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Introduction
Solving of inverse problems of electrodynamics, where by pre-assigned
motions (given velocity field) electromagnetic fields were determined, had
been investigated in works of G.A.Grinberg, A.R.Lucas, B.Meltzer,
V.T.Ovcharov, V.I.Zubov , E.D. Kotina [1-9].

It shoud be noted, that the problem of determination of velocity field is a
separate task. In particular, the task of determination of velocity field could be
considered as the problem of the optimal control theory [10]. In this case it is
needed to find the velocity field securing necessary beam dynamics.

In this paper we suppose that the distribution density of particles in phase
space is known. The problem of finding the velocity field is considered as a
minimization problem. Similar problem is widely discussed in the literature for
image processing based on the so-called optical flow. This approach was also
used for the motion correction for radionuclide tomographic studies [11]. In
this work the problem of determining the velocity field in solving the problem
of charged particle beam formation in a stationary magnetic field is also
considered.
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Let us consider that particle dynamics is governed by equations:

(5)

Let – be the density of particle distribution,
which in general depends on time t and spatial coordinates x, y, z.
Our task is to restore the field of velocities, which is to find
functions u, v, w using given function .
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Let us consider that given (1) the density of particle distribution
satisfies the transport equation (general Liuville’s equation)

(6)
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Let us bring in common designations:
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And introduce the following functional:

(7)
where:
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Euler-Lagrange equations:

(10)
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Or in vector form:

(11)

9

.
00

00
00

00
00
00

2

2
2

22

















=
































−
































−
































−































−

















++
++
++

−
















++

++
++

−

zt

yt

xt

zzyzxz

yzyyxy

xzxyxx

z

y

x

y

z

z

z

y

x

x

x

y

z

y

x

zzz

yyy

xxx

zzyzxz

yzyyxy

xzxyxx

zzyyxx

zzyyxx

zzyyxx

w
v
u

v
w
w

u
u
v

w

v
u

wvu
wvu
wvu

www

vvv
uuu

ρ
ρ
ρ

ρ
ρρρ
ρρρ
ρρρ

ρ
ρ

ρ
ρ

ρ
ρ

ρ
ρ

ρ

ρρρ
ρρρ

ρρρ
ρρα



11th International Computational Accelerator Physics Conference (ICAP))
August 19-24, 2012, Rostok, Germany

For two-dimensional case, when we consider density as

and search for the field of velocities in the form:

formulas (8) and (9) come to:

(12)

),,( yxtρρ =

),,,(
),,,(
yxtvy
yxtux

=
=




10

.))2(()()()(

,)))2(()()()(
22

22

ytyxyyxyyxyyyxyyyxx

xtxyyxxxyxxxyxxyyxx

vuuvuvuvv

vvuvuvuuu

ρρρρρρρρρα

ρρρρρρρρρα

=++−+−+−+−

=++−+−+−+−



11th International Computational Accelerator Physics Conference (ICAP))
August 19-24, 2012, Rostok, Germany

Or in vector form:

(13)
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Let a set in with boundary smooth enough. Let 
introduce following operator

(14)
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System (10) we can write in the following form:

in                                              (15)

with boundary condition
on (16)

Here
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We should also notice that equation (15) in operational form is 
valid for vectors                             of arbitrary dimension     .
At the same time set           , should be considered in space
So that the system of equations (10) can also be written in the 
form (15). It is not hard to demonstrate that operator           is 
a positively defined one:

n),...,,( 21 nffff =
M .nR

)( fA

( ) ( ) ( )

( ) .0,0,0)div(

),div(grad,),(

2
2

2

2

≠≠>+

=−Δ−=





fdxfdx

dxffdxffffA

MM

MM

αρϕα

ρρα



11th International Computational Accelerator Physics Conference (ICAP))
August 19-24, 2012, Rostok, Germany

The system of differential equations, defined by the 
operational equation (15), is a strongly-elliptical system of 
differential equations [12, 13].

,)( tgradHffL ρρρ =− (17)
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It is well known that strongly-elliptical systems behave as a 
single elliptical equation, when we talk about decidability. Let 
us point out that functional (7) is a quadratic functional, which 
differs by a constant from the following functional:

(18)( ) ( ).,2),()( fgffAfJ −=
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Because the operator is positively defined the solution of the 
equation (15) is also the solution for the task of minimization 
of the functional (17) [14]. What is more, there exists a unique 
generalized solution of the system (15) with boundary 
condition (16) due to the positively defined operator, and 
under condition of enough smoothness of         and the 
boundary of the set        there also exist a classical equation,
due to the embedding theorems [14, 15, 16].

ρ
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Let us consider a one-dimensional case.
Let us consider an electromagnetic field with axial symmetry, it
can be shown that equation of motion of the particles in this case
is:

and:
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The beam formation in magnetic field
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Let us put the density function as follows:

Let
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Motion correction of contour

Application for medical imaging
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Construction of hart 
left ventricul contour 
in nuclear medicine

Application for medical imaging
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