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Abstract
Transverse gradient undulators (TGU) have recently been

discussed as sources for High Gain Free Electron Lasers
(FEL) driven by electron beams with an elevated energy
spread as for example generated in storage rings or wake-
field accelerators. In this contribution we present the results
of a parameter study based on the one-dimensional TGU-
FEL theory making realistic assumptions on the key param-
eters achievable for the transverse gradient undulator. We
show for which parameter areas LWFA-driven TGU-FELs
are virtually technically feasible today and which technical
improvements would be required to employ the concept for
a laboratory-scale X-Ray FEL.

INTRODUCTION
Is a “table-top” high-gain X-ray free-electron laser driven

by a laser wakefield accelerator employing a transverse gra-
dient undulator scheme realistic?

Almost immediately after the experimental demonstration
of laser wakefield acceleration (LWFA) of plasma electrons
in the highly non-linear regime [1–3] the discussion started
how this acceleration scheme could be used to realize com-
pact free-electron lasers fitting into a normal laboratory and
delivering laser-radiation in the X-ray regime [4–6] usable
e.g. for advanced medical imaging techniques.
The main obstacle on the way to such an admittedly ap-

pealing scenario is the comparably large energy spread of
the LWF-accelerated electrons (1% to 10%). Grüner et
al. [6] pointed out that the unfavorable effect of the energy
spread could be compensated by the high peak current of the
short-bunched LWFA electrons. However, the assumptions
the authors made on achievable LWFA beam- as well as
undulator parameters have not proved realistic so far.

More recently more elaborated high-gain FEL schemes for
electron sources with increased energy spread have been pro-
posed that employ a special preparation of the electron beam
phase space distribution by means of magnetic chicanes.
Such schemes rely either on bunch decompression [7, 8] or
on a transverse spectral dispersion matched to a transversely
varying undulator field amplitude. These transverse-gradient
undulator high-gain FEL schemes have been discussed both
for self amplification of spontaneous emission (SASE) [9,10]
and high-gain harmonic generation (HGHG) [11] scenarios.

In our study we investigated the TGU-SASE case based on
the 1-D theory described in [9, 10], searching for optimized
and technically feasible TGU parameters for several sets of
LWFA beam parameters, moving from beam properties that
can be routinely achieved today to beam properties that have
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been achieved in individual cases to properties that would
actually be required.

ACCESSIBLE PARAMETER SPACE
The TGU-FEL scheme implicates modifications of the

1D-FEL equation [10] through the introduction of a modified
Pierce parameter

ρTGU = ρFEL *
,
1 +

η2σ2
δ

σ2
x

+
-

− 1
6

(1)

and an effective energy spread

σδ,eff = σδ *
,
1 +

η2σ2
δ

σ2
x

+
-

− 1
2

. (2)

Here, ρFEL is the unmodified Pierce parameter, σδ the en-
ergy spread, σx the transverse beam size (approximated as
constant in 1D-theory) and η the dispersion function which
is presupposed to bematched to the TGU parameters through
the relation

η =
2 + K2

0

αK2
0
, (3)

where K0 is the undulator parameter at the transverse po-
sition for the central beam energy and α = 1

K0
∂K
∂x

���x=0 =:
1
K0
αK the relative transverse K-gradient, i.e. the linear ap-

proximation K (x) = K0(1+αx) is assumed to be admissible.
The crucial parameters entering into the TGU-FEL equa-

tion are therefore the undulator period length λu, influencing
both the unmodified Pierce parameter and the undulator pa-
rameter, the undulator flux density amplitude B̃0 = B̃(x = 0)
and the transverse gradient αK on the one hand, the trans-
verse beam size σx on the other hand. In the following, we
discuss our considerations on the accessible ranges for these
parameters.

TGU Parameters
Technically, transverse gradient undulators are realized by

a transverse variation of the undulator gap. Several possible
TGU geometries have been discussed in [12,13] particularly
for superconducting TGUs. Among those the TGU geome-
try consisting of two cylindrically shaped halves provides
the highest achievable transverse field gradients. Indeed we
consider the statement adequate that the cylindrical super-
conducting TGU defines the upper limits of the technically
achievable crucial TGU parameters for a given gap and pe-
riod length [14].

To estimate these limits we use the analytic expressions for
the field of a cylindrical TGU given in [12], combined with a
2D finite element calculation used to determine the optimum
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Figure 1: Undulator parameter K0 and transverse gradient
αK as a function of period length for two superconducting
cylindrical TGU design parameter sets.

critical current density and in turn the optimum pole tip field
for a given period length, assuming a superconducting TGU
(SCTGU) with iron poles, wound with a Nb-Ti multifilament
wire as described in [13]. We assume the SCTGU to be
operated at 80% of the critical current on the load line.
Considering the flux density amplitude as a function of x
we choose the inflection point of B̃(x) as origin of the x-
axis and as the transverse position of the electrons with the
nominal beam energy E0.
Figure 1 shows the resulting undulator parameter and

transverse K-gradient at x = 0 as a function of period length.
Two designs in terms of gap width (closest distance of the
two cylinders) and pole/winding radius were considered:
one that has been realized in our laboratory [15] and one
that represents the technical limit particularly regarding the
winding radius of the superconducting wire. The results for
the latter we refer to as the technical limit of the state of the
art.
Since our discussion is about LWFA-driven X-ray FELs,

we aim at radiation wavelengths below 10 nm. LWFA beam
energies range from 0.1GeV to 1GeV. In turn, the shortest
possible undulator period lengths are favoured and we re-
strict our parameter study to period lengths below 15mm
and conclude already at this point that hard X-rays (λ ≤ 1Å)
are realistically out of reach of the technologies discussed
here.

Transverse Beam Size
Since the transverse field gradient in a TGU exhibits a

periodically alternating polarity, a TGU can be thought of as
a FODO structure in the horizontal direction [16]. Accord-
ingly, matching conditions for the horizontal beta function
exist that result in a beta function inside the TGU oscillat-
ing with constant amplitude and period λu. Such a solution
would always be favorable for very long undulators since no
additional external focusing would be required. However, if
we consider table-top FELs with gain lengths in the order of
a few decimeters and undulator lengths Lu of a few meters,
the matching condition for a drift space with a beam waist
in the center of the undulator and βx,waist = Lu/2 turns out

Figure 2: Maximum values of the horizontal beta function
satisfying the condition βx (z0) = βx (z0 + λu), β′x (z0) =
β′x (z0 + λu) = 0 inside the TGU calculated for different sets
{
∂By

∂x , λu} and plotted as a function of αK . The dashed line
represents the condition βx,waist = Lu/2 for the undulator
length Lu = 5m

.

Table 1: Variation Ranges of Beam and Undulator Parame-
ters

E0 [GeV] 0.5, 1.0 K0 0.5. . . 2.5
σδ 0.1, 0.01 λu [mm] 5. . . 15
IP [kA] 2, 10, 50
σx [µm] 100, 50, 10

to yield smaller beam sizes in virtually all cases of interest.
This conclusion can be drawn from Fig. 2 where the constant
beta function amplitude is plotted versus the K-gradient for
two beam energies and compared to the drift-space matching
condition for Lu = 5m. In the following we will therefore as-
sume the beam size to be determined by the latter condition
and set βx = 2.5m in all calculations presented below.

METHOD OF THE PARAMETER STUDY
The parameter study was performed in two steps [17]. In

the first step a fixed dispersion of η = 0.02m is assumed.
For the beam parameters E0, σδ , the peak current IP and σx

all combinations of the values summarized in Table 1 were
applied (we omit our calculations for lower beam energies
here, because of our focus on X-ray FELs). The most con-
servative of these values (i.e. the lowest beam energies and
peak currents and the largest beam sizes and energy spreads)
we consider routinely achievable at LWFAs today. For each
combination of beam parameters the undulator period length
and the undulator parameter were randomly varied in the
ranges λu = 5mm to 15mm and K0 = 0 to 2.5. The resulting
gain length is calculated using the 1D-equations of [9,10].
The figure of merit is to achieve a gain length Lg < 0.5m.
Additionally we investigated in how far the modified FEL
resonance condition

σδ,eff � ρTGU ⇔
ρTGU
σδeff

=
ρFEL
σδ

*
,
1 +

η2σ2
δ

σ2
x

+
-

1
3

� 1 (4)

is fulfilled.
In the second step, for a distinct batch of parameter sets

also the dispersion was varied. For this step parameter sets
were chosen that yield, additional to a gain length below
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Figure 3: Gain length and resonance condition for η = 0.02m, E0 = 500MeV and σδ = 0.01 (left), the hatched area is
technically inaccessible; gain length and resonance condition as a function of dispersion for the case σx = 10 µm, IP = 2 kA,
and λu = 11mm, K0 = 1.19 (right).

0.5m, also a radiation wavelength in the soft X-ray regime,
i.e. λ / 10 nm.

RESULTS
Figure 3 (left part) shows the results for two beam pa-

rameter sets with two peak current values each, represent-
ing the most conservative and the “optimum” case, respec-
tively, where the term “optimum” refers to the highest ratio
ρTGU/σδ,eff and the shortest gain lengths achieved in the
parameter space under investigation. The hatched area in-
dicates the technically inaccessible parameter space which
is determined by K0,max(λu) (Fig. 1 top), and αKmax(λu)
(Fig. 1 bottom) together with Equation 3. We emphasize
that already the most conservative LWFA parameters yield-
ing at all solutions with acceptable gain lengths are quite
challenging. Neither of these solutions fulfills the resonance
condition Eq. 4.
In general (and not surprisingly), low initial energy

spreads, beam sizes, beam energies and high peak currents
are favored, both by the requirement of short gain lengths
and by the FEL resonance condition. For the undulator, the
gain length requirement calls for high K-values, whereas
the resonance condition additionally favors longer period
lengths. These tendencies as well as the preference for low
electron energies obviously go against the aim of generating
radiation in the X-ray regime.

To investigate in the second step of our study the influence
of the dispersion, we filtered results with Lg < 0.5m for all
combinations of beam parameters shown in Table 1 for the
shortest wavelengths of the radiation generated. With the
fixed dispersion η = 0.02m chosen for the first step of our
study, neither of these results strictly fulfills the resonance
condition Eq. 4. As an example, Figure 3 (right) shows the
gain length and the ratio ρTGU/σδ,eff under variation of η for
the parameter set E0 = 0.5GeV, σδ = 0.01, σx = 10 µm,
IP = 2 kA, and λu = 11mm, K0 = 1.19. For the different
parameter sets investigated, the position of the minimum
gain length varies between 0.005m and 0.5m. In all cases,
at minimal gain length the resonance condition is only poorly
fulfilled. By increasing the dispersion the ratio ρTGU/σδ,eff

Table 2: Parameter Sets Satisfying ρTGU/σδ,eff ≥ 5 and
λ / 10 nm. For all of these sets σx = 10 µm and σδ = 1%
applies. Gain lengths range between 0.3 and 0.5m

E0 IP η λu K0 αK λ
[GeV] [kA] [mm] [mm] [m−1] [nm]

0.5 2 62 11 1.2 47 9.9
0.5 2 83 6.6 0.5 54 3.9
0.5 10 61 5.8 0.3 114 3.2
1.0 50 72 5.9 0.3 97 0.8

can be increased at the cost of a likewise increased gain
length which might however be admissible.
The parameter set forming the basis of Figure 3 turns

out to be the only among the investigated sets for which
ρTGU/σδ,eff ≥ 10, a gain length below 0.5m and a radi-
ation wavelength below 10 nm are achievable at the same
time. Table 2 summarizes the parameter sets for which
the same conditions with a relaxed resonance requirement
ρTGU/σδ,eff ≥ 5 are met. Among these, only the first two
are in the technically feasible range on the part of the undu-
lator, and the assumptions made for the LWFA beam size
and energy spread are very optimistic.

CONCLUSIONS
Transverse gradient undulators enable Free Electron Laser

schemes involving electron sources with relatively large en-
ergy spreads, particularly laser wakefield accelerators, pro-
viding gain lengths in the order of a few decimeter. Still a
table top X-ray free electron laser employing a TGU is a
challenging enterprise. Our study shows, based on the 1D
TGU-FEL theory, that if above the gain length and radiation
wavelength minimization also the fulfillment of the modified
resonance condition (Eq. 4) is ensured, even a soft X-ray
TGU-FEL requires a substantial improvement on the side
of the typical LWFA beam parameters. How strictly the
TGU-FEL resonance condition applies, however, needs to
be validated by 3D simulations in future.
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