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lower optimal β, the magnetic field does not contribute 
much to the transverse momentum gain and the ring shape 
for the central electrode is suitable to minimize the field 
asymmetry, see Figure 7. 

MULTIPOLES FIELD EXPANSION 
Asymmetry parameter ܳ gives partial information on 

the transverse kick, evaluating ݌߂ோܿ on the whole x-y 
plane, Figure 8, it is possible to calculate the multipole 
expansion of the transverse momentum gain. 

 
Figure 8: ݌߂ோܿ as a function of the angle α, SSR2 cavity, 
Lorentz force and Panofsky-Wenzel theorem evaluations. 

Expanding ݌߂ோܿ one gets: 
 ΔpRc(r,α)=A0(r)+∑ An(r) cos(nα)+Bn(r) sin (nα)∞n=1  (6) 
 

where ܣ௡(ݎ) ∝ (ݎ)௡ܤ ௡ିଵ andݎ݊ ∝  ௡ିଵ are the Fourierݎ݊
series coefficient of  ݌߂ோܿ	 while ܣ଴(ݎ) ∝  and it is the ݎ
mean value; one set out of two has non zero values and 
the other vanishes. Normal or skew components are due 
to the symmetry of the problem and to the choice frame of 
reference to define x-y plane. This expansion can be 
applied to either Lorentz’s force or Panofsky-Wenzel 
theorem, it gives information on the amplitude of dipole, 
quadrupole, sextupole, octupole, decapole, dodecapole 
and so on. The transverse kick has been expanded up to 
16-pole in this paper, corresponding to	݊ = 8, because 
higher components are not significant. ݌߂ோܿ shows a 
periodic dependence on the angle  α, this is due to the 
spoke and half wave resonator geometries: the central 
electrode lies on one of the two transverse directions 
breaking the symmetry of the cavity. Multipoles 
coefficients, for a particle traveling through SSR2 cavity 
(circular aperture) at ߚ = 0.47, are reported in table 1, 
they are divided by ݎ௡ିଵ to show the dependence on	ݎ; 
Fourier kick components calculated at ݎ = 10 mm and at ߚ = 0.47 as a function of the angle ߙ are in Figure 9. 
Looking at Figure 8 and table 1, it is clear that quadrupole 
is the main component of the kick expansion. Changing 
the beam aperture shape, either in the central electrode or 
in the end walls, helps reducing the 2nd harmonic only for 
a very small beta range. Higher order multipoles are not 
significant in SSR2 cavity and, as expected, odd order 
multipoles are completely negligible. Starting from the 6th 
harmonic coefficients become very small and they can be 
considered noise as odd amplitudes.

Table 1: Normalized Multipole Amplitude, SSR2 Circular 
BP Aperture at ߚ =  ௡ିଵ r=5 mm r=10 mm r=15 mmݎ/௡ܣ .0.47
1st [keV] 1.199e-14 5.812e-14 9.140e-14 
2nd [keV/mm] 3.385 3.391 3.402 
3rd [keV/mm2] 7.998e-16 4.331e-16 3.351e-16 
4th [keV/mm3] 6.962e-4 4.747e-4 4.757e-4 
5th [keV/mm4] 4.935e-17 4.957e-18 1.805e-18 
6th [keV/mm5] 5.060e-06 2.338e-08 1.135e-08 
7th [keV/mm6] 1.133e-18 1.367e-19 4.413e-21 
8th [keV/mm7] 1.2039e-07 2.719e-10 2.162e-10 
 

It is easy to show that ܳ = 2 ∗ A2(r)/A0(r), so the 
asymmetry parameter is a measure of the quadrupole amplitude 
over the monopole. As a proof of what is reported in the 
previous section table 2 compares quadrupole amplitudes 
of HWR straight and ring electrode geometries: 
 

Table 2: HWR Quadrupole Comparison = 0.11 . 

HWR straight spoke HWR ring spoke 
18.8 keV/mm 1.43 keV/mm 

CONCLUSIONS 
A method for a complete study and understanding of 

field asymmetry and field multipoles has been presented, 
for half wave resonator and spoke cavities as well. 
Quadrupole component is present in these resonators 
because of the post conductor that breaks axial symmetry 
of the structure. It has been tried to achieve better field 
symmetry for HWR and SSR2 cavities, because of the 
solenoidal focusing in Project X front end. HWR field can 
be symmetrized using a ring shape for the inner 
conductor, because it affects the electric field, which 
gives the major contribution to ݌߂ோܿ in the whole ߚ 
range. SSR2 cavity shows a strong magnetic component 
that cannot be corrected with a ring shaped spoke. 
Changing the beam pipe transverse cross section locally 
compensates the field asymmetry, but only for a narrow 
beta range. The  possibility of rotating of π/2 one cavity 
with respect to the neighbour is being considered at 
FNAL. Morover, this study showed that multipoles higher 
than quadrupole are not relevant for HWR, SSR1 and 
SSR2 cavities. 
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