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Abstract 
The radiation of the non-relativistic electron beam from 

the open end of the resistive circular waveguide is 
presented. The angular and spectral characteristics of the 
radiation are determined. The possibility of producing the 
focused guasi-monochromatic radiation is discussed. The 
principal scheme of the experiments for 5 and 20 MeV 
AREAL RF photogun linac is presented. 

INTRODUCTION 
Proposed in [1] single-mode and single-resonance 

structure: two-layer round metal waveguide with low-
conducting internal thin metallic coating (Fig. 1), due to 
the unique properties of the wakefield radiation formed 
by charge that following along the axis of the structure 
opens up opportunities for its practical application. One of 
such opportunities is extracting the radiation from the 
open end of a semi-infinite waveguide to produce the 
narrow-directed monochromatic radiation [2]. The 
problem in [2] was considered in the ultra-relativistic 
approximation, i.e. the velocity of a point charged particle 
generating wakefield radiation was equal to the speed of 
light in vacuum. Such an approximate treatment for cases 
of high energy particle simplifying picture of the process, 
at the same time with sufficient accuracy describes all the 
main features of its dynamics for high-energy beams. 

However, ultrarelativistic approximation is not 
applicable to the beams of low-energy particles. In [3] the 
characteristic features of impedance and wake functions 
for the low energy particles for different configuration of 
proposed structure were examined. In particular, strict 
dependence of frequency and spatial - temporal 
characteristics of wakefield on its energy has been shown.  

The energy range from 5 to 20 MeV required for 
experimental verification of the results at the accelerator 
complex AREAL [4] has been investigated and acceptable 
(in terms of the experiment) parameters of the waveguide, 
which is already at a sufficiently small particle energies 
(20 MeV) impedances and wake functions acquire 
resonance properties typical for ultrarelativistic case, 
studied in [1], have been determined.  

In this paper we present the main results of theoretical 
calculations of radiation from the open end of a semi-
infinite waveguide with the proposed structure. 

 

STATEMENT OF THE PROBLEM 
We consider (Fig.1) the problem of radiation from the 

open end of a semi-infinite circular metallic waveguide 

(internal radius 1a ) with perfectly conducting walls and a 

thin internal low-conducting metal coating (thickness d  
and conductivity 1 ). 

  

 
Figure 1: Geometry of the problem. 

 
Electromagnetic fields are generated by the point 

particle, moving along the axis of the waveguide with 
arbitrary velocity v . The far radiation fields are obtained 
using the near field to far-field recovery technique [5] that 
is extended for the non monochromatic waves. It is shown 
that the radiation has a narrow-band and narrow 
directional character.  

NEAR-FIELD TO FAR-FIELD 
TRANSITION 

If the distribution tangential components yxEx , , 

yxEy ,  (Fig.2) of the field of an arbitrary 

monochromatic (with harmonic time dependence tje ) 
waves on a flat surface 0z  (Figure 2) is given, the far 

field at a point R  can be represented by these 
distributions as follows [5]: 
 

 
X 

Y 

Z 

z = 0 

r 

yxE n
yx ,,,

RE f ,

RE f ,

RE f
R ,

R 

 
Figure 2: The radiation from the open end of the 
waveguide. Coordinate system and notations. 
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where ck - wavenumber,  - frequency, c  - speed 

of light in vacuum, and 

yxyyyxxxxyxz

yjkxjkn
yxyxyx

kkAkkkAkkkkA

dxdyeyxEkkA yx

,,,

,,,

1

,,

the two-dimensional Fourier transform of the initial 
distribution of the Cartesian components of the fields, 
 

cos
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The radiation field in the far zone has a single polar 
electrical component: 

R
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with [6] 
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Here vakx , dy 1 , 0
22

1 jkv , vk , 

vkv,1 . Taking into account (1)-(7), we obtain 

the spectral distribution of the radiation field:  
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where sinkau ; in (6)-(8) xIn  are the modified 

Bessel function of the first kind, 
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an angular distribution of the transition radiation field of 
the point particle on a perfectly conducting flat surface.  

Thus, the total radiation field is characterized by a 
factor of the angular distribution of transition radiation on 

a perfectly conducting surface (10), modulated by far 

range form-factor structure sF ,
~  
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FAR FIELD STRUCTURE 
For small parameter y  function yycth  in (7) can be 

replaced by the first two terms of its expansion: 

31cth 2yyy . In this case, the factor J  can be 

reduced to the form without discontinuity in the complex 
plane : 
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Further transforms include substitution in formulae (11) 
the integral forms of the Bessel functions of the first kind 
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changing the order of integration and replacement the first 
N  terms of series expansion (see [3]) in the small 
parameter  of the denominators in the integrand 2,1  

and in the numerator of the integrand 2 . Mentioned 

procedure leads to analytisation of integrands in (11): 
their denominators are the algebraic polynomials of the 
variable  of the order 3N  with the complex roots 

k,21  respectively.  

Explicitly, the radiation field in the far zone at an 

arbitrary point R of observation and an arbitrary time t  
can be written in the following form ctRs : 
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where: for sinaRct  - sinaRct  
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Here the upper sign corresponds to the region 
sin0 aRct , and the bottom one to the region 

0sin ctaR  with 
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Amplitudes klA ,  arise during of expansion of the outside-

exponential factors in the integrands terms (11) in the 

form of sums of the type 
3

1
,,

N

k
klklAU . Thus, 

the far field is formed by the sum of contributions from a 
discrete set of quasi-monochromatic patterns, frequency 
characteristics of which are due to the resonant 
frequencies kl , .  

 

 
Figure 3: Temporal mR 1  distribution of the radiation 

fields for different particle energy at fixed angles of 
observation. Lorentz factors of particles and viewing 
angles are given on the figures, mma 1 , md 1 , 

113105 m . 

 
As it can be seen (Fig.3), in the first case (top, 

MeV5,10 ) the radiation field generated set of 

frequencies and dominant frequency cannot be allocated. 
In the second case (bottom, MeV20,40 ), the field has 

the quasi-monochromatic character and is irradiated onto 
a specific frequency. 

ANGULAR DISTRIBUTION OF 
RADIATED ENERGY 

 
The most simple and relatively easy feasible scheme of 

the experiment is a film located at some distance from the 
aperture of the waveguide perpendicular to its axis. 
Degree of blackening of the film in a given point is 
proportional to the density of energy emitted by the 
waveguide aperture in given direction during the entire 
experiment duration (Fig.4). For the bottom case 40  

we have a narrow-directed radiation: its angle of 
maximum density max  substantially less than the 

maximum orientation of the transition radiation 
1

tr . As in the first 10  and in the second 

40  cases the ring-form blackening with the radius 

maxsin~ R  formed on the screen. 

 

 
Figure 4: The angular distribution of the energy density 
incident on a photographic film at the particle 
energy: 10 (top), 40 (bottom); 

113105 m  (red solid), 112105 m  (dash-

dotted), 114105 m  (dotted); mdcma 1,1 .  

CONCLUSION 

Explicit expressions for the wakefield radiation from 
the open end of a two-layer waveguide for particles with 
arbitrary energy are obtained, the method for its 
decomposition into its spectral components is also 
proposed. The acceptable parameters of waveguides for 
experimental verification of the results on the accelerator 
complex AREAL [4] are obtained. The principal scheme 
of the experiment is suggested with predicted results. 
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