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Abstract

Recently, RF voltage modulation has been successfully
applied to suppress coupled bunch instabilities at Taiwan
Light Source (TLS) a high current electron storage rings.
Theoretical treatment of these systems need to be extended
to non-zero synchronous phase angle. We study the ef-
fects of non-zero synchronous phase angle on the strengths
of parametric resonances both in perturbation method and
non-perturbatively. Experimental data obtained by using
the Streak Camera will be compared with theoretical anal-
ysis. Systematic analysis of beam characteristics under rf
voltage modulation will be presented.

1 INTRODUCTION

In the past few years, experimental measurements em-
ploying rf phase and voltage modulations have been carried
out in many accelerator laboratories [1, 2, 3]. These works
study the beam transfer function, resonance island bifurca-
tion structure, hysteretic phenomena, etc. However, sys-
tematic experimental measurements of beam properties are
limited, and theoretical description of these phenomena has
remained within the framework of zero synchronous phase
angle �� � � [4, 5]. However, the synchronous phase angle
is non-zero in electron storage rings because of synchrotron
radiation energy loss. The effect of non-zero synchronous
phase angle has not been studied.

This paper reports physics and beam characteristics of
applying rf voltage modulation with non-zero synchronous
phase at the Taiwan Light Source (TLS), and systemati-
cally studies the resonance island bifurcation with rf volt-
age modulations. Section II reports the longitudinal beam
dynamics with rf voltage modulation at a non-zero syn-
chronous phase. The bifurcation of resonance islands will
be systematically analyzed around the second synchrotron
sideband. Section III shows the results of simulation of
particle tracking at different synchronous phase and the
numerical solution of Eq. (6). Section IV reports mea-
surements of parametric resonances using streak camera
for single bunch. Effects of beam characteristics will be
systematic studied. Data obtained from experimental mea-
surements are compared with theoretical description. Con-
clusion is reported in Sec. V.
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2 LONGITUDINAL BEAM DYNAMICS
WITH RF VOLTAGE MODULATION

The synchrotron equations of motion, in the presence of
rf voltage modulation, are given by
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are conjugate phase space

coordinates, the revolution angle � � �� serves as the
independent variable, � is the harmonic number, � is the
phase slip factor, �� �

�
����
�����
�����	 is the syn-

chrotron tune at zero synchronous phase angle, � � and
�� are the momentum and energy of a synchronous par-
ticle, �� � � � �� is the momentum deviation, ��� is
the rf voltage, � is the rf voltage modulation amplitude,
�� � ����� is the modulation tune, �� is the modulation
frequency, �� � ���
� is the revolution frequency of a
synchronous particle. We expand the radiation energy-loss
	 per-revolution in Taylor series of �� � � � ��: 	 �
	������ � � � � where 	� � ��
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m/(GeV)	, and � � �	�����
��
. The synchronous

phase angle �� is determined by the energy loss per rev-
olution, i.e.
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where 	�� is the energy loss in insertion devices such as
wigglers and undulators, and � ��� is the loss factor [6].
Since acceleration cavities are discrete, the synchrotron
motion can be better described by the mapping equation:
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where the radiation damping factor is � � ����
, and
we assume � � � hereafter. At the operation condition of
the SRRC storage ring at 1.5 GeV, the damping factor is
much smaller than the synchrotron frequency, i.e. � � 
��
s�� and �� � ��� � ������. When the quantum fluctua-
tion due to synchrotron radiation, rf noises, and other intra-
beam Coulomb scattering processes is included, the equi-
librium distribution that obeys the Fokker-Planck equation
is a function of the Hamiltonian [7]:
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The Hamiltonian can be separated into two parts:
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where �� is the unperturbed Hamiltonian and �� is a si-
nusoidal time dependent perturbation. The unperturbed
Hamiltonian�� has a stable fixed point (SFP) at ���� � ��
and Æ��� � �, and an unstable fixed point (UFP) at ���� �
� � �� and Æ��� � �. The sinusoidal time dependent per-
turbation may produce parametric resonance islands near
the center of the bucket and cause large perturbation to the
Hamiltonian motion. We will analyze the synchrotron mo-
tion when �� � 
�� in the next Section.

2.1 Effective Hamiltonian near the second syn-
chrotron sideband

We expand the unperturbed Hamiltonian in Taylor series
around the SFP, and transform the conjugate phase-space
coordinates �� � � � ��� Æ	 into action-angle coordinates
� ��� � 	 with

Æ �
�
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The unperturbed Hamiltonian becomes
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With the generating function:
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the new Hamiltonian near �� � 
�� can be approximated
by �� � 	 ���
� ���, where
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where � ��� � 	 are conjugate variables and 	 ���
 is the aver-
age of ��� over � .

2.2 Resonance rotating frame and parametric
resonances

Transform the Hamiltonian into resonance rotating
frame with the generating function
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the new Hamiltonian becomes
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where ���  	 are conjugate phase-space coordinates, and
the resonance proximity parameter �, nonlinear detuning
parameter �, and the resonance strength " are given by
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The stable fixed points (SFP) of the Hamiltonian (18) are
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if �� # �����, and ���� � �, if �� � ����� and �� �
�����, where
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The unstable fixed points (UFP) are given by

���� �
�

���� �  ���� ��	
�
���� �������	� � �
�� �


���� �������	��� � ���� ��		 (25)

if �� # �����, and ���� � � if ����� � �� � �����. These
resonances correspond to the nonlinear Mathieu instability.

3 PARTICLE TRACKING

A particle tracking program was written by using the
mapping function in Eq. (4) and (5). The parameters of
storage ring at SRRC were used for simulation. The TLS
at SRRC is a 1.5 GeV third generation light source. The
rf cavity was operating at 499.6540 MHz at the harmonic
number � � 
��. The revolution frequency was 2.4983
MHz. The total rf voltage was 800 kV with two rf cavi-
ties each cavity operated in 400 kV. The momentum com-
paction factor of the TBA lattice was �� � ���� � ���	.
The damping rate was 200 ���. The synchronous phase an-
gle of 169 degree was used for simulation. The initial parti-
cles were uniformly distributed 100 � 100 in a rectangular
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box of dimension � � ���� ��� Æ � ������� �����. The
modulation frequency put into simulation was from 50.5
kHz to 52.5 kHz with 0.1 kHz as a step. The simulation
results of �
�� versus modulation frequency was shown in
Fig. 1.

4 RF VOLTAGE MODULATION
EXPERIMENTS WITH A SINGLE

BUNCH

The experiments of rf voltage modulation was carried
out in single bunch mode with beam current about 2 mA.
A sinusoidal wave from HP 33120A function generator was
split into two and applied to the rf voltage feedback loops
of the low level rf system.

In this single bunch rf voltage modulation, the modu-
lation frequency around the second harmonics of the syn-
chrotron frequency was increased step by step from below.
The ratio of modulation amplitude in each cavity were set
at 0.083. However, the effective modulation amplitude may
differ from the set value due to relative phase between these
two modulation terms. Our data analysis indicated that the
effective modulation amplitude was about � � ���
�. The
beam response of the sinusoidal rf voltage modulation was
recorded by the streak camera [8].

Since the buckets are separated by $��� � 
�������� ps,
the maximum phase amplitude of the stable fixed point is
given by �� � 
� ���$���, where �� is the amplitude of the
beamlet oscillation in ps. The action of the fixed point is
then given by Eq. (10), i.e.

���� �
�
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The frequency response (����) of rf voltage modulation of
single bunch is shown in Fig. 1 for an effective modula-
tion amplitude of � � ���
�. The frequency of sinusoidal
rf voltage modulation was increased from below. As the
modulation frequency reached a certain value below the
second harmonic of the rf frequency, the beam would split
into three beamlets [1]. The center beamlets vanished at
modulation frequency of ����� � ������� of 51.0. As the
modulation frequency is increased beyond �����, the beam
was observed to split into two beamlets in each bucket as
predicted by the Mathieu instability discussed in Sec. 2.2.
When the modulation frequency was higher than 51.65, the
Mathieu instability disappeared and the beam becomes a
single bunch in the bucket.

It was also found the beam would split into two beam-
lets first when modulation frequency was swept from above
reaching the bifurcation point ����� of Mathieu instability.
As the frequency was tuned to below the 51.0. the am-
plitude of these two beamlets continued to increase until
the outer islands became too small. This hysteretic phe-
nomenon has been observed in many earlier experiments
[1, 4].

5 CONCLUSION

We developed a theoretical description of rf voltage
modulation on synchrotron motion with a non-zero syn-

chronous phase angle. The resonance bifurcation of the
rf bucket has been systematically studied. Near the sec-
ond synchrotron sideband, the bifurcation is equivalent to
the nonlinear Mathieu instability. We also found that the
non-zero synchronous phase angle can also drive odd-order
modes. The difference of the results of puertubative solu-
tion and the simulation results shown in Fig. 1 is due to
the higher order detuning effects(see Eq. (15)). Our anal-
ysis can be easily applied to higher order parametric reso-
nances.
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Figure 1: The action of the stable and unstable fixed points
of single bunch beam under rf voltage modulation with syn-
chrotron frequencies 25.66 kHz. The effective modulation
amplitude was about � � ���
� and the synchronous phase
angle was about �� � �����Æ. The star data is result of par-
ticle tracking. The solid (SFP) and dashed (UFP) lines are
obtained from perturbation theory shown in Eqs. (22) and
(25). The circle data is from single bunch measurement.
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