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Abstract

In the framework of quantum theory we consider the con-
¢ dition for radiation maximum shift between harmonics of
2 SR spectrum for scalar and spinor particles. Since quantum
fg’ spectrum is discrete and finite, one can find values of radi-
£ ation parameters such that the maximum in radiation spec-
& trum stays at highest harmonic. It turns out that there exists
Za "quantization" of magnetic field associated with shift of
£ maximum from one harmonic to another.
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INTRODUCTION

One of the earliest attempts to theoretically describe syn-
S chrotron radiation (SR) indicated the fact that its maxi-
~ mum can lie within any part of spectrum [1, 2]. More pre-
g cisely, according to classical theory the position of maxi-
-£ mum changes with energy, and in ultrarelativistic limit the
«E number of corresponding harmonic is proportional to the
g cube of relativistic factor: viax ~ y3. Schott formula [3]
§ describes discrete infinite spectrum and thus classical v,,,4x
E doesn’t meet any restrictions.

B In quantum approach the number of radiated harmonic
Z'is limited by the number of initial energy level, v,;4x < n.
—~Indeed, denoting initial energy of radiating particle with n
= and setting s to describe the energy level of final state, the
8 number of emitted harmonic is v = n — s. Therefore, quan-
5 tum transitions to the ground state (s = 0) are accompanied
%by the emission of harmonic v = n and, clearly, quantum
i theory doesn’t allow an infinite increase of v,,,. Still, one
o can find the conditions for v,,,, = n and for spinless par-
E ticle (boson) this analysis was performed in [4]. Our pre-
8 vious research conducted for bosons can be very helpful in
2 distinguishing the influence of spin effects. In what follows
% we intend to consider the shift of radiation maximum from
2y =n—1to v = n for spin one-half particle (electron) and
& establish the difference between results obtained for boson
£ and electron. Spinor particle is supposed to be transversally
g polarized (solutions of Dirac equation are eigenfunctions of
£ tensor-operator of transversal polarization), spin direction
'g given by parameter { = +1. { = 1 corresponds with spin
= parallel to external magnetic field and { = —1 for antiparal-
'%lel spin. Usually we use £ to denote initial spin and ¢’ for
& the direction of spin in final state.

In order to omit cumbersome formulae, we do not give ex-
% act expressions for radiation characteristics and restrict our-

—

£ selves to specifying a number of short notations. Namely,
£ we work in terms of radiation power or, roughly speaking,
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probability of quantum transitions. The power of radiation
emitted by electron at transition from initial state » to final
state s is expressed by W (£,{’,n,n — s, 8), where 8 = |E|
is the normalized velocity of emitting particle, i is standard
polarization labeling index; i = 2 for o-component of lin-
ear polarization, i = 3 for m-component and i = O for total
(summed over polarization components) radiation. We start
our analysis with three-level system (n = 2) since it is the
simplest case where spectral properties show up.

QUANTUM TWO-HARMONIC
SPECTRUM

Since we intend to track the position of radiation maxi-
mum in quantum spectrum of electron, it is convenient to
study quantum transitions from second excited state. Start-
ing with n = 2, as a result of emission the particle can jump
either to s = 1 or to s = 0. Both types of transitions can
occur with or without spin flip. Ground state allows { = —1
only (see e.g. [5] or any other classical textbook on Quan-
tum Mechanics), however, at s > 0 spin can be parallel or
antiparallel to external field. Assuming initial spin direction
to be fixed we can sum over possible directions of final spin
¢’ and define the average power of radiation at v =n — 1

—e 1
Wi@nn=1.0)=5 > WL nn=1.0). (1)
'==1

Now, let us turn our attention to the concept of partial con-
tributions. For n = 2 we introduce the functions

Wi(,2.1,
(. 21B) = 21 5) o
W5(§,2,2,ﬁ)+W0(§,2,1,ﬁ)
We(,2,2,
q:(£,2,2,B) = (€ 2 3)

WE(,2,2,8) + Wo(£,2,1,8)

which define the relation between the power of radiation
of polarization type i associated with quantum harmonic v
(v = 1 or 2) and total (summed over spectrum and polariza-
tion components) radiation. The plots of these functions for
o -component and total radiation are shown in figures 1 and
2 where black curves correspond with { = 1 and solid blue
- with { = —1. Dashed curves represent classical theory for
reduced two-harmonic spectrum.

It is clear from figures 1 - 2 that, in accordance with the
predictions of classical theory and quantum theory of ra-
diation from bosons [4], in non-relativistic case primary
harmonic v = 1 is dominating. Both qg(l,Z,l,,B) and
q5(—1,2,1,8) are decreasing with 8 which means that
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Figure 1: g5(1,2,1,8) (la), 4¢5(-1,2,1,B)
q;(1,2,2, B) (2a), ¢5(=1,2,2, B) (2b).
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Figure 2: q,(1,2,1,8) (la), ¢5(-1,2,1,8) (1b),
q,(1,2,2, B) (2a), q;(-1,2,2, B) (2b).

the dominance of first harmonic vanishes at some point.
Namely, at 8 = 0.81203 (y*> = 2.93594) for / = 1 and
at 8 = 0.58403 (y? = 1.51767) for £ = —1, which are the
roots of ¢;(¢,2,1,8) = ¢;({,2,2,8), maximum of radia-
tion shifts to second (last, v = n = 2) harmonic of quantum
spectrum. Though it is not noticeable but at low levels, we
find important to emphasize that (¢ = —-1) < B({ = 1).
Physically it means that electrons with initial spin antipar-
allel to external field switch their preferences to complete
‘outpour’ at lower energy. Maximum in short spectrum of
scalar particle shifts to v = 2 at § = 0.84618, i.e. later than
both electrons of { = +1, and classical 8 = 0.76354 can be
called representative with respect to electron of { = 1.

Generally, one can observe qualitative agreement be-
tween the behavior of partial contributions related to boson
and electron. It allows us to assume for both { = 1 and
{ = —1that at n > 2 maximum of radiation sequently shifts
to higher harmonics with energy, starting with primary har-
monic at 8 = 0.

RADIATION SPECTRUM OF BOSON

We start the analysis by briefly revising the character of
evolution of radiation maximum in boson spectrum. Better
description can be found in [4]. The model of scalar par-
ticle might not appear useful from practical point of view
(though in some particular practical cases spin properties
can be neglected), but theoretically it is an excellent tool to
either simplify the study of SR characteristics or to distin-
guish the perturbation caused by spin properties when com-
paring to characteristics of spinor particle. Quantum mo-
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tion of scalar particle obeys Klein-Gordon equation from
which follows the relation )/2 =1+ (2n + 1)b, where b is
the value of external field in the units of Schwinger field.
Obviously, for large n we have y> = 2nb. Introducing the
functions

We(n,n,B)

b —
Komp) = W2 (nn—1,8)"

“)
for each fixed n one can find such S at which the maximum
of radiation shifts from harmonic v = n — 1 to v = n. The
roots of equation K”(n, 8) = 1 (n, 8,,) can be given in the
form (n,y,%), 7,% =(1- ,Bfl)‘l, and for boson they fit the
line y? = 2bon with by = 1.146129, see figure 3.

y2=2b1n
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Figure 3: The roots of K?(n,8) = 1 and KP(n,p) =
WE(nn—1,8) - [Wg (n,n—2,8)1" = 1.

This fact leads us to nontrivial conclusion. The maxi-
mum in radiation spectrum of boson can shift to highest
harmonic only when external magnetic field is higher than
critical value by. Otherwise maximum remains lower that
v = n. Critical value exists for transition between v = n —2
and v = n — 1 as well and we have found it numerically,
b1 = 0.82009.

A better explanation of what happens is provided by fig-
ure 4.
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Figure 4: Lines formed by the roots (14, ).

Initially (from Klein-Gordon equation) we have y> =
2nb. So, for fixed n = n, y*(b) is a straight line.
Now, if for n, we find g, ,, and, therefore, vy, , satisfying
K% (ng, Bn,) = 1, we immediately see that points (n1,x,),
(n2,7vn,), form a vertical line that corresponds with by.
Same effect can be observed for the roots of K f’ (n,B) =1
(dashed line with b; mark) and so on, for the shift between
each pair of neighboring harmonics.

This information provides a possibility to make a state-
ment about the "quantization" of external field in the fol-
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& lowing sense: for a spinless particle the discrete sequence
g of critical values of field intensity controls the position of ra-
T .
Z diation maximum. Only when external field exceeds a fixed
3 critical value, maximum shifts to corresponding harmonic.

b

INFLUENCE OF SPIN

Scalar equation of motion can’t serve well for an electron,
s0 we turn our attention to Dirac equation in this case. Dirac
equation gives y> = 1 + 2nb, or for large n, y*> = 2nb.

Similarly to boson, we introduce the functions

W (Z.n.n. )

K({npB) = ——.
Wo(l,n,n—1,5)

(&)

Their behavior is very much alike the behavior of K? (n, 8)
both for { = 1 and { = —1, see figure 5 and [4].

o s

300

0.l90 > B
S Figure 5: Plots of functions K¢(l,n,B8) at n =
5,10,22,50,100, 300.
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However, the roots of K¢({,n,8) = 1 (n,y,zl) do not form
a line, and this is exactly when the properties of spin enter
the picture. Figure 6 shows that the supposed straight line is
@perturbed significantly. Though we only present the data re-
§ lated to { = 1, the discrepancy between boson and electron
é is the same for = —1. Obviously, one can find a slight dif-
(3. ference between K¢ (1,n, 8) and K¢ (—1,n, ) for low n, and
> increasing the number of initial energy level this difference
8 becomes negligible.
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Figure 6: Roots of equation K¢(1,n,) =
2)~1), and numerical approximation.
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Using numerical methods we have found an approxima-
tion for the points (n,92) of the form

m

yi(m)=k-n 6)
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We performed calculation up to n ~ 10%, and the values of
k and m for { = 1

k =1.0012284, m = 0.6699919 for £ =1, (7)

k =1.0028489 , m = 0.6698787 for { =-1. (8)

CONCLUSIONS

As was predicted by classical theory, the maximum
of radiation in quantum spectrum shifts successively to
higher harmonics, starting with primary harmonic in non-
relativistic case. This result remains valid independently of
presence of spin or its direction.

For a scalar particle there exists a condition for radiation
maximum to lie at highest harmonic. Moreover, we can
assume that it is possible to find an ordered set of num-
bers, which are the critical values of external field, such
that the shift of radiation maximum in the spectrum of bo-
son can only happen when the intensity of external field is
greater than certain critical value related to corresponding
harmonic. If this condition is not satisfied, the position of
maximum remains unchanged.

It turned out that the presence of spin perturbs the result
obtained for scalar particle. For an electron no linear depen-
dence between y? and n can be observed. We have found an
approximation for this dependence, where the power of n is
close to 2/3 both for initial spin parallel and antiparallel to
external field.
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