
Low-­‐energy	
  p-­‐He	
  and	
  mu-­‐He	
  
simulation	
  in	
  Geant4	
  

Yu	
  Bao	
  
Paul	
  Scherrer	
  Institut	
  



 Frictional	
  cooling	
  
 Low-­‐energy	
  simulation	
  in	
  Geant4	
  
 Elastic	
  scattering	
  for	
  proton-­‐helium	
  interaction	
  
 Runaway	
  effect	
  
 Conclusion	
  and	
  the	
  code	
  status	
  

Outline	
  



 Slow	
  down	
  the	
  beam	
  by	
  a	
  
retarding	
  material	
  

 Accelerate	
  the	
  beam	
  by	
  an	
  
electric	
  field	
  

 High	
  energy	
  particle	
  loss	
  
more	
  energy	
  than	
  the	
  
lower	
  energy	
  ones	
  

 Equilibrium	
  energy	
  
reached	
  

Frictional	
  cooling	
  method	
  

T [keV]
1 10 210 310 410 510 610

/g
]

2
 [

k
e

V
 c

m
d

s
d

T
 1

410

510

610

F
ri

c
ti

o
n

a
l 

C
o

o
li

n
g

 R
e

g
io

n

eqT eqT’

 of E-Fielddz
dT 1Effective 

T [keV]
1 10 210 310 410 510 610

/g
]

2
 [

k
e

V
 c

m
d

s
d

T
 1

410

510

610



 Frictional	
  cooling	
  is	
  a	
  promising	
  method	
  to	
  produce	
  a	
  
“cold”	
  beam,	
  which	
  is	
  useful	
  in	
  various	
  experiments.	
  
 Produce	
  slow	
  muon	
  beams	
  for	
  particle	
  physics.	
  
 Slow	
  down	
  the	
  anti-­‐proton	
  for	
  anti-­‐matter	
  trapping.	
  
 Steer	
  the	
  muons	
  in	
  the	
  material	
  to	
  let	
  them	
  decay	
  on	
  

the	
  surface	
  
 Prepare	
  an	
  intensive	
  muon	
  beam	
  for	
  a	
  muon	
  collider	
  or	
  

neutrino	
  factory.	
  

Frictional	
  cooling	
  utility	
  



Energy	
  Loss:	
  
 >	
  1	
  keV:	
  Stopping	
  power	
  according	
  to	
  NIST	
  data.	
  
 10	
  eV	
  –	
  1	
  keV	
  :	
  free	
  electron	
  gas	
  model	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  SP	
  =	
  A	
  *sqrt(Tp)	
  

 <	
  10	
  eV	
  :	
  Particle	
  killed	
  and	
  tracking	
  stopped	
  
Scattering:	
  
 	
  Multiple-­‐	
  scattering	
  process,	
  no	
  energy	
  loss.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

Geant4	
  low-­‐energy	
  processes	
  



 At	
  energies	
  lower	
  than	
  1	
  keV,	
  the	
  cross	
  
section	
  of	
  the	
  elastic	
  processes	
  are	
  much	
  
larger	
  than	
  the	
  inelastic	
  ones	
  (ionisation	
  and	
  
charge	
  exchange	
  processes)	
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Abstract
The frictional cooling method is one of the most promis-

ing methods on cooling a muon beam. Several frictional
cooling schemes have been simulated in Geant4 to be ef-
ficient to produce intense muon beams. Frictional cooling
works at a low energy range, where the energy loss (mo-
mentum transfer) from elastic collision is not negligible. In
this paper, the p-He collision process is implemented into
Geant4 and the simulation results are compared to the lit-
erature data. The process is then scaled for mu-He interac-
tion, which will provide more accurate Geant4 simulations
at low energies.

INTRODUCTION
Frictional cooling is one promising method to produce a

“cold” beam. It balances the energy loss to a material with
energy gain from an external electric field, so that the beam
reaches an equilibrium energy and the energy dispersion
is reduced. Several cooling schemes based on frictional
cooling were outlined for various experiments [1–4]. In
most of these schemes, low density helium gas is chosen
as the retarding material for its high effective charge [5].
For accurately simulating the transport of the particles in
the frictional cooling energy range in the helium gas, the
low energy physics processes are needed.
Geant4 is a powerful toolkit for simulating the particle-

material interations. The energy loss of the particle is han-
dled by the ionisation process according to the stopping
power from the NIST table down to 1 keV. In the en-
ergy range between 10 eV and 1 keV the model of a free
electron gas [6] is used, in which the energy loss is cal-
culated proportional to the velocity of the particle. When
the particle energy gets lower than 10 eV, it’s treated as
“stopped” and if there is no “AtRest” process the tracking
of the particle will be terminated. The scattering of the
particles are simulated in Geant4 by the multiple-scattering
method, which has been proved to have the same accuracy
as the single-scattering simulations, and the energy loss due
to elastic scattering can be neglected at high energies.
At energies lower than 1 keV, the cross sections of the

elastic processes are much larger than the inelastic ones.
The energy loss due to the elastic scattering plays the dom-
inant role in the particle transport. These processes were
investigated in the plasma physics decades ago and were
summarized by P. S. Krstic and D. R. Schultz in the refer-
ence [7].

In this work the elastic scattering process of the p-He in-
teraction is implemented into Geant4 and is scaled for the
µ+-He interaction. The multiple scattering and the ionisa-
tion processes in Geant4 are turned off at energies lower
than 1 keV, and the elastic scattering process is used in the
range between 1 keV and 0.1 eV. When the energy goes
lower than 0.1 eV, the tracking is terminated.

THEORY
The scattering is usually described by the differential

cross section dσ(θ,φ)/dΩ, defined as the ratio of the num-
ber of particles scattered per unit time into an element of
solid angle dΩ = sinθdθdφ, per unit solid angle, to the
flux of incoming particles.
The total (elastic) scattering cross section is the flux of

particles scattered in all directions, defined as:

σel =

∫
dΩ

dσ(θ,φ)

dΩ
= 2π

∫ π

0

sinθ|f(θ)|2dθ (1)

and the momentum transfer cross section is defined as:

σmt =

∫
dΩ

dσ(θ,φ)

dΩ
(1− cosθ)

= 2π

∫ π

0

sinθ|f(θ)|2(1− cosθ)dθ (2)

in which f(θ) is the amplitude of the scattered wave. The
differential cross section is only a function of the scattering
angle θ for a certain particle velocity:

σd(θ, v) =
dσ(θ,φ)

dΩ
= |f(θ)|2 (3)

f(θ) and all these cross sections are computed in the
center-of-mass (CM) refernce frame in Ref. [7] for ten
points per energy decade at ECM = 100.1j−1eV, j = 0, 30
(Data available for j ≤ 50 online1). Both the differen-
tial and the total cross sections are obtained from extensive
quantum-mechanical calculations and can be regarded as
having very high accuracy.
To see how the momentum transfer cross section relates

to the particle transport, consider the elastic scattering of a
particle labled a from a material atom. In the CM frame
the momentum of the particle is simply µva, where µ is
the reduced mass of the ion-atom pair and va is the drift
velocity of particle a. Hence the momentum loss is µva(1−
cosθCM ) and σmt is the average momentum transfer in a

1http://www-cfadc.phy.ornl.gov/elastic/homeh.html
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At energies lower than 1 keV, the cross sections of the

elastic processes are much larger than the inelastic ones.
The energy loss due to the elastic scattering plays the dom-
inant role in the particle transport. These processes were
investigated in the plasma physics decades ago and were
summarized by P. S. Krstic and D. R. Schultz in the refer-
ence [7].

In this work the elastic scattering process of the p-He in-
teraction is implemented into Geant4 and is scaled for the
µ+-He interaction. The multiple scattering and the ionisa-
tion processes in Geant4 are turned off at energies lower
than 1 keV, and the elastic scattering process is used in the
range between 1 keV and 0.1 eV. When the energy goes
lower than 0.1 eV, the tracking is terminated.

THEORY
The scattering is usually described by the differential

cross section dσ(θ,φ)/dΩ, defined as the ratio of the num-
ber of particles scattered per unit time into an element of
solid angle dΩ = sinθdθdφ, per unit solid angle, to the
flux of incoming particles.
The total (elastic) scattering cross section is the flux of

particles scattered in all directions, defined as:

σel =

∫
dΩ

dσ(θ,φ)

dΩ
= 2π

∫ π

0

sinθ|f(θ)|2dθ (1)

and the momentum transfer cross section is defined as:

σmt =

∫
dΩ

dσ(θ,φ)

dΩ
(1− cosθ)

= 2π

∫ π

0

sinθ|f(θ)|2(1− cosθ)dθ (2)

in which f(θ) is the amplitude of the scattered wave. The
differential cross section is only a function of the scattering
angle θ for a certain particle velocity:

σd(θ, v) =
dσ(θ,φ)

dΩ
= |f(θ)|2 (3)

f(θ) and all these cross sections are computed in the
center-of-mass (CM) refernce frame in Ref. [7] for ten
points per energy decade at ECM = 100.1j−1eV, j = 0, 30
(Data available for j ≤ 50 online1). Both the differen-
tial and the total cross sections are obtained from extensive
quantum-mechanical calculations and can be regarded as
having very high accuracy.
To see how the momentum transfer cross section relates

to the particle transport, consider the elastic scattering of a
particle labled a from a material atom. In the CM frame
the momentum of the particle is simply µva, where µ is
the reduced mass of the ion-atom pair and va is the drift
velocity of particle a. Hence the momentum loss is µva(1−
cosθCM ) and σmt is the average momentum transfer in a

1http://www-cfadc.phy.ornl.gov/elastic/homeh.html

! d = d! (" ,#) / d!
d!

! el = d! d! (" ,#)
d!"

! mt = d! d! (" ,#)
d!" (1# cos" )

Reference:	
  P.	
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  D.	
  Schultz,	
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  and	
  plasma-­‐material	
  
interaction	
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  1998.	
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  the	
  center	
  of	
  mass	
  (CM)	
  frame,	
  the	
  momentum	
  is	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
and	
  the	
  momentum	
  loss	
  is	
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  average	
  number	
  of	
  scatters	
  into	
  an	
  angle	
  theta	
  
per	
  unit	
  time	
  is	
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  the	
  above	
  two	
  and	
  integrate	
  over	
  all	
  the	
  
angles,	
  the	
  average	
  momentum	
  loss	
  per	
  unit	
  time	
  is:	
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  by	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
we	
  get	
  the	
  average	
  momentum	
  loss:	
  

Average	
  momentum	
  loss	
  

Nv2!" d (# ,v )d#

µva
µva (1! cos! )

µvaNv! mt

va v mv 2 / 2 = mva
2 / 2 +Mva

2 / 2

2N[m / (m +M )]1/2!" mt (! )
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continues	
  to	
  rise	
  with	
  
increasing	
  	
  	
  	
  	
  	
  	
  and	
  does	
  
not	
  have	
  an	
  absolute	
  
maximum.	
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  it	
  is	
  never	
  rises	
  
higher	
  than	
  110*10^-­‐17	
  
eVcm2	
  for	
  proton	
  in	
  
helium.	
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  curve	
  is	
  then	
  
converted	
  to	
  the	
  stopping	
  
power	
  in	
  the	
  laboratory	
  
reference	
  frame.	
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  stopping	
  powers	
  of	
  the	
  
elastic	
  scattering	
  and	
  the	
  
ionisation	
  process	
  matches	
  
at	
  the	
  energy	
  of	
  1	
  keV.	
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  case	
  an	
  electric	
  field	
  is	
  
applied,	
  a	
  stable	
  equilibrium	
  
is	
  hard	
  to	
  reach	
  in	
  energy	
  
between	
  1	
  eV	
  to	
  1	
  keV.	
  As	
  
the	
  electric	
  field	
  increases,	
  
the	
  particle	
  will	
  run	
  away	
  
from	
  the	
  low	
  energy	
  region	
  

Stopping	
  power	
  and	
  “Runaway”	
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Stopping	
  power	
  of	
  proton	
  in	
  helium.	
  
Left	
  side	
  is	
  the	
  energy	
  loss	
  from	
  elastic	
  
scattering;	
  right	
  side	
  is	
  the	
  ionisation	
  
from	
  NIST	
  data.	
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  different	
  electric	
  
fields	
  are	
  applied	
  in	
  a	
  
helium	
  gas	
  tube	
  at	
  a	
  
density	
  of	
  0.01	
  mg/
cm3.	
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  strength	
  
increases	
  from	
  100	
  kV/
m	
  to	
  600kV/m	
  with	
  
100kV/m	
  steps	
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  energy	
  
jumps	
  from	
  1	
  eV	
  to	
  1.5	
  
keV.	
  

Simulated	
  run	
  away	
  protons	
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  for	
  the	
  average	
  
calculation,	
  the	
  energy	
  loss	
  
for	
  each	
  single	
  scattering	
  can	
  
be	
  accurately	
  calculated	
  from	
  
the	
  	
  	
  	
  	
  	
  	
  	
  .	
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  scattering	
  angle	
  	
  	
  	
  	
  is	
  
randomly	
  sampled	
  according	
  
to	
  the	
  particle	
  kinetic	
  energy	
  	
  	
  	
  	
  
and	
  the	
  differential	
  cross	
  
section	
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  of	
  the	
  time	
  the	
  particles	
  
are	
  scattered	
  in	
  very	
  small	
  
angles,	
  whereas	
  the	
  large	
  
angle	
  scattering	
  are	
  important	
  
for	
  the	
  energy	
  loss	
  

Accurate	
  calculation	
  	
  	
  (1)	
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Simulated	
  	
  	
  	
  	
  	
  distribution	
  (solid	
  
curve)	
  and	
  the	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  from	
  
reference	
  data.	
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  the	
  kinetic	
  energy	
  and	
  momentum	
  
conservation	
  in	
  the	
  elastic	
  process,	
  the	
  energy	
  loss	
  
and	
  the	
  scattering	
  angle	
  	
  	
  	
  	
  	
  	
  	
  in	
  the	
  lab	
  frame	
  are:	
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  dispersion	
  of	
  theta	
  brings	
  a	
  large	
  fluctuation	
  in	
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  the	
  case	
  m<<M,	
  	
  	
  

Accurate	
  calculation	
  	
  	
  (2)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Energy	
  loss	
  and	
  angle	
  in	
  lab	
  frame	
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  advantage	
  of	
  the	
  accurate	
  calculation	
  is	
  obvious:	
  
it	
  correlates	
  the	
  scattering	
  angular	
  and	
  the	
  energy	
  
loss,	
  makes	
  the	
  simulation	
  precise,	
  especially	
  in	
  the	
  
low	
  density	
  gas	
  and	
  small	
  geometries.	
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  disadvantage	
  is	
  the	
  computing	
  time	
  is	
  much	
  
longer	
  than	
  the	
  average	
  calculation,	
  because	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  
much	
  larger	
  than	
  	
  	
  	
  	
  	
  	
  	
  .	
  

Accurate	
  calculation	
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  elastic	
  scattering	
  process	
  has	
  been	
  implemented	
  
into	
  Geant4	
  at	
  energies	
  lower	
  than	
  1	
  keV	
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  run	
  away	
  effect	
  has	
  been	
  simulated	
  for	
  proton	
  in	
  
helium	
  gas	
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  scaling	
  methods	
  for	
  muons	
  are	
  considered.	
  
Because	
  unsurprisingly	
  there	
  is	
  no	
  muon	
  data	
  in	
  the	
  
literature	
  in	
  this	
  energy	
  range,	
  we	
  have	
  to	
  compare	
  
the	
  simulation	
  with	
  our	
  experiment	
  at	
  the	
  PSI.	
  

Conclusion	
  and	
  Code	
  status	
  




