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Abstract 
Adiabatic thermal equilibrium is an important state of a 

charged-particle beam. The rigid-rotor thermal beam 
equilibrium in a uniform magnetic focusing field is 
reviewed. The equivalent kinetic and warm-fluid theories 
of adiabatic thermal beam equilibrium in a periodic 
solenoidal magnetic focusing field are discussed. Good 
agreement between theories and experiment is found. 
Numerical evidence is presented, indicating almost 
complete elimination of chaotic particle motion in the 
adiabatic thermal beam equilibrium. The warm-fluid 
theory of adiabatic thermal beam equilibrium in an 
alternating-gradient quadrupole magnetic focusing field is 
discussed.  

INTRODUCTION 
Exploration of equilibrium states of charged-particle 

beams and their stability properties is critical to the 
advancement of basic particle accelerator physics [1-5]. 
Of particular concern are emittance growth and beam 
losses which are related to the evolution of charged-
particle beams in their non-equilibrium states.  

In this paper, we review the rigid-rotor thermal beam 
equilibrium in a uniform magnetic focusing field [5]. We 
discuss adiabatic thermal beam equilibrium in a periodic 
solenoidal magnetic focusing field [1-3]. We show good 
agreement [2] between the equivalent kinetic and warm-
fluid theories and the measurements at the University of 
Maryland Electron Ring (UMER) [6]. We present the 
numerical evidence for almost complete elimination of 
chaotic particle motion in the adiabatic thermal beam 
equilibrium [7]. We discuss the predictions of the warm-
fluid theory of adiabatic thermal beam equilibrium in an 
alternating-gradient quadrupole magnetic focusing field 
[3,4]. 

UNIFORM MAGNETIC FIELD  
The thermal equilibrium of a beam of charged particles 

with charge q  and rest mass m  propagating at average 

axial velocity zbce
  in applied uniform magnetic 

focusing field zB eB


00   is a rigid rotor with the 
equilibrium distribution function [5] 

     TkPcPHCPPHf Bzbbuz /exp,,   ,   (1) 
where the Hamiltonian H , the canonical angular 
momentum P  and the canonical axial momentum zP  are 

constants of motion, C  and b  are  constants, c  is the 

speed of light in vacuum, Bk  is the Boltzmann constant, 
__________________ 
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Figure 1: Plot of the normalized density    0/ bb nrn  

versus the normalized radius for Dr /  of a space-charge-

dominated beam. 

and T  is the Kelvin temperature. In the paraxial 
approximation, we make the following expansion [5] 
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is an effective potential, the scalar potential   satisfies 
the Poisson equation 
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with the boundary conditions   00   and    00  , 

      Tkr
bb

Benrn /0   being the charged-particle density, 

and mcqBc /0 , the cyclotron frequency. It is readily 
shown that the equilibrium velocity profile of the beam is 

  zbb crr eeV ˆˆ   ,                 (5) 
that is, the beam undergoes rigid rotation as it propagates.  

In the emittance-dominated regime, we may ignore 
space-charge effects, and the charged-particle density 
distribution is a Gaussian distribution, i.e., 
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In the space-charge-dominated regime, the charged-
particle density is flat near the beam axis and drops off 
rapidly within a few Debye lengths at the beam edge, as 

illustrated in Fig. 1, where D   04 22
bBb nqTk   is 

the Debye length.  

PERIODIC SOLENOIDAL FIELD 
We consider a thin, continuous, axisymmetric 

( 0  ), charged-particle beam, propagating with 

axial velocity zbcê  through the magnetic focusing field 
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      zzrz sBrsBsr eeB ˆˆ
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1
,0  ,               (7) 

where zs   is the axial coordinate, the prime denotes the 
derivative with respect to s , and  sB z  is the axial 
magnetic field which can be either periodic along the z -
axis with periodicity S  or an arbitrary function of s .  

Because the beam is axisymmetric, the canonical 
angular momentum P  is a constant of motion, i.e., 

0/ dsdP .                                 (8) 
After performing a two-step canonical transformation 
[2,3], we have also found that the scaled transverse 
Hamiltonian for the single-particle motion [2,3] 

   sPPyxHswE yx ,,,,2
                       (9)  

is an approximate invariant (see [2,3] for detailed 
analyses and definitions of  sw , H , x , xP , P , etc.). 
We have chosen the beam equilibrium distribution in the 
form similar to the Maxwell-Boltzmann distribution  

   PECf bb  exp  ,                   (10) 

where C ,   and b  are constants. C  is an integration 

constant,   is related to the beam emittance, and b  is a 
measure of the beam rotation frequency relative to the 
Larmor frame. The distribution function bf  defined in 

Eq. (10) is also a Vlasov equilibrium, i.e., 0 sfb . An 
equivalent warm-fluid beam equilibrium theory [1,3] has 
also been developed. Both theories make the following 
two important predictions [1-3]:   

1. The thermal beam emittance is a constant, i.e.,  
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2. The equation of state is adiabatic, i.e.,  
    constsrsT brms 

2 .                      (12)  
The rms envelope equation is  
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where       bcbbrmsbthbb ssrcs  212 22  , b  

is a constant,     mcsqBs zc   is the local cyclotron 

frequency, and 2232 /2 mcNqK bbb   is the normalized 
beam perveance. The beam density profile is 
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where the scalar potential for the self-electric field is 
determined by the Poisson equation 
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By solving Eqs. (13)-(15), we have calculated the beam 
transverse density profile of the UMER 5 keV, 6.5 mA 
electron beam at 2.17s cm, as shown in solid curve in 
Fig. 2. The dashed curve is the equivalent KV-type beam 
density profile. Compared with the experimental  
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Figure 2: Normalized beam transverse density profiles of 
a 5 keV, 6.5 mA ( 304 ~ rmsx  mm-mrad) electron beam at 

2.17s cm. The solid curve is from theory, the dotted 
curve is the experimental measurements, and the dashed 
line is the equivalent KV beam density distribution. 

 

Figure 3: Poincare surface-of-section maps of charged-
particle trajectories in a) KV-type beam equilibrium and 
b) adiabatic thermal beam equilibrium for 0P . Here, 

the choice of system parameters corresponding to 0P , 

      SssS z /2cos13/2 0
2/1   , vacuum phase 

advance  800 , 0b  [or     bcb ss 2 ], and 

0.74/ thSK  . The normalized radial momentum is 

  dsdrS th /4/ 2/1  and the normalized radius is 

Sr th4/ . 

measurements (dotted curve) [6], the calculated beam 
density profile [2] is in good agreement.  

Figure 3 shows a comparison between the Poincare 
surface-of-section maps of charged-particle trajectories in 
a) KV-type beam equilibrium and b) adiabatic thermal 
beam equilibrium [7]. They are generated by plotting 
 rPr,  as a trajectory arrives at the lattice points 0/ Ss , 

1, 2, …, 2000. Comparing Fig. 3(a) with Fig. 3(b), there 
are three important differences to note [7]. First, the 
action of a charged particle in the KV-type beam is larger 
than that in the adiabatic thermal beam. Second, there are 
chaotic seas in the phase space of the KV-type beam 
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equilibrium, whereas chaotic motion is almost completely 
eliminated in the phase space of the adiabatic thermal 
beam equilibrium. Third, the widths of the nonlinear 
resonances in the adiabatic thermal beam equilibrium are 
narrower than those in the KV-type beam equilibrium. 

QUADRUPOLE FIELD  
The applied alternating-gradient quadrupole magnetic 

focusing field inside the beam can be approximated by  
    yxq xysBsyx eeB ˆˆ,,0  ,               (16) 

where zs   is the axial coordinate, prime denotes the 
derivative with respect to z ,  

),0,0( sxq yBsB   

),0,0( sy xB   is the field gradient coefficient which is 

periodic along the z -axis with periodicity S, i.e., 
   SsBsB qq  . The main predictions of the warm-fluid 

equilibrium theory are: 
First, the equilibrium density and the potential for the 

equilibrium self-electric field are determined self-
consistently from the Poisson equation  
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where the 4D rms thermal emittance Dth4  defined by 
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is shown to be a constant, i.e.,  
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the rms beam envelopes  sxbrms  and  sybrms correspond 
to matched solutions to the self-consistent rms envelope 
equations 
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and 
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and the constant qC  is determined by a procedure 

described in [3,4]. 
Second, the constant-density contours and equipotential 

contours are ellipses [3,4]. However, the density profile 
does not satisfy the simplest elliptical symmetry condition 
which was a key assumption in the derivation of the well-
known rms envelope equations [8]. This is illustrated in 
Fig. 4 for an adiabatic thermal beam with 

44/ˆ
4  DthSKK   at 0s  in a step-function lattice 

   Sss qq   with a filling factor of 3.0  and a  
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Figure 4: Plot of the difference between the ratio of the 
semi-axis of the contours of constant density and the ratio 
of the rms envelopes sizes in percent. Here, the 

parameters are 44/ˆ
4  DthSKK   at 0s  in a step-

function lattice    Sss qq   with a filling factor of 

3.0  and a strength of   1502 qS  . 

strength of   1502 qS  , where the percentage difference 

between the ratio of the semi-axes of constant-density 
contour, ba / , and the ratio of the rms envelopes, 

brmsbrms yx / , is plotted as a function of the density. 

CONCLUSION 
Adiabatic thermal equilibrium of a charged-particle 

beam was discussed. The rigid-rotor thermal beam 
equilibrium in a uniform magnetic focusing field was 
reviewed. The kinetic and warm-fluid theories of 
adiabatic thermal beam equilibrium in a periodic 
solenoidal magnetic focusing field were discussed. 
Agreement between theory and experiment was found. 
Numerical evidence was presented, indicating almost 
complete elimination of chaotic particle motion in the 
adiabatic thermal beam equilibrium. The key predictions 
of the warm-fluid theory of adiabatic thermal beam 
equilibrium in an alternating-gradient quadrupole 
magnetic focusing field were discussed.  
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