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Outline HZB Helmholtz
Zentrum Berlin

« Symplectic tracking based on analytic generating functions
« Analytic description of arbitrary undulator fields

« Potential applications to other magnet structures

« Analytic equations for dynamic field integrals

« Benefits and limitations of shimming techniques

J. Bahrdt, G. Wstefeld, Phys. Rev. ST Accel. Beams 14, 040703 (2011)



Motivation for Symplectic and Fast Tracking HZB Helmholte

Zentrum Berlin

UE112 APPLE I Undulator at BESSY Il

Complicated 3D field
Huge dynamic effects for:
- long period length

- low energy (1.7GeV)

Large operational

parameter space:

- energy (gap)

- polarization (phase)

- compensation of
beamline effects
(universal mode)

Advantages of analytic tracking scheme:
mmm)  extremly fast (CPU time reduction of 1-2 orders of magnitude)
mm) full parametrization of 3D fields in all operation modes



HEB....
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Two approaches for deriving the generating function

Numeric approach
« fast and symplectic, full turn FFAG orbit tracking
H. Lustfeld, Ph. F. Meads, G. Wustefeld et al., LINAC 1984

« tracking of superconducting wave length shifter (strong field devices)
M. Scheer, G. Wustefeld, EPAC 1992

Analytic approach

 tracking of undulators (nonlinear, weak fields)
J. Bahrdt, G. Wustefeld, Proc. of PAC, San Francisco, USA (1991) 266-268
J. Bahrdt, G. Wustefeld, Phys. Rev. Special Topics, A & B 14, 040703 (2011)

‘ Very simple interface between field simulation and tracking

e.g. foran APPLE II:

about 30 Fourier coefficients & transverse expansion width
phases Y, (elliptical), ¥, (inclined), ¥; and ¥, (universal mode)
magnetic gap

distance of magnet rows



Eugivalent Descriptions of Stationaritity of Action HZ/B......

Zentrum Berlin

Differential Expressions of Equations of motion oL d oL
Lagrange Euler equation — -=0
2nd order DEs in N variables: dq dtdq
Hamilton’s equations of moton 0H =~ o0H = 0H _ ; oH |
1st order DEs in 2N variables: gy Px dy Py op, dp, B
y 4
y 4
>
Qi,Pi Zf As; Ps

Integral Expression: Hamilton-Jacobi Equation o
permits step sizes as long as undulator length “34H=0
always symplectic 0z



The Hamiltonian HZB Helmholtz
Zentrum Berlin

Hamiltonian of relativistic particle in a magnetic field:

= \/(ﬁ — eff)zc2 + mact

Canonical variables: x, y, py, p, and independent variable t
Hamiltonian is independent upon t.

Change independent variable: timet Em) distance z
to enable further transformation to cyclic coordinates; new Hamiltonian:

-T)

—P, =~ |z —mje? — (Px — eAx) — (By —edy)” —eA
Normalization and 2" order expansion in p,, p;, X3

H =—p, =1+ (D, ~ AX)* 12+ (p, - AX)/ 2- Ax,

x3~1/kBo small quantity in undulators; well suited as expansion variable



Expansion of Analytic Generating HZB......
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Canonical transformation to cyclic coordinates with generating function:

F3(Qxi» Qyis Dxfr Dyfs)

d0F; 0F;
C0Qu
The Hamilton-Jacobi Equation (HJE) has the form:

_1+ (_FBX o A<X3)2/2+(_F3y — AX/X3)2/2_ AzX3+ F3Z = O

Insert Taylor series expansion Ansatz of generating function in HJE

Substitution: P,; =

3x Pyiz_aQyiz F3y

i~ UK : :
F,= Z fijk p; p;,f Xs expansion variables: pys, Pys, X3
ijk
Each individual expansion term must be zero.
Ilterative solution and determination of z-derivatives of f;

Integration of df;;,/0z along z yields generating function.

Algebraic code (e.g. REDUCE) can be used to derive
generating function analytically from analytic vector potential



Symplectic Map from Generating Function HZ/B......
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In 2" order expansion (plus f,y; term)
the generating function (GF) has the form:

b3 =zp — (prx + ny)’) - (P;%f + P;zzf)zf/z + f101Pxf
+fo011Pyr + foos t+ fooz + foo1

. X, =—0dF;/dp,
Once, the GF in terms of
initial coordinates and final yi =—9F;/dpy
momenta is known, this set P, =—0dF,/0Q,
of 4 equations can be solved P, =—0F,/dQ,

In 2"d order (18t order in momenta) equations can be solved explicitly:

P = (- fOlly)( Pe+ Tooax T Toone) + Tora( Py + f002y T fOOly))/ Pn
X; = X— T+ Py Z4

Py = (A= fio)( Py + f002y + f001y) + flOly( Px + Tooax T Toor)) / Py
Yi =Y- f011+ Pyt Z; -

with p, = (1=Fo11y)(1=F101)~To11xF101y



Symplectic Map from Generating F HZ/B......
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In 2" order expansion (plus f,y; term)
the generating function (GF) has the form:

b3 =zp — (prx + ny)’) - (P;%f + P;zzf)zf/z + f101Pxf
+fo011Pyr + foos t+ fooz + foo1

. X, =—0dF;/dp,
Once, the GF in terms of
initial coordinates and final yi =—9F;/dpy
momenta is known, this set P, =—0dF,/0Q,
of 4 equations can be solved P, =—0F,/0Q,

In 2"d order (18t order in momenta) equations can be solved explicitly:

P = (@~ oy )(P 4 )

| Note: Procedure is not limited to 2" order in
Xp = X— f101+ Ped the momenta, however, iterative techniques
Py = (@- fo, )P (e.g. Newton Raph§on I'Vl'ethod) f:\re required
to solve the set of implicit equations

Yi =Y- f011+ Py )

with p, = (1=Fo11y)(1=F101)~To11xF101y



Generating Function Expansion Coefficients

Analytic expressions of the vector potential are required
since GF is derived from analytic integrations over z

2nd order terms;

foor =0, fio1= ijdZ; fo11= jAde,

fooz = —(1/2) j(Aazc + A2)dz,

The following 3rd order term improves accuracy:

1 ([ o ,
fooz = 5_[ % j(A,ZC +A2)dz | |A,dz.

17( o ,
+§J o j(A,ZC+A§,)dZ A,dz

HZB Helmholtz

Zentrum Berlin
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Example |: Planar Undulator Structure

Scalar potential of a Halbach type undulator:
V =—(B,/k,)cos(k,x) sinh(k, y) cos(kz + ).
Derivation of vector potential from scalar potential
A = —_[ (dV /dy)dz+C,
A = j 9V /9x)dz+C,
A =0.
which is
A = (B, /k,)cos(k,x) cosh(k, y) sin(kz+ ¢)
A = ((Byk,) /(k/k,))sin(k,x)sinh(k, y)sin(kz+ ¢)
A =0.
‘ Generating Function

HZB......

Zentrum Berlin

Magnet structure of
BESSY Il U125

Method can easily be extended to a sum over Fourier component
Assumption of linear superposition of fields (permeability = 1) justified for ppm

11



BESSY Il U125 Wiggler | HZ/B......
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Fourier expansion of fields

- longitudinally k k? 2
~=_lkf+k
- transversally vl oo
_ n, m i =135
B,(X,Y,2)= c - cos(k; x) cosh(k . -y) cos(k-z J T
y( y,2) ;; ) S X ) ( y"ly) ! J ) (1,5,9... for ppm structure)
Derivation of Fourier coeffifficients Ly 1.5¢ Uioes
- undulator: Cﬂ> 1: total field
single trans. field distribution i first harmnonic
. . i third harmonic
- wiggler: 0.5} fifth harmonic x 50
seveveral trans. field distributions E
m 07
Co,lzzco,]’ i
=1 -0.5
" - solve system of af
Cna ‘J.Z:;Cn,i’ linear equations :
0 20 40 60 80 100 120
Con=D6,; co8(k;7,) z/mm
= Field reconstruction using different
J. Bahrdt et al., IPAC 2011 numbers of harmonics

12



Example II: APPLE Il Undulator HZB.. .
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Scalar potential of APPLE Il field  |B=-V(Y/)
Contributions from 4 magnet rows:

V= Z(Vn +Vy +V5 +V,)

i=1

Vy =+((€™7 1K;) - (ByiCy_ + ByiS, ) + Be™ 1k,) ¢,

Syl
Vy = +((€™7 1K, ) (ByiCyir + ByiSyy ) + Boe™ 11k,) -,
V3i = _((e_kwy / I'(yi ) ’ (ch| Cyis T Bwi Sxi+) + BOe_ka / nkz) Cy e-beam

V, =—((e"7 1K) (ByiCy_ +By;s, ) + B ™ /nk,) - C,
Cyx = COS(K,; (X% X,))
Sgx = SiN(K, (X X%,))

M
helical undulator
shifting of the poles
c,, =cos(k,zty /2)

kg =1-Kyo A =—[(dV /ay)dz+C,
kyi = V kxiz_i_kz2

4 )
A= j(av [ox)dz+C, implemented in
A =0. Elegant (A. Xiao)

- J

13



Example IIl: Asymmetric Figure 8 Undulator HZ/B......
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Asymmetric Figure 8

undulator for linear / helical Ay
polarization and reduced

on-axis power density

z % ((cos(ky; (x —x¢ /2)) - sin(kz + (1) +
i=0

cos(kyi(x + x0/2)) - sin(kz + {3)) - exp(—k,,;4g/2) +
T. Tanaka, H. Kitamura,
Nucl. Instr. and Meth. in .
Phys. Res. A 449 (2000) 629-637 ((cos(kyi (x —x0/2) ) -sin(kz + {3) +

cos(k,;(x + x¢/2)) - sin(kz + {,)) - exp(+4g/2)) +

Z f (cos(in X) - cos(l?z +(5) - exp(—EyiAg/Z) +

(cos(kyi x) - cos(kz + ) - exp(EyiAg/Z)
Courtesy of B. Diviacco

kyi = k2 + k% ky; = [k + k2, k=k/2=2m/2,
Different period lengths
of inner and outer arrays

Similar expression for A, and A,=0 14



Tracking of Undulator Ends HZBH ..
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Two methods:

A) Each end consists of 2 half periods
- transverse and longitudinal features
similar to periodic part but
- scaled with ¥4 and -%

B -3B 4B -4B

B) Extrapolation of vector potential at undulator ends T A X Ay

vector potential of each magnet row:
Ax,i = AxO,iSin(kzZ + Cl)
Ay = Ayosin(kzz + ;)

Ax,i = Ayosin(k,z + {y)

e
X
I
NONZE

N
<
Il

Ay =Ayesin(k,z + ()

o~
Il
U=y

periodic part

start integration of A,

start integration of A,
15



Tracking of Undulator Ends

Two methods:

A) Each end consists of 2 half periods
- transverse and longitudinal features
similar to periodic part but
- scaled with ¥4 and -%

B -3B 4B -4B

A

B) Extrapolation of vector potential at undulator ends T A X Ay

vector potential of each magnet row:
Ax,i = AxO,iSin(kzZ + Cl)
Ay = Ayosin(kzz + ;)

Ax,i = Ayosin(k,z + {y)

e
X
I
NONZE

N
<
Il

Ay =Ayesin(k,z + ()

o~
Il
U=y

>

implemented in
t Elegant (A. Xiao)
ste

start inteYrerrormorrs

N\NX .
TAAT

J

HZB......

Zentrum Berlin
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Particle Tracking for BESSY Il UE112 APPLE || HZ/B......
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UE112 shimming effect

x-kick per ID passage (vertical linear mode)
os \/ particles distributed on horizontal phase

“E space ellipse, semi axes: 30mm / 1.87mrad
red: no shims

/\ blue: wire shims powered

S S S S S N S S  BY
—30 —20 —10 o 10 20 50

400urad

30mm

wres Q frequency
map

Bahrdt, Scheer& Wustefeld
Proc. of EPAC (2006) 3562-3564 17



Application to other Systems: HZB
Helmholtz

Multipole Magnets Including Fringe Fields

Zentrum Berlin

Rewriting the formalism in cylindrical coordinates and follow same procedure:

1

1 2
H=— <(p,, —eA,)* + ) (pp —erd,)” + pg)

Po

2
H=-p,=—1+ @ - A)7/2+(2 = 4,) /2-4,

The generating function in cylindrical coordinates is:

Fy = 2p = (Drp7 + Dopp) = (07 +05r/77) 27/ 2 +
f101Prf + fo11Per + foos t+ fooz + foo1

where f;, include analytic expressions of
integrals and partial derivatives of the
vector potential in cylindrical coordinates

18



Analytic Expressions of the

Vector Potential of Multipole Magnets HZB......
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! L permanent magnet quadrupole
08 , fields (thick) residuals (thin) . . .
-  azomm o z=amm (<G00 Bassetti and Biscari
150 % e e s 00 i
Zl% 04f B, (r,0,2) = Z GOZp(Z)r2p+1
02 p=0
-
ok Gmo(2) = Z a;cos(k;z)
Example - B R R T R i=0
. s(mm)
Halbach type quadrupole Longitudinal Fourier decomposition

Radial dependency

cos(me) - 1 5
_—— - p+m—1
A (r,,2) = (m — 1) Apo + 514(,”1 +p)p Gm2p—1(z)r
p:

permanent magnet quadrupole

field (T)

(0]
sin(me) m+ 2p g
J— . 2p+m-—1 r

A(p (T', (pr Z) - —' A(po + S N GmZp—l (Z)T p '0-2:
m: 4(m + p)p L04L field
p=1 r 5 x residuals for 1st order fit
060 5 x residuals for 3rd order fit
[ 5 x residuals for 5th order fit

AT'O =A(p0 =Gm_1(z)rm_1 e ?L\Hu-mH‘_\HH_\HH\HH\HH\HH\HHM



Analytic Expressions of the

Vector Potential of Multipole Magnets

1
L permanent magnet quadrupole
ogl fields (thick) residuals (thin)
[ z=3mm (x6) z=3mm (x600)
200 06~ z79mm (x2) 2=9mm (x200)
150 [ z=18mm (x1) z=18mm (x100)
zl% 04
02
0} A DN LA (1 ‘A'!'.h'!',lr AR L T l‘A'A
02k
I E I R I I R
300 -200 -100 [} 100 200 300

Example:

Halbach type quadrupole Longitud’ Tr7r777i

cos(me)

Ar(’l‘, (p,Z) = - (

S
———| A +z—-a -
m—1 " Li4m+pp ™

m+ 2p

_ sin(mg) C
L4m+pp
p=1

A(p(T', (p,Z) T A

@0

Apo = A(pO = Gm—l(z)rm_l

HZB Helmholtz

Zentrum Berlin

Bassetti and Biscari

B(P (T, O, Z) = Z Gozp(Z)rzp-l-l
p=0

co

Go(@) = ) @05 (k;2)

=0

§ x reslduals for 1st order fit
§ X reslduals for 3rd order fit
§ x reslduals for 5th order fit

z (mm)



Analytic Kick Maps - Thin Lens Approximation HZB Helmholts
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ai Kick g

qi

qi

q;"*"=¢;"'* + W(qy)

The kickmap is easily derived from the generating function coefficient f,

6, =df, /X 6, = ofy, 1 9y

where f,,, depends upon a set of Fourier coefficients

21



Dynamic Kicks in a Planar Undulator HZB......
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The integrated dynamic kicks due to the wiggling motion in undulators
follow directly from generating function:

transverse Fourier coefficients

LYY

L sin(k,;,x) cos(k ,X
x 2(B,0)2 P : ( Xil ) S( Xi 2 )

2

x(kikkisi nh(k,,- ) sinh(k , - y) —cosh(k,, - y) cosh(k , -¥))

yiLj i2,]
=— C cosh K sinh(k
y Z(Bp) ;)I;)JZ_; i1} 121 J ( ylljy) ( yIZJy)
( yi2,] COS(kX|1X) COS(kX|2X)+k kaIZ Sin(kxilx)Sin(kxiZX))
yi2,]
‘ analytic kick map - for undulators: m=1 is sufficient

- high field wigglers require inclusion
of higher field harmonics (m >/= 3)

22



IBydz/Tmm

BESSY Il U125 Wiggler Il HZB Helmholtz

Zentrum Berlin

8r = 0.2
6 U252 E o1 V15?2
one harmonic N 01; IBydz (dyn)
4r harmonics 1 and 3 x T I1B,dz (dyn plus shims)
of harmonics 1, 3and 5 aa) 005! IB,dz (shims)
0 0
2! 005
_4; Theoretic dynamic 01!
o field integrals 015t Shimmed device
_8:”Hm‘Hm‘HmH‘mHwHH\HH\HH\HH\HH .0_2:HH c b L L Lo L
-50 -40 -30 -20 -10 O 10 20 30 40 50 -30 -20 -10 0 10 20 30
X/ mm X/ mm

b & s A a b a¥e &

The 3rd field harmonic has to be
included for a a field reconstruction
on the percent level

ALY

For undulators usually 1st field harmonic
is sufficient

U25-2 Magic fingers

23



Dynamic Kicks of APPLE Il Undulators HZ/B......
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Elliptical mode

analytic functions of row phases

— fo ° f 7 - transverse Fourier coefficients

6, =0

terms include magnetic gap

L8 &
f — CXI X SX
° kZ(Bp)Z PAOT

n n k2
f C s C.S
T kz(B,O) g% JQ SX|0 Xi XjOSXj

Similar analytic expressions for inclined and universal mode, for details see PRST

Successful shimming of weak devices with L-shims ©
based on analytic kick maps

24



Active Compensation of Dynamic
with Flat Wires: BESSY |l UE112 A HZB Helmholtz

Zentrum Berlin

p. 4

water cooled
undulator
vacuum chamber

current [A]
N N
o o1 o o1 ©

)
[S20; ]

; \

oo
. O o

20 30

w
S
)
S
.-AA
S)
o
=
S}

z[mm]
current settings for gaps of 20mm
24mm, 30mm and 40mm

J. Bahrdt et. al., Proc. of EPAC,
Genoa, Italy (2008) 2222-2224
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horizontal tune[kHz]

injection efficiency

0.8

0.6

0.5

04 L

1,

09Ff

07F

UE112: Tune Shift and Beam Size Variation

970 -

vertical tune [kHz]

910 b

960 |-

o e

920 [

X [m]

L
10 -10

Horizontal and vertical tunes

vs horizontal displacement:

black: tune correction off, wires off
blue: quad correction on, wires off
red: no quad correction, wires on

currents off

currents on

20 40
row phase [mm]

HZB Helmholtz

Zentrum Berlin

90

85
80 inclined mode

source size [um]

75 ;
n o , e ]

60
ss

50 | |
-40 20 0 20 40

row phase [mm]

Source size variation with row phase of the
UE112 at gap = 24mm in the inclined mode.
Black, blue: currents switched off; red,
magenta: currents switched on.

Recovery of injection efficiency
in inclined mode

Results for UE112 are achieved
using analytic kick maps
without further iteration.
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Static Multipoles and so-called ,,Dynamic HZB Helmholtz
Zentrum Berlin

Static multipoles:
Complete description of two dimensional straight line field integral distributions
on a source free circular disc

F =B,—iB, is an analytic function; the bar indicates a straight line integration

0B, 9(-B,)
Cauchy Riemann relations:  9X ay are equivalent to the
d(-B,) 9B, 2D-Maxwell equations
X oy

“Dynamic multipoles” (DM):
E_B _iB is not an analytic function; the tilde indicates an integration
X ¥ along a wiggling trajectory

Cauchy Riemann relations Y *(BxB,) = 0B,/ 9x+ 0B, /dy o< —foppy, + g, = 0
t fullfilled: ~ o~ ~ ~ ~
e OIS (Ux(B,B))), =0B, /9x—0B, 1y > fogp+ oy 20

Note: By principle “dynamic multipoles” can not be compensated

with shims which are usually described by static field integrals
27



Shimming of ,Dynamic Multipoles HZB Helmholtz
Zentrum Berlin

Why does shimming of DM work at all?

Shimming of DM in the midplane has no principle limitations, but
vertical off-axis effects are enhanced; this is acceptable because:

 usually, vertical beta-function smaller than horizontal beta functions
« usually vertical emittance smaller than horizontal emittance
 large particle amplitudes occur during horizontal injection

What about gap dependency?

DM are expected to drop off much faster
than shim field integrals due B? dependency, but:

» detailed considerations show similar gap dependence of

dynamic multipoles and static multipoles for long period lengths
« DM scale with square of period length; Murphy’s Law does not apply ©

28



Summary and Outlook HZB Helmholtz
Zentrum Berlin

Fast analytic, symplectic GF-based tracking scheme
one step per undulator is possible

Analytic description of undulator fields and shim field integrals
simplifies interface

APPLE undulator implemented in Elegant, other devices straight forward

Multipoles with fringes fields will be implemented soon
dipole with fringe fields needs specific Hamiltonian along bent orbit

Analytic kick maps derived from analytic generating function
used for evaluation of shim strength

29



