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Abstract

Smith-Purcell radiation is used in several applications

including the measurement of the longitudinal profile of

electron bunches. A correct reconstruction of such pro-

file requires a good understanding of the underlying model.

We have compared the leading models of Smith-Purcell ra-

diation and shown that they are in agreement within the

experimental errors.

INTRODUCTION

The production and measurement of sub-picosecond

bunches is an important topic for modern accelerators. To

measure reliably the length of such short bunches with de-

stroying them several approaches are possible:

• Electro-Optic (EO) sampling [1] uses a non linear crys-

tal in which the bunch wakefield will induce optical

changes. It requires a femtosecond laser. Its limitations

due to material properties are discussed in [2].

• Coherent Transition Radiation (CTR) [3] uses the radia-

tion emitted when the beam crosses a thin foil. In some

cases it may be difficult to discriminate the signal from

CTR for other sources of radiation (e.g.: synchrotron

radiation) generated further upstream.

• Coherent Smith-Purcell Radiation [4] (CSPR), uses a

grating to induce the emission of radiation. It has the

advantage of dispersing the radiation at the point of

emission and therefore being more immune to back-

ground noise. It is described below.

To correctly interpret the CSPR signal and use it to recon-

struct the bunch profile it is important to have a sound under-

standing of the theoretical model. The focus of this paper is

to compare several SPR Single Electron Yield (SEY) models

to show that the model uncertainty does not significantly

affect experimental measurement and profile reconstruction

and to compare the signal behavior close from the grating

(near-field zone).

PRINCIPLE OF SMITH-PURCELL

RADIATION

Smith-Purcell radiation is produced by a charged particle

passing near a surface of a conducting periodical grating. In

multiple papers [5–9] authors considered a profile of the grat-

ing as a set of the periodically repeating “N” pairs of “rising”
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Figure 1: Definition of the variables used in this paper.

an “falling” facets as shown on Fig. 1, with the period of

repetition “d”, a blaze angle “θ0” (α1 in [5, 6]), the width

“M” and the length “L”. The choice of such profile is ex-

plained in [5], by a possibility to do derive simpler analytical

expressions and thus define the relation between the grating

parameters and the SPR characteristics. It is convenient to

chose the same profile for a comparison purposes.

SINGLE ELECTRON YIELD MODELS

The leading models to calculate the SPR Single Electron

Yield (SEY) are:

• The Surface Current model [10], that explains SPR

through the currents that are being induced on the

surface of the grating by a charge passing nearby.

This theory has proven to be in a good agreement

with experiments for energies from a few MeV to

28.5 GeV [6–8,11].
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Here, q stands for the particle charge, λ is the wave-

length of the radiation emitted, λe is an “evanescent”

wavelength, β,γ are the velocity of the particle and its

Lorentz factor, θ,φ are angles as shown on Fig. 1. R2

is a grating efficiency parameter, that depends on the

radiation angle and blaze angle.
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Further in the paper, the results obtained with the ex-

pression for R2 taken from [12] will be called SC, and

from the [10], where the grating efficiency is calculated

numerically, will be referred to as GFW.

• The Resonant Diffraction Radiation (RDR) model, uses

equation for the diffraction radiation (DR) of an electron

passing near a conductive semi-plane and extends it

onto the case of the “N” periodically placed strips [12]:

d2WRDR

dωdΩ
=

d2WRDR

dωdΩ
Fn,cellFN (3)

Where d2WRDR

dωdΩ
is a frequency distribution of the inten-

sity of the RDR, d2WDR

dωdΩ
is the frequency distribution

of the intensity of the DR, FN is a factor corresponding

to the interference from N strips, Fn,cell is a term, that

takes into account the interference of the DR on one

strip.

For a large number of periods one can integrate Eq. 3

over the frequencies and obtain an analytical expres-

sion (see paper [12]) for the intensity of the SPR.

• The model so-called Resonant Reflection Radiation

(RRR) model based on the fact that a field of a mov-

ing charged particle could be described as a sum of

the virtual plain waves [13,14], that will become real

after scattering on the grating. The expression for the

intensity of this model is given in reference [15].
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Here,ED
Z
,ED

X
are the Z and X components of the field

on the detector, I is the Intensity of the radiation,

XT , ZT are the X, Z coordinates on the Fig. 1, K1 is

the modified Bessel function of the second order, χ

equals 1 on the grating and 0 in the gap, R (XT , ZT , θ, φ)

is the grating-detector distance.

In reference [15], by assuming the distances from the

grating to be infinite, the authors also derived the far-

zone approximation of the RRR model.

SIMULATION OF SEY FOR DIFFERENT

MODELS

The parameters of the SPESO at SOLEIL synchrotron and

E203 at FACET at SLAC experiments [16, 17] were used in

the simulation (see table 1). The constant of the RRR model

Table 1: The Simulation Parameters

Symb. SPESO E203 Units Description

γ 200 4×104 1
The Lorentz factor

(E=100 MeV)

d 10 0.25 mm The grating period

a 7.5 0.187 mm The width of one strip

R0 310 220 mm
The distance between

detector and grating

L 90 40 mm The length of the grating

M 20 20 mm The width of the grating

h 5 1 mm
The beam-grating sepa-

ration

θ0 30 30 deg The blaze angle

C′
1

400 6395 mm-3 The normalization con-

stant for the RRR model

(a) SPESO experiment

(b) E203 experiment

Figure 2: Calculated curves for the RDR (solid blue line),

RRR (green line with circle marker), SC (blue dashed line)

and GFW (purple line with square marker) models and their

ratios.
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was calculated from the assumption, that the intensities of

the SC and RRR models are equal at θ = 90◦.

Taking into account an angular aperture of the detectors

of 10◦, for each value of θ the intensity was integrated

in φ over the range −5◦ < φ < 5◦, in theta over the range

θi − 5◦ < θ < θi + 5◦, where θi is the measurement angle.

The calculation were done for 40◦ < θi < 140◦, with the

step of 10◦.

The figures 2a, 2b show the comparison of the RDR, SC,

RRR in the far zone, and GFW models, and their ratio. It is

seen that for the RDR, SC and RRR models the difference is

not greater than a factor of 2, which is within experimental

errors. The GFW model gives intensity 10 times bigger, than

the RDR and SC models, which could be explained by the

fact, that in GFW calculations authors take into account the

width of the grating, and the grating efficiency parameter is

calculated numerically, for the case of N grating facets.

CONCLUSIONS

The SEY of the several leading models of the SPR were

compared. The simulation shows that the SC and RDR mod-

els are in agreement within experimental errors. The RRR

model is also close to the RDR and SC, but in our calculation

one constant had to be adjusted. GFW does a more detailed

treatment of the grating profile and the simulations predict

an intensity about 10 times bigger. The ratios between the

models are not changing much with the parameters (except

for the observation angle). This work will allow us to esti-

mate the error due to theoretical uncertainty when SPR is

used for longitudinal profile reconstruction.
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