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Abstract 
Designing and simulating complex magnet systems 

needed for cooling channels in both neutrino factories and 
muon colliders requires innovative techniques to correct 
for both chromatic and spherical aberrations. Optimizing 
complex systems, such as helical magnets for example, is 
also difficult but essential. By using COSY INFINITY, a 
differential algebra based code, the transfer and aberration 
maps can be examined to discover what critical terms 
have the greatest influence on these aberrations. 

INTRODUCTION 
The challenging emittance size needed to implement a 

neutrino factory or muon collider has motiviates searches 
for innovating techniques in beam cooling [1, 2].  For 
example, the use of Parametric-resonance Ionization 
Cooling (PIC) has been proposed for the final stage of 6D 
cooling of a high-luminosity muon collider [3].  In this 
system, an induced resonance is used to cause periodic 
beam size reductions, and ionization cooling is then 
achieved via wedges of absorbing materials.  An epicyclic  
twin helical channel offers to achieve the goals of PIC, 
correlating the dispersion and betatron functions of the 
beam [4].  The critical challenges of this system include 
correcting chromatic and spherical aberrations induced in 
the channel.  

USING COSY INFINITY TO STUDY 
ABERRATIONS IN A SYSTEM 

COSY INFINITY (COSY) is a DA-based code 
allowing simulation of beam transfer and aberration maps 
to arbitrary order [5].  With modification of the base code, 
the twin helix channel was implemented and simulated in 
COSY [6].  In these simulations, COSY takes a reference 
particle defined as: 

   kkkkkkk tbyaxr ,,,,,    (1) 

Where a and b are the dimensionless horizontal and 
vertical momentum, t is time of flight and δ is the change 
in total energy of the particle.  COSY calculates the 
function, M, known the transfer map (or taylor map) for 
the system, which described the evolution of particles in 
the system.  The linear terms of the transfer map function 
comprise the matrix M, often referred to as the linear map 
or transfer matrix of the system [5], that satisfies the 
relation: 
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The non-linear terms, N, remaining in the transfer map 

can be expressed separately: 
 
M = M + N     (3) 
 
In terms of the component of the transfer map, each of 

the final vector components for a particle can be 
expressed in form: 

 

    iiiiiiiiiiii
f

tbyaxtbyax tbyaxtbyaxxx | (4) 

 
Where the terms are summed over (ix,ia,iy,ib,it,iδ) for 

each component. The terms in the transfer map of 2nd or 
higher order are commonly referred to as aberrations.  
COSY calculated these aberrations and generates output, 
referred to as an aberration map.  The aberration map is in 
a format similar to the transfer map. 

Examination of the transfer and aberration maps 
provides important clues in improving a beam system.  If, 
for example, the input suffers from large variation in 
initial angle and final horizontal position needs 
minimization to fit a particular aperture in the beamline, 
then aberrations in (xf) dependent on initial angle (ai) may 
be particularly important to minimize.  We would want to 
pay particular attention to terms in the aberration map 
involving higher orders of a, such as (x|aa) or (x|aaa).  If 
those terms are not minimized, variations in initial angle 
threaten to blow up the horizontal position of the final 
beam.   Similarly, if we know that initial position is small, 
we can put less emphasis on minimizing aberrations that 
depend on (xi), particularly higher order terms involving 2 
or more powers of x, such as (x|axx), where initial 
position may dominate initial angular spread. 

To minimize these aberrations, it is also important to 
recognize how magnetic systems contribute to the transfer 
map.  The linear terms of the transfer map are determined 
by the dipole and quadrupole moments of magnetic 
elements.  Correction for higher order aberrations requires 
use of higher order multipoles.  Thus, sextupoles are used 
to correct 2nd order aberrations, and octupoles are used for 
3rd order aberrations. 

Using various symmetries of the beam system can also 
be an effective technique for aberration correction [7].  

 ____________________________________________ 

*Work supported in part by DOE STTR Grant DE-SC00005589. 
#physics_maloney@yahoo.com. 

Proceedings of 2011 Particle Accelerator Conference, New York, NY, USA WEP074

Beam Dynamics and EM Fields

Dynamics 02: Nonlinear Dynamics 1615 C
op

yr
ig

ht
c ○

20
11

by
PA

C
’1

1
O

C
/I

E
E

E
—

cc
C

re
at

iv
e

C
om

m
on

sA
tt

ri
bu

tio
n

3.
0

(C
C

B
Y

3.
0)



For example
symmetry if 
plane (called

 
 rf = (xf, af,

 
then as a resu
 
 (xf, af, -yf, -b
 

From this
transfer map 

 

|( ii ax axx

|( iix axa

|( iix axy

|( ii ax axb

|( ii ax axt

|( iix ax
 
This has t

terms, and al
map.  For e
reduces to: 

 










































f

f

f

f

f

f

x
xt

xa
xx

t
b
y
a
x

 |(

)|(

0

0

|(

|(

 

ABERR
In the twin

to aberration
harmonic fie
As a result,
have the pot
channel.  Fi
space of the
skewing due
any absorbin
introduction 

Examinatio
twin helix ha
zero terms ef
energy depen
and (a|δδ) co
than the ot
space.  A sam

e, systems are
particle motio

d the miplane)

, yf, bf, tf, δf) =

ult of midplan

bf, tf, δf) = M (

 relation, the
can be determ

)  iiii tby tby
 iiiii tbya tby
 iiiii tbya tby

)  iiii tby tby
 iiii tbya tby
 iiiii tbya tby

the effect of 
llows us to su
example, the 

ax
atx

b
y

aax
axx

 0)|()

0)|()

|(0

(0

0)|()

0)|()

RATIONS I
n helix channe
ns in the syste
elds will creat
, energy dep
tential to beco
igures 1 show
e beam in the
e to chromatic
ng wedge.  T
of the absorbi
on of the ab
armonic magn
ffecting the x 
ndent aberrati
omponents are
ther aberratio
mpling of the

e described as
on is symmetr
. If we let: 

= M (xi, ai, yi, 

ne symmetry, 

xi, ai, -yi, -bi, t

e following c
mined to be ze

0  if iy+ib is

0) 

 if iy+ib

0) 

 if iy+ib

0  if iy+ib is

0)   if iy+ib 

0) 

 if iy+i

eliminating n
ubstantially sim
linear evolut

bby
byy

a
x

(00

(00

)|()|

)|()|

(00

(00

IN THE TW
el, several key
em.  The entir
te a continual
endent (chrom
ome a domina
ws the evolu
e horizontal p
city in a twin 

These effects a
ing wedge as 

berration map 
net cell shows
and a vector c
ons.  At secon
e an order of 

ons effecting 
e aberration m

s having midp
ric on each si

bi, ti, δi)

ti, δi)   

coefficients o
ero: 

s odd  

b is odd 

b is even

s even 

is odd 

ib is odd 

nearly half o
mplify the tra
tion of the sy

  

























t
ttt

ata
xtx







|)|

)|()|(

00

00

)|()|

)|()|

WIN HELI
y factors contr
re channel’s d
l dispersive e
matic) aberra
ant problem i

ution of the p
planes, and s
helix cell wi

are increased 
shown in Figu
from of a s

s that the only
components ar
nd order, the (
magnitude gr
horizontal p

map terms effe

plane 
ide of 

(5) 

(6) 

of the 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

of the 
ansfer 
ystem 


















i

i

i

i

i

i

t
b
y
a
x


 

IX 
ribute 
dipole 
effect.  
ations 
in the 
phase 
strong 
ithout 

after 
ure 2. 
single 
y non-
re the 
(a|xδ) 
reater 
phase 
ecting 

horiz
show
the l
3rd o
prob

 

Tabl
the S

Ma

 2nd

(x|x

(x|a

(x|δ

(a|x

(a|a

(a|δ

3rd O

(x|x

(x|x

(x|x

(a|x

(a|x

(a|x

 

 
 

Figu
horiz
abso

 

zontal phase 
w the all the a
largest ones a
order aberratio
blem to solve.

e 1: Selected 
Single Twin H

ap Term 

d Order Horizon

xδ) 

aδ) 

δδ) 

xδ) 

aδ) 

δδ) 

Order Horizont

xxx) 

xyy) 

xxδ) 

xxx) 

xyy) 

xxδ) 

ure 1: Initial 
zontal phase s

orbing wedge.

space is con
aberrations eff
at 3rd order.  G
ons look to p

Components 
Helix Cell 

ntal Aberations 

tal Aberrations 

(blue) and 
space for sing

ntained in Tab
ffecting xf and
Given their m
pose the more

for the Aberra

Value 

 

.9189890 E

.7036055 E

.1887682 E

-.3331598 

-.2550771 

-.6843386 

 

.3781061 E

.1877792 E

.2329986 E

.1526752 E

.7582325 E

.9408237 E

final (red) d
gle Twin Helix

ble 1.  These
d af at 2nd and
magnitude, the

e challenging

ation Map for

E-04 

E-05 

E-04 

E-02 

E-03 

E-02 

E-02 

E-02 

E-02 

E-01 

E-02 

E-02 

 
distribution in
x cell without

e 
d 
e 
g 

r 

n 
t 

WEP074 Proceedings of 2011 Particle Accelerator Conference, New York, NY, USA

1616C
op

yr
ig

ht
c ○

20
11

by
PA

C
’1

1
O

C
/I

E
E

E
—

cc
C

re
at

iv
e

C
om

m
on

sA
tt

ri
bu

tio
n

3.
0

(C
C

B
Y

3.
0)

Beam Dynamics and EM Fields

Dynamics 02: Nonlinear Dynamics



Figure 2: In
horizontal ph
absorbing we
 

Also, term
concern. For
these aberrat
cooling chan
these terms t
the channel. 

ME

COSY’s 
parameters 
objective fu
harmonics ca
to minimize 
These higher
linear terms 
fixed by th
parameters f
strength or p
attempt to m
in the transfe

Due to th
dipole harm
aberrations p
complication
need to be m
the poletip f
helical harmo
of sextupole
 

 

nitial (blue) 
hase space fo
edge. 

ms involving
r beams that 
tions tend to v
nnel, the larg
to dominate in

ETHODS F
ABER

internal tool
in their sim

unctions.  Fo
an be added t
 a second or
r order magn
in the trans

e dipole and
for the sextu
phase) may b

minimize funct
er or aberration
he continuous 
monic in the
pose a consid
n, planar orbi
maintained.  O
field strength 
onic.  It is als

e harmonics w

and final (re
or single Twi

g initial pos
begin at a “p

vanish, but in t
ge initial bea
n the evolutio

OR MINIM
RRATIONS

s allow a 
mulations to
or example, 
to the twin he
rder aberratio
etic moments
fer map, sinc
d quadrupole 
upole harmon
be varied in a
tions based u
n maps.   
dispersion o

e helical ch
derable challen
it of the refer
ne method is 
and the phas

so possible to
with independ

ed) distributio
in Helix cell 

ition (xi) ar
point-like sou
the case of a m

am size can c
n of the beam

MIZING 
S 
user to opti

o meet parti
helical sextu

elix cell to att
on such as (x
s will not alte
ce such term

moments.  
nic (such as 
a simulation 

upon specific t

occurring from
hannel, chrom
nge.  As an a
rence particle
thru adjustme

se of the sextu
o introduce a s
dent paramete

 
on in 

with 

re of 
urce,” 
muon 
cause 

m thru 

imize 
icular 
upole 
tempt 
x|δδ).  
er the 

ms are 
Free 
field 

in an 
terms 

m the 
matic 
added 
e will 
ent of 
upole 
series 
ers to 

achie
utiliz

Th
the i
comp
easil
in th
study
their

C
W

INFI
chro
syste
that 
and u
helpf
testin
inclu
alrea

[1]

[2]

[3]

[4]

[5]

[6]

[7]

 

eve the corr
zed in linear b
he challenge i
interdependen
ponents.  Att
ly create prob
he system.  C
y beam aberr
r effects.  

CONCLUSI
With the twin

INITY, exten
matic and s
em.  Chromat
merits furthe
understanding
ful in testing
ng will incl
uding the sex
ady been impl

R. Johnson
Colliders”, E
p. 2917 (2008
Muon Collid
https://mctf.fn
A. Afanasev 
Parametric R
Vancouver, M
http://www.JA
V. Morozov 
in Epicyclic T
M. Berz & K
Nuclear Instr
350; http://ww
J. Maloney e
INFINITY”, M
M. Berz, Adv
Vol. 108, p. 1

rective effect
beamlines. 
in using these
nce of the ab
tempts to mi

blems by incre
OSY provide
rations and e

IONS AND
n helix chan
nsive testing 
spherical abe
ticity poses a
er study.  Uti
g the symmetr
g and optimiz
lude higher 
xtupole helica
emented in C

REFERE
, “Ionization

EPAC’08, Gen
8); http://www
der Task For
nal.gov. 
et al., “Epicy

Resonance Ion
May 2009, FR
ACoW.org. 
et al., “Ioniza

Twin-Helix Ch
K. Makino, C
ruments and M
ww.bt.pa.msu
et al., “EPIC 
MOP050, this
vances in Ima
145-6 (1999). 

ts of sextup

e method is u
berration and 
inimize certa
easing differen
es an excellen
evaluate effor

D FUTURE
nnel simulate

can be do
rrations of t

a challenge in
lizing the ab

ries in the beam
zing aberratio
order magn

al harmonic f
OSY.   

NCES 
n Cooling 
noa, June 200
w.JACoW.org
rce R&D Dr

yclic Helical 
nization Cooli
R5RFP012, p. 

ation  Cooling
hannel”, this c
COSY Infinit
Methods A558
u/edu/index_fil

Simulations 
s conference. 
aging and Elec
 

pole doublets

understanding
transfer map

ain terms can
nt aberrations

nt tool to help
rts to correct

E WORK 
ed in COSY
one to study
the proposed

n this channel
erration map,
m line will be
ons.  Further
net elements,
field that has

and Muon
08, THYG03,
. 

raft Proposal;

Channels for
ing”, PAC09,
4554 (2009);

g Simulations
conference. 
ty Version 9,
8 (2005) 346-
les/cpsy.htm.
using COSY

ctron Physics,

s 

g 
p 
n 
s 
p 
t 

Y 
y 
d 
l 
, 
e 
r 
, 
s 

n 
, 

; 

r 
, 
; 

s 

, 
-

Y 

, 

Proceedings of 2011 Particle Accelerator Conference, New York, NY, USA WEP074

Beam Dynamics and EM Fields

Dynamics 02: Nonlinear Dynamics 1617 C
op

yr
ig

ht
c ○

20
11

by
PA

C
’1

1
O

C
/I

E
E

E
—

cc
C

re
at

iv
e

C
om

m
on

sA
tt

ri
bu

tio
n

3.
0

(C
C

B
Y

3.
0)


