r 
with a defined in Eq. (4). The amplitude growt.h per 
turn in t.he stopband is determined by the Hamiltonian 
equat.ion for p. From Eqs. (7) and (8) we obtain 

d 2 d 2 II Xo IIZO';: Zo 7rg xozo . -
- = 7rg -SIn"" - = -----sm¢. 
dn 1'0 dn Vz 1'0 

The worst case estimate is obtained if the right-hand
sides of these equations are at maximum. This gives 
with V z = 0.5 

(
dXo) 
dn max ( dYO

) = 47rg"roJo. 
dn max 
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From the previous analysis it is clear that the properties 
of the resonance depend on the beam sizes. For the initial 
design of TR30 the resonance would be crossed at 62.5 
cm. For an estimated initial horizontal betatron ampli
tude of xo=5 mm and a vertical amplitude zo=3 mm the 
maximum vertical beam size after crossing the resonance 
(as obtained with Eq. (7)) would be zmax=10 mm, i.e. 
a maximum vertical blow-up with a factor three. Since 
the resonance was not in the fringe field, the value of 
g" was relatively small (g" ~ 0.4). This resulted in an 
excitation width K, ~ l.5 X 10- 2 a stopband-width of 3 
cm, 13 turns in the stopband and a maximum amplitude 
growth per turn of 0.25 mm. Although the resonance 
did not seem to be too dangerous, it nevertheless was 
decided to avoid it by lowering the vertical tune. 

G. THE 1/,. +2 V:; = 2 RESONANCE 

The Vr + 'lvz = 2 is a two-dimensional nonlinear 
resonance which is driven by a second harmonic field 
error and its gradients. If Vr ~ 1 and V z ~ O..'i then the 
resonance is described by the Hamiltonian 

H = (vr - 1)1 + (vz - t)O - a"Ov2I cos(2V! +,p - 0:), 

where a" and 0: are defined by 

" A" + AI - 2A2 I' B~ + B~ - 2B2 a cos 0: = 2 2 , a I sin 0: = ---='---,--=---__ 
8~ 8~ 

The treatment is similar as for the Vr = 2vz resonance. 
Now, the quantity J = 21 - 0 is a constant of motion. 
The resonance is a sum resonance and therefore the mo
tion can become unstable (i.e. unbounded). For TR:30 
it was not considered a dangerous resonance because it 
is not driven by the main field but by perturbations so 
that a" is small. Assuming the same initial beam sizes as 
for the Vr = 2vz resonance and a" < 0.1, then is fl.r < 2 
cm, fl.n < 4 turns and fl.zo < 0.06 mm/turn. 

7. RADIAL FIELD COMPONENTS IN THE ME
DIAN PLANE 

A radial component of the magnetic field in the me
dian plane comhines with the azimuthal velocity to give 
a force in the vertical direction. The ktlt cosine cornpo
nent Br,k in the Fourier expansion of the radial llledian 
plane field drives the Hill equation for z as follows 

(9) 

where 1'0 is the radius in the cyclotron and B is the av
erage magnetic field. The solution of Eq. (9) for a beam 
that initially is in the median plane (z(O) = i(O) = 0) is 
given by 

roBr k 
z(O) = 2' 0 (cosk(J - COSv,(J). (10) 

B(vz - k-) -

Thus, the radial field perturbation induces a vertical co
herent oscillation. If V z approaches an integer (vz ~ k), 
then a resonance can be excited. For TR30 this is not the 
case since V z ~ 0.5 everywhere in the cyclotron. How
ever, emittance growth due to precessional mixing once 
more is of importance. Since V z ~ 0.5 only a few turns 
in the extracted beam will already give complete mix
ing. The phase advance of the cos k(J term in Eq. (10) is 
equal for different turns and therefore this term can be 
ignored. The phase advance of the second term cos vz(J 

in Eq. (10) depends on turn number. The same analysis 
as given in section 2 for the horizontal motion applies for 
the vertical motion. Thus, if the maximum allowed emit
tance growth factor is fm = (fe/f) max then the allowable 
vertical beam shift is 

1 

fl.z = rOBr,k < (fj _ 1) (Afn)' 
B(v; - 1.:2) 7rVz 

The effect of the perturbation rapidly drops with increas
ing k. For TR30 only the cases k = 0 (an average ra
dial field component) and k = 1 (a first harmonic radial 
field component) are important. Allowing 50% emittance 
growth the average radial field value at extraction (where 
the effect is most pronounced) should be less than 5 gauss 
and the first harmonic less than 12 gauss. 
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