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Abstract

In this article a calculation of the trapped flux surface
resistance is presented. The two main mechanisms consid-
ered in such approach are the oscillation of the magnetic
flux trapped in the superconductor due to the Lorentz force,
and the static resistance associated to the normal conduct-
ing vortex core. The model derived shows a good descrip-
tion of the available experimental data, highlighting that
the radio frequency vortex dissipation is mostly due to the
static part of the surface resistance. We show that the sur-
face resistance for 100% trapped flux normalized to the
trapped field (expressed in nQ2/mG) can be approximated to
Rpx /B ~ 18.3(nQvs nm/mG) - (I £/ (50.1(nm) + 1))

with / the mean free path in nm and f the frequency in GHz.

INTRODUCTION

When the superconductive transition is performed in
presence of external magnetic field, magnetic flux can be
trapped in superconducting materials as energetically sta-
ble fluxoids in the mixed state of II type superconductors,
or as vortexes pinned at defects in the Meissner state of [
and II type superconductors. In some circumstances, mag-
netic flux lines can penetrate in the Meissner state without
needing of pinning sites to exist in the so called intermedi-
ate state, as consequence of the demagnetization effect.

All such magnetic flux structures can introduce dissipa-
tion in both dc and radio frequency (RF) domains.

Controlling the pinning force of the superconducting ma-
terial, it is possible to minimize the vortex dc dissipation,
enabling superconductors to transport very high currents,
without any dissipation, up to the depinning current.

On the other hand, in RF applications the vortexes dis-
sipation is less controllable, and superconducting radio fre-
quency (SRF) devices often operates in presence of such ex-
tra dissipation. The trapped flux problem is indeed critical
for superconducting accelerating cavities, especially when
high quality factors are needed for applications in continu-
ous wave (CW) accelerators.

With the discovery of the nitrogen doping treatment [1]
of SRF niobium cavities, it becames extremely important to
deeply understand the origin of such extra dissipation. The
nitrogen doping process modifies the niobium mean free
path and energy gap [2, 3], introducing a beneficial effect
on the quality factor Qy, but at the same time it affects neg-
atively the magnetic flux dissipation [4-6].
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In this work a model to describe the dissipation intro-
duced by such flux structures in superconductors operating
in RF field as a function of the mean free path is presented.
The calculation will consider the following assumptions:

1. The vortex description is local
2. No interaction between vortexes are considered
3. T << T,, no temperature dependencies are introduced

4. The single vortex resistance is defined as constituted
by two contributions:

(a) Static, due to the RF dissipation of the normal-
conducting core

(b) Dynamic, due to the Lorentz force acting on the
flux

- The pinning potential is approximated as
parabolic

- Only a single pinning point per vortex is con-
sidered

- Every vortex experiences the same pinning
potential

5. The applied magnetic field is 100% trapped during the
superconductive transition.

In the non-local description, a vortex is described as a
modulation of the order parameter of the superconductor
tending to zero at the center of the vortex, and approaching
to its finite value far from it [7].

Difterently, in the local description introduced by C. Car-
oli et al. [8], the vortex is described as a normal conducting
core with dimension of the order of the coherence length &.
The superconducting currents that spin around it screening
the magnetic flux confined inside.

In the model here presented, the dimension of the single
vortex is described as in the work of J. Bardeen and M.J.
Stephen [9]. The radius a = #/(2P.) of the normal con-
ducting core is defined as the distance from the center of
the vortex at which the superelectrons’ momentum assumes
critical value P, and the superconducting energy gap A,
otherwise constant at infinite, goes to zero.

In the clean limit where the electrons mean free path /
is higher than the coherence length &y (I > &), the super-
electrons’ momentum critical value and the correspondent
vortex radius are [9]
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In the limit / << & instead [9]

f 342 |7
P. = — rt = — 2
c 4nlé, Adrt 3150 2)

From this description then, the dimension of the vortex’s
normal conducting core is strictly dependent on the elec-
trons mean free path /, and accordingly to the two definition
EQ. 1 and EQ. 2 will increase with Vi in the dirty limit, and
will be constant in the clean limit.

DYNAMIC RESISTANCE

When magnetic flux is trapped at the RF surface, it expe-
riences a force due to the interaction with the Eddy currents
induced by the oscillating RF field [10—12]. The RF current
density j(t) = jcos(wt) exercises a force on the magnetic
flux quantum ¢g in the vortex, accordingly to the Lorentz
force. The magnetic force acting on a single vortex per unit
of length f is:

fL = |j X ¢Oﬁn|

. . (3)
= jéosin(0)cos(wt)

Where j is the RF current, 6 the angle between j and ¢,
and w the RF angular frequency.

We can write the motion equation of a single vortex sub-
jected to the Lorentz force as follows:

Mi=fr+fo+fp+fm “)

with M being the inertial mass of the vortex per unit of
length as defined by J. Bardeen and M.J. Stephen [9]:

H
M = 2xnma* (H—c;) sinfa ; ¢o = IuOHfﬂaz
Zﬂzuonma4HL-2 .
= ¢—sm @

0

where Hy is the magnetic flux in the vortex and « the Hall
angle with respect the normal to j defined by
edoT

tana = > (6)
mma

(%)

Table 1: Parameters values used in the simulations for nio-
bium.

Parameter Value Reference
&o 39-10°m

AL 23-10% m

He» 2400 Oe [17]

vr 1.37-10° m/s [16]

n 5.56-10% m™3 [16]

f 1.3-10° Hz
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Figure 1: a) Lorentzian pinning potential and its parabolic
approximation, b) sketch of the oscillating vortex pinned at
the RF surface.

e and m are the charge and mass of the electron respectively,
and 7 = [/vy the electron relaxation time, where v is the
Fermi velocity.

The other forces acting on the vortex are f, the pinning
force, f, the viscous drag force and f,, the Magnus force.
The viscous drag force is defined as f; = —nx where 7 is
the vortex’s motion viscosity per unit of length [ 13], defined
as:

_ 30, ¢é
T2 2l

where o, is the normal conducting resistivity (o, =
ne*t/m).

The description of the pinning force f, is instead strictly
related to the pinning potential U, experienced by the vor-
tex. The ideal pinning potential is function of the effective
coherence length & and it is ideally described by an inverse
Lorentzian function [14]. For vortex oscillations near the
minimum of the potential the parabolic approximation can
be used:

(N

U() U0x2

—__ Y -

U, = - ~ U
P Tyt

with Uy the potential depth and & = (1/& + 1/1)™'. An
example of such potential and its parabolic approximation
are plotted in Fig. 1.

Knowing the pinning potential in EQ. 8, the pinning force
normalized to the effective penetration depth A is:

®)

2on

= - = —pPX ’
fp /152 p p

2y
=

€))

where 4 = Ap+/1 + (&o/l), and A, is the London penetra-
tion depth.

The Magnus force is defined as:

fm = Cnelv X ¢oii| (10)
with n the electron density, and C the fraction of the Magnus
force that is active. Usually the faction of active Magnus
force is way littler than one, and can be neglected. Only for
extremely pure superconductors this plays an importantrole
[9,12,15]. The Magnus force will be therefore neglected in
this calculation.
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Substituting EQs. 3, 9, the viscous drag force with n
equal to EQ. 7 in EQ. 4, and dividing by M, we get the
motion equation of a single vortex:

(1)

¥+ ax + Brx = yeos(wrt)

which corresponds to a driven-dumped oscillator second or-
der differential equation, with & = n/M, > = p/M and

Y = Jjosin(6)/ M.
The solution of such differential equation is:

x(t) = xpcos(wt — @) (12)

where the phase lag ¢ and the amplitude x( are defined as:
nw
p— Muw?
Jjoosind
[(p - Mw?)? + (nw)?

tang =

(13)

Xo = ]1/2

The instantaneous dissipated power by the oscillator
driven by the Lorentz force fr is defined as:

P(t) = fL(t)Re{x(1)}

. . .. (14)
= joosinfcos(wt)Re{% (1)}

So, the average dissipated power during one complete RF
cycle is:

1 7
(P(n)) = —f P(t)dt 15)
T Jo
where T corresponds to the RF period equal to 27/ w.
Solving the integral and substituting the oscillation am-
plitude xo defined in EQs. 13 we get:

wq% sin*6

(P(1)) = 216

1 .
P J
2[(p - M) + (]
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Figure 2: Resistance per mG of trapped magnetic field as a
function of the mean free path: a) only static resistance, b)
only dynamic resistance for different pinning potentials Up.
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The RF currents that flow at the superconducting surface
will exponentially decay with constant A inside the super-
conductor. We can therefore approximate that such currents
will interact with the magnetic flux when passing through
the surface of area S; = 2a (as sketched in Fig. 1b). We
can write:

1 wqﬁ%sinze 12 )
<P(t)>:§ 2)2 21172 52 AR
[( = Mw?)® + w)?] 5
1 single 2
= Erdyn -

s0, the resistance per unit of length associated to a single
vortex oscillating in the RF field is:

2 102
single _ w¢0s1n 0

dom (21a)? [(p - Ma)z)2 + (nw)?

As defined in EQ. 1 and EQ. 2, a will correspond to the
vortex radius in the clean limit or in the dirty limit depend-
ing on the mean free path /.

Considering now the specific case of SRF cavities, the RF
currents j flow following the walls shape, encountering the
magnetic flux contained in the vortexes with a random angle
that spaces between —m/2 and n/2. We can then replace
sin%@ in EQ. 17 with its average 1/2.

Multiplying EQ. 17 by the effective penetration depth we
can then define the dynamic resistance for single vortex as
follows:

A7)

]1/2

single w¢(2)
= (18)
@ 81a? [(p - Mw?)* + (nw)2] i
STATIC RESISTANCE

Since we are describing the vortex with the local model,
besides the dissipation due to the oscillation of the vortex,
we should consider also the dissipation due to its normal-
conducting core. The dissipation will be then simply de-
fined with the normal-conducting description of the surface
resistance in presence of RF fields.

In the normal conductive case the oscillating electric
field will be dumped inside the material within a length de-
fined by the skin depth 6 = /2/(uowo,). The normal-
conducting resistance then will be:

Rsingle _ [How
st 20’n

In the case of the anomalous skin effect (6 < [) this relation
becomes:

19)

) 13
[
@ _) L (20)

single _ 4
Ryt "9 (\/527r On

For niobium, the anomalous skin effect is reached when
[ =z 500 nm. Since for SRF cavities the usual mean free
path ranges from about 1 nm to about 400 nm, in the present
vortex resistance description we will limit our calculation to
the normal skin effect only.
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Figure 3: Experimental resistance per unit of trapped field
data acquired for 1.3 GHz SRF cavities [4]. The three lines
correspond to the simulations: solid line for pure static dis-
sipation, dashed-dotted and dotted lines for total flux resis-
tance calculated with two different pinning potentials.

TRAPPED FLUX SURFACE RESISTANCE

Till now we have derived the static and dynamic resis-
tances associated to a single vortex. In case of a finite num-
ber of vortexes, we should multiply the resistance of a single
vortex by a weight defined by the fraction of the total area
occupied by vortexes.

For simplicity we should consider the case of 100% of
magnetic flux trapped during the superconductive transition.
In this scenario, if we apply a finite magnitude of magnetic
field (H) to the superconductor during the transition, it will
be subdivided in N vortexes, each one carrying magnetic
flux ¢q through an area wa? (with a = acin,aqrs).

Defining A as the normal conductive area that experi-
ences the magnetic field right before the transition, the total
magnetic flux that passes through that area will be:

ApoH = N¢o 1)

and the fraction of the total area occupied by N vortexes
Nna?/A.

Multiplying this weight factor by the resistance of a sin-
gle vortex, defined in EQs. 18 and 19, we obtain the resis-
tance associated to N trapped vortexes in condition of pure
static or pure dynamic dissipation:

ﬂazﬂo

_ single
Rst,dyn T —

st,dyn (22)

In Fig. 2 the static and dynamic resistance components
per mG of trapped field for many vortexes (EQ. 22) are plot-
ted against the mean free path.

Table 1 reports all the parameters used in the simulations
and respective references for niobium.

Figure 2a shows that the static resistance has an impor-
tant dependence on the mean free path. In the dirty limit
the vortex radius increases with the square root of [ (EQ. 2),
while the static single vortex resistance is proportional to
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1/VI (EQ. 19). In the dirty limit then the static surface re-
sistance will increase with the square root of the mean free
path.

In the clean limit instead, the vortex radius does not de-
pend on the mean free path (EQ. 1) and the static resistance
will follow the the normal electron conductivity o, depen-
dence on the mean free path, o, o 1/ Vi,

The best estimation of the static vortexes resistance has
then to be considered equal to the parallel sum of the contri-
bution in the clean and dirty limits (calculated using EQs. 1
and 2) represented by the solid line in Fig. 2a. The presence
of these two limits, clean and dirty respectively, introduces
two opposite dependencies on the mean free path implying
the presence of a maximum in the convolution around 60
nm.

The dynamic part of the vortex resistance (Fig. 2b) has a
different trend with the mean free path. The resistance val-
ues are lower than 0.1 nQ/mG in the dirty limit (/ < 20nm),
so the dynamic contribution for low mean free path values is
negligible. We can therefore approximate the vortex radius
to EQ. 1 in the whole mean free paths range of interest.

For such contribution the main dependence on the mean
free path is introduced by the pinning constant p o
1/ (/l.fz). In the dirty limit the coherence length is small
(¢ =~ I), while the penetration depth higher than the Lon-
don penetration depth Ay,. The pinning constant is high for
enough large Uy, so the vortex is well pinned and the dy-
namic dissipation negligible.

In the clean limit instead A is very small, while the domi-
nant term & increases tending to &y. So, the pinning constant
p becomes little as the material becomes cleaner, and as p
decreases, the denominator of EQ. 18 decreases, implying
an increment of the single vortex resistance. Such depen-
dence is masked by the pinning potential depth though. If
Uy is big enough, and the frequency moderate, even for large
mean free paths the dynamic resistance is negligible.

1
0 20 40 60 80

100 120 140 160 180 200
J [GHz]

Figure 4: Resistance per mG of trapped field for different
pinning potentials as a function of the frequency, for the
dirty a) and clean b) limits respectively.
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While the static resistance is always active even in dirty
limit, the dynamic resistance is instead more appreciable in
the clean limit when the pinning potential is swallow (Up
small) as shown in Fig. 2b. The smaller U g the less bound
is the vortex, and the bigger is the dynamic resistance asso-
ciated to its motion.

The total flux surface resistance can be then defined as
the superposition of the the resistance associated to the dy-

_ pcln
= Rdyn +

R 1 1\
flux Rcln + Rdrt
st st

MOPB020

namic vortexes dissipation calculated in the clean limit, and
the parallel sum of the static dissipation calculated in clean
and dirty limits.

By using the definitions is EQs. 18, 19 and 22 we
derive the 100% trapped flux surface resistance as a
function of the applied magnetic field H during the tran-
sition, considering both dynamic and static resistances:

wi? (23)

2 2
_ 71'/.10H How Qein%are
¢0 20—n a 2

2 +a
cln

In Fig. 3 the surface resistance (EQ. 23) normalized to
the magnetic field trapped in mG is plotted as a function of
the mean free path for different values of pinning potential.

The data points plotted with the simulation of Fig. 3
are experimental points measured at 16 MV/m for niobium
1.3 GHz SREF cavities as explained in M. Martinello et al.
work [4]. Green void circles correspond to mean free path
values obtained via low energy muon spin rotation (LE-
uSR) measurements [ 18], while red void diamonds to mean
free path values obtained by measurement of the cavity
frequency variation as function of the temperature with a
SRIMP-based method [4, 19, 20].

The figure shows that the simulation describes consis-
tently the experimental data trend. In particular the model
highlights that the dynamic component of the surface re-
sistance is not the principal factor in the description of the
trapped flux surface resistance. The simulation in Fig. 3
that better describe the experimental data trend corresponds
to pure static dissipation (solid line).

This means that the principal cause that introduces vor-
texes dissipation in RF superconducting applications is the
static contribution to the surface resistance. The dynamic
part is still present but negligible in the case of enough
strong pinning.

The trapped flux resistance as a function of the RF fre-
quency for dirty and clean limits is plotted in Fig. 4.

In the dirty limit the resistance is governed by the static
contribution, and the total trapped flux resistance scales as
vw as shown in Fig. 4a. As expected, some deviations
from the square root frequency dependence are observable
in case of weak pinning as the frequency increases.

In the clean limit instead, the dynamic resistance plays an
important role, and the resistance has a more complicated
frequency dependence (Fig. 4b). In particular when the
RF frequency is equal to the intrinsic vortexes oscillation
frequency wo = /p/M the resonance condition is matched
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81 [(p - Mw?)” + (qw)?]

and the flux resistance increases drastically. The resonance
peak is well observable in Fig. 4b. The stronger the pin-
ning, the higher the resonance frequency and the narrower
the resonance peak.

Such resonant condition is not usually observed at the fre-
quencies normally implemented in SRF applications, inas-
much achievable only at very high frequencies, or in case
of very weak pinning.

CONCLUSIONS

In this work we have derived the RF surface resistance in-
troduced by magnetic vortexes trapped in superconducting
niobium in the Meissner state.

We have shown that the trapped flux surface resistance, in
presence of pinning, is well approximated by the static resis-
tance introduced by the vortexes normal conducting cores
as a function of the mean free path.

Neglecting the dynamic resistance, the 100% trapped
flux surface resistance (EQ. 23) normalized to the trapped
magnetic field in nQ)/mG can be approximated to:

Rptux 183 nQ+/s nm NN
B mG 50.1(nm) + /

where f is the frequency in GHz and [ the electrons mean
free path in nm.

It was found that the frequency proportionality depends
on the mean free path and on the grade of pinning. In case
of strong pinning we found a square root dependence of the
trapped flux resistance in the dirty limit, while in the clean
limit a resonant behavior of the trapped flux resistance is
predicted for high frequencies.

Concluding, such description of the magnetic flux
trapped surface resistance can be considered a good approxi-
mation, since able to predict the trend experimentally found.
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