
Computer Codes for Cyclotron Orbit Calculations 

T. A. Welton 

I should say that our philosophy on accelerator calculation has been pretty well 
prejudiced by certain circumstances which are probably quite different from those 
of most of you. 

As you know, we have for some time been hoping to build a large cyclotron at 
Oak Ridge, where by large I mean a relativistic cyclotron, over 800 Mev. We don't 
have support for it, and at present Oak Ridge's resources are almost completely 
committed to building a 75-Mev proton cyclotron. However, because of the start 
that we have made in the direction of large cyclotrons, our methods depend to a rela­
tively small extent on analytical procedures. 

Our philosophy is in some ways similar to the MURA philosophy described by 
Dr. Symon. We use analytic formulas for orientation, to make sure that we don't get 
very far off, for understanding results from computer runs, and so on. In the type 
of situation which we encounter in the large cyclotron, the analytical formulas, if 
they are simple enough to be easily used, are likely to be rather grossly in error. 
We have not ourselves derived formulas which give good answers. We have the fe e l­
ing that if these formulas were sufficiently complicated to give good results, they 
would be rather too complex to use easily. Also we have a computer available, 
which makes a difference. We have, therefore, relied to a very large extent on the 
development of computer codes, rather more specialized than the MURA design; for 

the calculation of cyclotron orbit prop­
li)o = unit of frequency	 erties. First, we used the Oracle 

which unfortunately is a custom-built 
b = unit of magnetic field	 machine and, therefore, unavailable 

except at ORNL. More recently, we 
a = unit of length	 have started to use the IBM 704, so 

that our results can be used by anybody 
who has access to a 704. 

e Figure 31 just sets up the general. 
notation which we use. I think the units 

C 
are very similar to those Dr. Parzena=- =:--­

li)O eb	 mentioned. If one takes wo ' which is 
the r-f frequency, as the unit of fre­

b = central field in units of 104 gauss.	 quency or the reciprocal unit of time, 
b, as the unit of magnetic field, a, as 
the unit of length, then b is that mag­

1/70 = 217/li)O =: 15.246b me/sec netic field which would give orbital 
frequency W for the type of particle

a = C/li)o = 123.21b inches = 313/b em.	 o 
under consideration. The length a is 
simply the reciprocal wave number, for 

r/a ~r	 the r-f field. If one takes b to be the
 
central field in units of 10 gauss, then
 
the given numerical relations hold for
 
protons. Dimensional quantities will
 

B/b ~B not be used from this point on; ria be­
Fig. 31. comes r, lalat becomes t. Bib becomes B. 

48
 

Proceedings of Sector-Focused Cyclotrons, Sea Island, Georgia, USA, 1959

CYC59A11



The value of B for r =0 will beB(r,8) = B (r,8,0)z	 unity. 

B = 'V t/J ; 'V 2t/J :: 0 Figure 32 shows the representation 
of the magnetic field used. which is 
general in principle. Actually we have 

(_l)n specialized rather severely for most of 

- I, (LnB )Z2n+l the calculations performed. The mediant/J plane magnetic field is B(r.e) and B atn (2n + 1)1 
any point can be written as the gradient 
of the magnetic potential. which has

2	 2a 1 a 1 a zero Laplacian. This magnetic poten­

L=-+- - + tial can be written as a simple series 

r ar 2 expansion in odd powers of z , ar 2	 r a82 

L is the two -dimensional Laplace 
~ operator. Actually, we have specializedt/J Z B(r,8) 

in almost all calculations by taking the= Fig. 32. 
first term only which corresponds to 
just the usual rule of writing	 B r and 
Be in terms of derivatives of the median 
plane field. We have never found a 
place where this introduces a serious 
error, but I expect that some day we 

,, I	 will.t --s 
fJ
 

fJ I rrr:
p---_. E=----vP-+l Figure 33 contains some more 
~' jI:fii definitions. The quantity s' is the de­, rivative of arc length with respect to e.'I - (1)2 - P~ - p~) 1/2 - 1>., 

s (which is used as the independent vari ­
Fig.33.	 able). and t' is the derivative of orbit 

time with respect to e, Pr is the radial 
momentum. It is just the total momen­

tum in units of m c. and the z-component of momentum is similarly defined. The 
momentum, P. is related to ~ as shown. and E is the total relativistic energy. Finally 
the quantity Q comes in. with definition given. 

Figure 34 gives the equations of motion; a prime means did e. and the equations 
are general. Approximations enter in representing the three field components. At 
this point there is no acceleration in the equations. That is introduced in a trivial 
way. 

Figure 35 gives the actual approximations used. which amount to neglecting 
terms quadratic in z , of which there are a great many, and the equation is then 
specialized as indicated. The field components simplify, and the radial equations of 
motion become a little simpler. 

We have devised a long series of codes at Oak Ridge for handling the basic cyclo­
tron design problem, which is that of finding the equilibrium orbit properties and the 
near equilibrium orbit properties in an experimental magnetic field. All of these 
codes have a great deal in common as they have evolved in a steady progression. The 
process for finding the equilibrium orbit is shown in Figure 36. R a.nd P are the 

r
 
radius and radial momentum at e = 0 an arbitrary azimuth), and they satisfy the
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q Z 

r
 
t' E­


q p' = Q rB 
r 

Fig. 34. 

r 
r' =­definition in the first two lines, namely, p, 

that Rand P must repeat in one sec­r Q 
tor. Actually, if one starts with an ar­

bitrary rand e .. 0, different values Fig. 35.
 
will be obtained at the end of the sec­

tor.
 

Let's suppose that the desired R is equal to the assumed r plus a correction, x, 
and similarly for the radial momentum. Then, what is desired is that after passage 
through one sector r + x should be equal to the initial r + x and similarly for the 
radial momentum. 

We approximate x and p r at the end of one sector by an expression linear in the 
x and Pr at the beginning of the sector, as shown in Figure 37. This is an approxi­
mation only, but one which becomes perfect as x and Pr become small, which means 
that as we approach the equilibrium orbit in a series of tries, the approximation be­
comes more accurate. Under these conditions the matching equation between the 
beginning and the end of the sector becomes just the pair of linear equations, appear­
ing at the bottom, which tell us what the x(O) and Px(O) should be, on all of these as­
sumptions, in order to find the correct equilibrium orbit. In other words, we run an 
orbit with some rand Pr initially. Then if we know the indicated derivatives, we can 
immediately find what x(O) and p (0) would have to be added to these assumed r (0)

x 
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R(2TT/N) = R(O) 

P ,(2TT/N) = P ,(0) 

r(O) ~ r (2TT/N) 

p,(0) ~ P,.(2TT/N) 

R (0) = r(O) + x(O) 

P,.(0) = P,.(0) + Px(O) 

r(O) + x(O) = r(2TT/N) + x(2TT/n) 

P,.(0) + Px (0) = P,.(2TT/N) + Px(2TT/N) 

Fig. 36. 

ik(2,,/N) iJx(2rr/N)

x(2rr/N) = ,,(0) I P (0)
 

ik(O) apx(O) x
 

apx (2,,/N) apx (2rr/N) 
p (2rr/N) = x(O) + P (0) 
x a,,(o) apx(O) x 

aX(2rr/N)] ik(2rr/N) 
--- - 1 ,,(0) + P (0) '" r(O) - r(2,,/N)[ ax (0) apx(O) x 

apx (2,,/N) ap x(2,,/N) 

a,,(o) ,,(0) + apx(O) IIx(O) '" Pr(O) - Pr(2rr/N) 

Fig. 37. 

P, iJ 
p'- -- p -- (r8) x 
" Q" iJ, 

x 2(0) =0 

P"2(0) E 8p" 

j,) dx(2rr/N)
(2xl" N = ax(O) ax 

dpx(2rr/N)
 
p"1(2,,/N) • iJ,,(O) ax
 

Fig. 38. 
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and p r (0 lto get the true equilibrium 
orbit. The method used here is just 
exactly Newton's method for a two­
dimensional problem; the simultaneous 
equations are solved easily. 

The problem is to find the deriva­
tives which are required to tell how 
the final rand p move about as the 
initial rand P, are changed by arbi­
trary amounts. We formerly did this 
by making definite movements in the 
two directions, finding how the final 
point would move and then taking the 
differences. This is a little clumsy 
because of the fact that if the displace­
ment is large nonlinear effects corne 
in, while if the displacement is small, 
round-off trouble comes in, and some 
loss of significance is inevitable. 

Figure 38 shows the procedure 
presently used in the 704 code. The 
equations for the small quantities 
Px and x linearized and solved exactly, 
that is, to the same approximation to 
which all our differential equations 
are integrated. We introduce two sets 
of quantities, an xl and Px' which al ­
ways start out with an x displacement 
only, and x 2 and Px which start out 
with a Px displacement only. From 
the values at the end of the sector the 
required derivatives can immediately 
be read off without any loss of signifi ­
cance. All the numbers gotten are ac­
curate to the total number of figures 
that are carried in the register of the 
machine. 

Figures 39 and 40 show the steps 
in the process. First, a guess must 
be made for rand p r' There is a 
definite method for making the guess 
which I cannot describe for lack of 
time. The code is set up to integrate 
simultaneously rlPr with these condi­
t , 1 d 2 rons , xl' Px ,x2 ' an Px . 

The virtue of solving simulta­
neously all these equations, which re­
quire a common set of field values, 
derivatives, etc" is that once the 
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I. Gu... (r, p) for oquilibril.. orbit. 
machine goes to the trouble of getting 

2. Integrate r, Pr4 % l' Px i' "2' 1'%2equations throurjl one sector. the field values it should use'them as 
3. Ob1uined improved (r, p,l ond check e - Ir(2n/N) - r(011 + Ipr(2n/ N) - p,IOII. 

many times as it can before it drops 
4. If € is too large, repeal_ If e is lmall enough, integrate r, P" "I' P , "7

x l them to get something else. Thi s is 
1'''2' %1 1 P~I' %2' fI"2' t equations through one sector. 

a simple matter of efficiency. Then 
S. Calculate and print: 

from these results, improved R,p
"I, 11,1 II.. , <r>, reO), 1',,(0), .tc. 

values are calculated by solving the 
Fig. 39. linear equation. The discrepancy be­

tween the beginning and the end of the 
sector is then checked, as shown. If E is too large, the process is then repeated. If 
it is small enough, the integration scheme is changed, and the equations for R, P r' 

xl' p/. x 2' Px 2, zl' pzl, z2' pz2 are integrated through one sector, again because of 
economy. Finally the indicated quantities are calculated and printed out. We have a 
very flexible printout with a variety of quantities available. Eventually everything that 
one might want to know about the equilibrium orbits and small axial and radial devia­
tions can be printed out. We find that on the 704 for one energy value we can calculate 
all of these properties and get very good accuracy in a matter of about six seconds. 
On the 704 with a realistic charge, this means a cost of about 50 cents per energy 
value. Unfortunately, everybody does not have a 704. All quantities are given to at 
least four significant figures. and for some quantities much more. This is hard to 
beat by analytical procedures. 

I would like to make it clear that this work was done by a number of people. In 
particular I would like to give credit for the detailed planning of the 704 code to Dr. 
Gordon, of the University of Florida, who spent some 15 months with us rather re­
cently. A number of his ideas are incorporated in the code which I have just de­
scribed, and they are largely responsible for its fine performance. 

POWELL: I am interested in knowing how small that epsilon is to do it in six 
seconds. 

WELTON: The epsilon is so set that the equilibrium orbit conditions are matched 

all the way across the machine register, or in other words, approximately 10 significant 

A' 
C"LeULATE RADIUS 8AND FOR 

WHICH FIELDS ARE NEEDED. 

COPY aANOS OF FIELDS AND 

DERIVATIVEs. INTO CORE 

0' 
AUXILIARY SU8ROUTINE
 

TO EVALUATE FUNCTIONS
 

USED IN R-I(
 

104 O~8IT CODE 

Fig. 40. 
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figure s , This is the beauty of Newton's method. If you are not familiar with nume r ­
ical methods the name may not mean anything; but if you have ever used it, you 
realize that the convergence is magical. Essentially what happens is that if on the 
first try, you can get two significant figures, the next one will give you four, the 
next one eight, and the next one sixteen. It happens that Dr. Gordon was able to get 
a guessing scheme for the equilibrium orbit so that the first time it gives him about 
four or five figures and the next time through it gives him everything. Figure 41 
shows the accuracy obtained in successive stages. 

SMITH: I would like to offer a testimonial on Welton's sales talk [laughter]. 
think this Oak Ridge system works so beautifully that it is clearly the thing to use if 
you have a 704 available. We certainly will use the Oak Ridge code to get these 
various quantities and relegate our approximation formulas to the role of trying to 
figure out what to change in case something turns out in a way we don't like. So I 
heartily endorse it. 

WELTON: I will make a further advertisement. There is a detailed writeup of 
the philosophy involved he re which Dr. Gordon has recently finished, and it will be 
issued in the next few weeks as Oak Ridge report 2765. 

One other point is that a code which Dr. Smith described in some detail, for 
running general orbits, making phase plots, etc., in the cyclotron, which we now have 
available for the Oracle, is shortly going to be transcribed with at first a few minor 
improvements for the 704. This will be available later. 

LIVINGOOD: May I ask a simple-minded question? Are all of these calculations 
done on the basis of using any field you know you can obtain? 

WELTON: A long time ago we were committed to the philosophy that it would be 
a good idea to have a code with which one simply took experimental values and put 
them directly into the machine without processing. This family of codes, therefore, 
always requires experimental information or analytical information in the form of 
stored numerical values in a polar mesh in the median plane. A considerable part 
of the speed of the code arises from this field representation. 

We have recently found that this philosophy has a weak point. If the magnetic 
field measurements are not very accurate, phase plots may look bad and it will be 
necessary to smooth the fields in some way. If the measurements are very good, 
much time can be saved. 

TENG: How do you explain the 
.(0) .(~) P.(O) P.(~) discrepancy between the two computer 

code results? 
(0.2400000O ~ 0.25172663 0.OOOOOOOO ~ 0.00361747 

f3 e , 24 0.24720228 -------<> 0.24708448 -0.00002974 ~ -0.00000626 
{ SMITH: As I said, we have not 

~ 0.24715142 ~ 0.24715141 -0.00000012 ~ -0.00000012 had enough time to check. The 111­
0.26774736 ~ .0.26780753 -0.00000013 ~ +0.00001696 Tempered Five requires first analysis 

f3 ••26
{ of the experimental data and getting(0.26778323 ~ 0.26778323 -0.00000013 ~ -0.00000o13 

the amplitudes for the harmonic 
0.28842057 -------<> 0.2ll840913 analyses.f3- .28 { 0.28841384 ~ 0.28841383 

WELTON; It is extremely con­
Fig. 41. fusing because the harmonic analysis 
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is the same as Smith used in calculating his analytical results. 

SMITH: For judging the approximation formulas it might be better to compare 
the IT-V with the approximate ones. There are complications. As I mentioned, I 
am not sure that we have unearthed all possible magnetic field measurement errors 
and these would come out differently perhaps in their effect. Also the integration 
system, and so on, have not been checked as they should. But I don It know if we 
could do much about that, because the agreement among all three is certainly mag­
nificent as far as any practical outcome is concerned. 
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