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Abstract

High-gain FEL is one of many electron-beam instabilities,
which have a number of common features linking the shot
noise, the amplification and the saturation. In this paper
we present a new, model-independent description of the in-
terplay between these effects and derive a simple formula
determining the saturation and maximum attainable gain in
such instabilities. Application of this model-independent
formula to FELs is compared with FEL theory and simula-
tions. We describe limitations resulting from these findings
for FEL amplifiers used for seeded FELs and for Coherent
electron Cooling.

INTRODUCTION

FEL amplifiers can be used for a number of applications
ranging from the HGHG [1], the coherent seed amplify-
ing [2] or amplifier in Coherent electron Cooler [4]. Studies
of gain and saturation in these FELs have captured wide
interest and several criteria/estimations of saturation have
been proposed [6,7].

It is well known that e-beam instabilities, including
those in FELSs, can be described by a set of self-consistent
Maxwell’s and Vlasov equations. The Vlasov equation be-
comes nonlinear (which can cause the saturation of a FEL)
when the density modulation becomes comparable with the
initial beam density |0n| ~ ng.

When [6n/ng| < 1 we can use linearized Vlasov equa-
tion, which then can be represented by Green’s function.
For compactness, we consider a one-directional instability
(detailed derivation of 3D case is shown in [3]), where the
response of the system on a perturbation can be described
by one-dimensional Green’s function,

n(r,z) =nog+dn+ G.(z — 29), (1)
where ny is the initial electron beam density, dn = §(z — zp)
is a local perturbation at z = zg and G (z — zp) is the FEL’s
response on this perturbation at time 7.

This 1D simplified model is usually true for a FEL, where
diffraction makes transverse dependences smooth compared
with the fast longitudinal oscillations. We also consider a
response of the system to be much shorter compared with
the electron bunch length, e.g. the e-beam density could be
considered locally constant.
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GREEN’S FUNCTION AND ITS
SATURATION

As shown in Eq. 1, the electron distribution can be de-
scribed by the initial density, local perturbation and FEL
response — the Green’s function. For a case of typical SASE
FEL, the initial random distribution of electrons can be writ-

ten as
N

no(0,2) = Z 0(z — 2),

i=1

@)

where N is the number of electrons in the bunch. If the
system has external pertubations, e.g., when an ion bunch
is co-propagating with the electron bunch as is for a Coher-
ent electron Cooler (CeC) [5], the electron density, in the
presence of modulation imprinted by ions with charge Z and
effective density X ~ Z, becomes

N. N, N;

n(r,z) = Z 5(z—zi)+z Gr(z—2z)+X Z G (z—z;).
i=1 i=1 j=1

3)

For the modulation of interest, i.e., within a wavelet {0, Ay =
27 /ko}, we can calculate bunching factor, corresponding to
the relative local density modulation:

fo)\o n(r, z)etkozdz

fo)‘o n(r,z)dz ’

b(7) @)

where M, is the number of electrons in the wavelet {0, Ao}

and we define the gain of the modulation through the integral .

of the Green’s function within the wavelet {0, Ao} as

\/Ao —Z;
We can further define an effective correlation length N .\g,

which reads

Thus by assuming the FEL saturates at b(7) < 1 or

(|M.b(T)|?) < M., where M, is the number of electrons
in the wavelet {0, Ao}, we arrive at

g(z) = G (2)e*ozdz. Q)

9(2)Pdz = g2, 0aNeXo (6)

M
1+gfmch(1+X2ﬁI) <M, 7

€

which gives an estimate for the maximum attainable gain for
an initial 0-function like seed

g < L
V(1 + X23E)

®)
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% Table 1: e- Beam Parameters for FEL Simulation

% Name Infrared(PoP CeC) Visible(eRHIC CeC) VUV(LHC cooler) Hard X-ray(LCLS)

% Beam energy (MeV) 21.8 136 3812.3 13643.7

o) Beam current (peak,A) 100 10 30 3400

§ Normalized emittance (jm) 5 1 1 1.2

© Fractional energy spread (dp/p) 1x1073 1.5 x 1075 2.5 x107° 1.05 x 1074

f Undulator period (cm) 4 3 10 3

g Undulator strength A, (K. /v/2) 0.4 1 10 2.4756

= N, 35.8 102 70.6 14.5

£

2 In terms of peak current I, » and wavelength )y and in the  change along the undulator due to slippage of a FEL. We
fg’ absence of the ion bunch, we can rewrite Eq. 8 as notice that the response of the seed, after an initial delay,
8 grows exponentially as the shot noise. During this initial
g I,[A]\o[pm] delay, the bunching information, carried by the radiation,
2 Imax < 144 N : 9 slides forward within the bunch and the maximum bunching
— C

§ amplitude of the response slightly decreases. The response
£  We arrive at a very neat formula for the maximum at- ~ Saturates at the point where the shot noise saturates the entire
g tainable gain where only the electron’s peak current I, the bunch, ie., [bsase| ~ 1.

£ FEL wavelength )\ and coherent length (in terms of \g)
Z N, are involved. The result does not require the knowledge
. of the type of FEL or the properties of the electron beam
§ (assuming it is suitable for FEL) and is fully applicable for
2 3D treatment. However, there is no analytical expression for
« N, for an arbitrary 3D FEL.

NUMERICAL ANALYSIS

We simulate a statistically representative set of initial
2 shot noises with and without the seed (which has J-function
é like shape) in 3D FEL code Genesis 2.0 [8]. To extract the
g information of a d-function like seed with the existence of
§ shot noises, we generate two bunches. The first bunch’s
@ initial distribution purely comes from random shot noises,
8i.e., from SASE signal. For the second bunch, we use quiet
§ start to generate one seed slice with initial bunching factor
= at the level of interest, e.g. le — 4, then we superpose this
“slice on the middle of the first bunch. We propagate the two
M bunches (one with noise, one with noise and seed) through
8 the FEL separately and obtain their bunching information
£ (amplitude and phase) along the undualtor. The bunching
G for the seed is simply the difference of these two results.

é We have run simulation for a wide variety of scenarios in
i—;’ FEL spectrum ranging from infrared (CeC proof of princle),
< visible (eRHIC CeC), VUV (LHC cooler) to hard X-ray
-“3 (LCLS). Detailed parameters are listed in Table. 1. Choosing
5 the case of wavelength in visible(eRHIC CeC) range as an
2 example, we calculate the averaged bunching over all 32
=

g random shot noises for each slice within the electron bunch
zand show the maximum bunching amplitude in Fig. I as a
E function of the longitudinal position in the undulator. We
g calculate the difference between the two bunches, i.e., with
.« and without initial seed, to extract the growth of the Green’s
= function in the undulator and show it in Fi g. 1 for comparison.
£ Assuming there is no correlation between the shot noise and
= the initial seed, the two curves in Fig. 1 are representing
% different slices in the bunch and the slice #’s of both curves

THPRO039
of

@ 2950

istribution o

A‘vgshotnoise‘ +
Avg Green function

0.1

0.01 |

0.001

0.0001 {

1e-05 1 1 1 1 1
0 5 10 15 20 25 30

Longitudinal position [m]
Figure 1: Plot of the FEL response’s maximum bunching
amplitude as a function of the longitudinal position in the
undulator for noise+seed (green) and seed (red).

The entire process — the slippage, amplification and satura-
tion of the FEL response — can be visualized by the evolution
of the response’s profile within the undulator, as is shown
in Fig. 2 and Fig. 3. A seed is initially placed at the middle
of the bunch with a bunching amplitude at 1e — 4. When
the bunch propagates in the undulator, this seed slips for-
ward and passes the bunch information to its "neighbouring”
slices. The maximum bunch amplitude slightly decreases
during this process. While the bunch continues its journey
in the undulator, the head part of the bunch starts to overtake
and grows exponentially. At the meantime, the variation
of the response’s bunch profile over different initial shot
noises stays low. When the bunch approaches saturation, the
variation of bunch profile starts to grow and overtakes its
mean value. At such point, the response becomes completely
noisy.
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Figure 2: The bunching profile of the electron bunch in the
undulator and its variation are plotted at (a) z=0.6 m(start);
(b) z=11.4 m(the bunching factor of the head of the bunch
starts to overtake and grows).
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COMPARISON AND DISCUSSION

The comparison of simulated maximum attainable gain
in bunching factor and its theoretical estimation is listed
in Table 2 with different scenarios that we study. The dis-
crepancy between the simulated results and the theoretical
estimations given by simple formula in Eq. 9 is generally
within 20% except for the case of VUV where a 35% dis-
crepancy is observed. Considering Eq. 9 is derived with 1D
theory and without taking into account of many important
3D effects, the agreement is considered to be very good.

Table 2: FEL Gain of Theory and Simulation

Name gmaz,theory gmam,simulated
Infrared 857.5 777
Visable 29.3 27

vuv 28.3 18.7

Hard X-ray 27 21.1
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Figure 3: The bunching profile of the electron bunch in the
undulator and its variation are plotted at (a) z=19.8 m(close
to saturation, the variation starts to grow); (b) z=22.0 m(after

saturation, the variation surpasses the bunching amplitude).
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