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Overview

® Introduction
® Perturbation Theory
« Basics

« Introduction of two different Perturbative Methods
« Analytical Proof of Principle

® Numerical Implementation
® Results
® Conclusion & Outlook
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Geometrical Perturbations of a Cavity

® Geometrical shape of a cavity determines
« Eigenmodes inside the cavity
o Cavity characteristics

—> Perturbation of the cavity shape changes its characteristics

® Forms of perturbations:
« Desired modification
—~ Optimization of cavity characteristics (E,../Epeax sQ,---)

o Undesired perturbation: Deviation of desired geometry due to
manufacturing tolerances and operational demands

- Impairment of accelerating performance (r-Mode)
- Beam deflection / wakefield excitation

- Need to assess perturbation effects
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Motivation for Using Perturbation Theory

® Parameter studies to investigate perturbation effects
- Computation of eigenmodes for numerous different cavity geometries

® Common numerical solvers:
Perform a full computation even if geometry is only slightly changed

- Computationally extensive and inefficient

=)

Geometry 1 - Eigenmode Computation - Eigenmodes 1

Geometry 2 - Eigenmode Computation - Eigenmodes 2

=
=\
<
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Motivation for Using Perturbation Theory
® Perturbative methods:
« Perform full eigenmode computation solely for one geometry
o Derive eigenmodes of every other geometry from these eigenmodes
—> Significant reduction of computational effort
% Unperturbed Eigenmode Unperturbed
Geometry Computation Eigenmodes
Perturbed | > Perturbl fve Perturbed
@ Geometry 1 Methl | Eigenmodes 1
=\ A
Perturbed > Perturbative Perturbed
%r Geometry 2 Method Eigenmodes 2
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Basics of Perturbation Theory
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Orthogonality of Eigenmodes

The integral of the product of the stationary fields of two different
modes over the complete cavity volume is always zero

2; ///Ei(r).Ek(r) dV. = ok = A«
2?]1 / / f H;(r) - Hy(r) dV
J

I
S
=

|
A

Cross section of cylindrical cavity

V¢ Volume of the unperturbed cavity
E, of TMg4 and TMy, mode

U; : Energy stored in unperturbed mode i
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Orthogonality of Eigenmodes - Series Expansion

Fields of unperturbed eigenmodes

System of mutually orthogonal functions

v

Field pattern of perturbed eigenmodes:
Expansion as a series of the unperturbed modes

f}i(r) — Z €ik ° Ek(I‘)
k=1

N
Hi(r) = ) ha-Hy(r)
k=1

Condition: Perturbed volume has to be part of unperturbed volume
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How to determine the perturbed eigenmodes

® Key aspect:

Interaction of each unperturbed mode with every other unperturbed
mode inside the volume AV that is removed by the perturbation

pAV

ITg ) = /// Ei(r) - Ex(r) dV J%\ - /%\
| ==

AV Unperturbed Perturbed
‘ Geometry Geometry
Volume integral
matrices
ITg , ITy
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Basic Operations of Perturbation Theory
Method 1: GST Method 2
Generalisation of Slater's Theorem
Computation of Analytical computation or
unperturbed modes Use of numerical eigenmode solver
$  :
Cor_nputaﬂon of yolume ITy . ITy ITs
integral matrices
\ 4
Computation of Wk € ,
. . . — (Wi T ik) — AT i AT 1
interaction term matrix U; (wie T Tp(i — wp I Trrcin)) 2Uj; Fik)
8 3
Arithmetic operations Operations 1 Operations 2
(e.g. eigensystem computation) (more complex)
Perturbed eigenmodes Perturbed eigenmodes Perturbed eigenmodes
(Frequencies, weighting factors
for series expansion)
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Proof of Principle I

® Analytically evaluable cavity shape

« Use of analytically computed unperturbed and eigenmodes
- Any desired number of unperturbed modes usable for series expansion
—> Very high precision for implementation
- Very low effort

® Computation example
« cylindrical cavity
o Subject to radial perturbation of 5%
« Investigation of TM,,, modes (n: radial mode index)
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Proof of Principle II:

® Using only a small number of unperturbed modes TM; ; , t0 TM; ¢, 4
® Relative error of perturbed frequencies < 103
® [ongitudinal electric field along the radius r

AR/R =5% , 54 modes

E;/(V/m) o 1:5z TMo10
1.0 x 106 \ Bz TMo40
\ E; TMo10  Fields coincide
0.5 x 10°F E,T™M very well
-0.5 x 10%-

perturbed longitudinal E-field (GST)
perturbed longitudinal E-field (analytical)

28.08.2012

© 2012 UNIVERSITY OF ROSTOCK | Institute for General Electrical Engineering

K. Brackebusch




Universitat (&
Rostock , Traditio et Innovatio

Proof of Principle II:

® Using only a small number of unperturbed modes TM; ; , t0 TM; ¢, 4
® Relative error of perturbed frequencies < 103

® [ongitudinal electric field along the radius r

A AR/R =5% , 54 modes
(E.—E>)/(V/m)

1.0 x 103 —
0.5 x 103 Deviation is less
than 103 of
-0.5 x 103 maximal value
~1.0x10°

- Very accurate results E. : perturbed longitudinal E-field (GST)
E. : perturbed longitudinal E-field (analytical)
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Numerical Implementation
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Basic Operations of Numerical Implementation

® Computation of unperturbed eigenmodes
- Unperturbed frequencies and fields

® Computation of volume integrals

~N
® Computation of interaction terms - Simple & Low effort
>+ Equal for analytical and
® Evaluation of arithmetic operations numerical implementation
-> Perturbed frequencies and weighting factors

—/

® Series expansion in terms of unperturbed fields
—> Perturbed fields
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Numerical computation of unperturbed eigenmodes

® Result relevant parameters
o Mesh density
« Exactness of boundary discretization
—> Accuracy of unperturbed frequencies and fields

® Depends on
o Cavity geometry
« Frequency range / minimal wavelength
- Computation method

PN

Perturbed - Accuracy of boundary fields

Geometry very important
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FIT*-based Eigenmode-Computation (CST-MicrowaveStudio®©)

® Dual grid with hexahedral cells and PBA (partially filled cells)
« Inner fields: Good approximation

« Fields near to the boundary: abrupt transition to zero

Magnetic field along the radius (R=100 mm)

h_F (R)
30000 T

25000 {---rrooe — N i/ i e

20000

........................................................................................................................................................
v

15000 4

--------------------------------------------------------------------------------------------------------------------------------------------------------
'

10000 4

--------------------------------------------------------------------------------------------------------------------------------------------------------

S000 1

0

0
* Finite Integration Theory

10 20 30 40 =] &0 70 g0 20 100
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FIT*-based Eigenmode-Computation

(CST-MicrowaveStudio©)

® Dual grid with hexahedral cells and PBA (partially filled cells)
« Inner fields: Good approximation
« Fields near to the boundary: abrupt transition to zero

® Boundary fields are of crucial importance for volume integrals

Defective boundary range
must be as small as possible

- FIT not appropriate for
Perturbation Theory

* Finite Integration Theory

22000

Magnetic field along the radius (R=100 mm)

h_F (R)

Transition

20000 4
18000 4
16000 4
14000 4
12000 -
10000 4
8000
£000
4000
2000 1

0

_____________________

_______________________________________________________________________

..........................................................................

~

____________________________________

-------------------

_____________________________________

Defectivé

--------------------------------------------------------------------------

boundary range|..

---------- L —

99

8 99,82 99,34 99,86 99,88 99,9 99,92
B/ mm
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FEM*-based Eigenmode-Computation (CST-MicrowaveStudio®©)

® Tetraeder-Grid with Curved Elements

« Better approximation of boundary curve
o No oscillations

20000

25000 1

20000 1

15000 4

10000 -

S000 4

O -

-5000

o 0 10 2I0 3IO 4IO SIO 6IO ?IO 8IO QIO 100
* Finite Elements Method R/ mm
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FEM*-based Eigenmode-Computation (CST-MicrowaveStudio®©)

® Tetraeder-Grid with Curved Elements
« Better approximation of boundary curve
o No oscillations
» Defective boundary range essentially smaller

—> Especially for elliptical cavities more accurate results

FIT: 99.93 mm FEM: 99.9997 mm

h_F (R)_1 4
25000 ; : .
o) ISR T R T O N
000 | ____'?_Q;T_?Et_'_‘_’_?_PQHDQ@[Y__FQDQ_?____. _________ ]
CEM " FEM: 0.3 pm ’ L
- more SUI.a e 10000 4 FIT _________ 70 Hm ____________________________________________________________________
for boundary fields A
T e e e e e e
099.8 99j82 99j84 99j86 99j88 99;.9 99j92 99j94 99j96 99j98 100
* Finite Elements Method R fmm

28.08.2012 © 2012 UNIVERSITY OF ROSTOCK | Institute for General Electrical Engineering K. Brackebusch



Universitat ("«
Rostock o, , Traditio et Innovatio

Extrapolation of Boundary Field Values

® After computation of unperturbed eigenmodes (CST MWS)
. Fields have to be exported as discrete field points & -
® But still: Field points inside defective boundary range
- Incorrect field values of zero
- Impairment of volume integrals

® Simple but effective solution
Extrapolation of defective field value from set

of correct values along surface normal vector surface normal
> 1D interpolation )
defective boundary
range

® [nterpolation values
e Extrapolated value
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Computation of Volume Integrals: Approach 1

] . . Cylindrical cavity
® Interpolation of discrete field data E,-Field of TM,g,

- Continuous 3D IP-functions for integration

T = / / / Ei(r) - By (r) dV
AV

® For very accurate results
« |P-functions with polynomial degree > 1 needed

(Ez_Num_Ez_Ana )/(V/m)

60000

40000

20000

AN 3
| U 20 ‘/ 0"
20000 Absolute error of field along radius:
40000 — [nterpolation (degree of 1) « e W
- nterpolation (degree of 3) Interpolation
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Computation of Volume Integrals: Approach 1

] . . Cylindrical cavity
® Interpolation of discrete field data E,-Field of TM,g,

- Continuous 3D IP-functions for intearation
T = f / / Ei(r) - By (r) dV
AV

® For very accurate results
« |P-functions with polynomial degree > 1 needed
« Only realizable on a structured grid
- Very large number of field points

- Enormous effort
« Export of field values
« 3D Interpolation of degree > 1

Radial perturbation Interpolation
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Computation of Volume Integrals: Approach 2

® Numerical integration: Summation of products of discrete fields and
discrete volume
/// ) AV — ZE rm) - Ex(ry) - AV,

m=1

® Partitioning of AV into volume elements
Commonly used cubic elements: very inaccurate for boundary elements
® Solution: Analytical volume elements

If boundary of AV and element intersect: analytical computation of volume
and center

o | o o | o Analytical computed

L ]
volume element

..'.\

Cubic elements Cubic elements (analytical)
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Computation of Volume Integrals: Approach 2

® Numerical integration: Summation of products of discrete fields and

discrete volume M
Ei(r) -Ex(r) dV — Y Ei(rm) Ex(rw) - AV

m=1

® Partitioning of AV into volume elements
Commonly used cubic elements: very inaccurate for boundary elements
® Solution: Analytical volume elements

If boundary of AV and element intersect: analytical computation of volume
and center —

- * Precise discretization
» Low effort

aon

Cylindrical elements (analytical) Cubic elements (analytical)
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Computation of perturbed fields

® Final arithmetic operations yield
« Perturbed frequencies
« Weighting factors for series expansion

N

® Series expansion of perturbed fields |E;(r) = > e Ex(r)
) k;l

Hi(I‘) = Z hik . Hk(I‘)
k=1

« CST MWS post processing: Summation of unperturbed fields multiplied
by weighting factors

o External program: Export of unperturbed fields
- Summation of discrete field values
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Results
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Numerical computation of unperturbed eigenmodes

® Computation example
o Cylindrical cavity (R=100 mm, L=100 mm, fundamental mode: 1.15 GHz)

« Investigation of TM,,, modes subject to radial perturbations §
® Eigenmodes computable in a very large frequency range

e Upto35.71 GHz f/GHz

- ® TM;,,t0 TM; 53,
10.

Ll 1 1 I L L 1 I Ll 1 1 I Ll L1 I Ll 1 1 I Ll L mode
1000. 2000. 3000. 4000. 5000. index
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Numerical computation of unperturbed eigenmodes

® Computation example

o Cylindrical cavity (R=100 mm, L=100 mm, fundamental mode: 1.15 GHz)
« Investigation of TM,,, modes subject to radial perturbations

® Eigenmodes computable in a very large frequency range
e Upto35.71 GHz

« Frequency error < 1.6-10

10£ -
9£ o .

SEFE = ==frequency error "

. n =steps/wavelength S. S

» Very accurate In a 37- 8 ——H mesh cells 4.

large frequency range| 2.5 ‘::é 3. E
® 5. 2.

=i
aF 2 1.
f/GHz
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Computation of Volume Integrals: Size of elements

Relative deviation of volume integrals

® Necessary step size depends on IT g/ T T gana — 1
0.12¢

. 2 rd ’
Frequency / wave I_ength 01f [ARRCT% P
 Extent of perturbation 0.08k
T 0.06f
TN \.\ 0.04f
Step size |- [ [~ |- ) ~ln 0.02f
Radial perturbation e/ Trana
AR/R AR Step size # elements 0.025
0.02F — AR/R=20%
1% 1 mm 0.25 mm 500000 0.015 y
5% 5 mm 0.5 mm 306000 001 /  _-= 7T =
20% | 20 mm 1 mm 150000 0.005

0.250.50.75 1. 1.25 1.5 1.75 2.
step/mm

- Reasonable number of mesh cells

— Cubic elements
=== Cylindrical elements
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Computation of Volume Integrals: Accuracy

® [T (electric fields) : Very accurate
« Relative error mainly < 2-103
« Only for small values of IT¢ larger error

Absolute values Relative deviation
[ | ﬂ
5 ; |ITEI1UII1| —_
ITg|/(VZm) MTeand

| {ML74x 10° W7.42x 1073

1.18x 10° 4.95%107°

6.17 x 10® 2.48x107°

Radial perturbation: 5% (5 mm) I5 77 % 107' Iz 06x107°
Step size: 0.5 mm 5 10 15 20 5 10 15 20
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Computation of Volume Integrals: Accuracy
® |T. (electric fields) : Very accurate ; i f— =
PL74x 10° pr42x 1079

1.18 x 10°) 4.95x107°

« Relative error mainly < 2-103 s .
« Only for small values of IT¢ larger error i.

6.17 x 109 2.48%107

B5.77x 107 B2.06x 107

® [T, (magnetic fields) : Very accurate for limited frequency range
« Upto 21 GHz (13" mode): Relative error < 7-10-3
* Increases up to 3-102 for frequencies

Absolute values Relative deviation

” ITl/(A° [inum_
. (A"m) [T
IT.: very accurate . Mo
. 10 m2.01x 10% W3.0% 1072
ITy: accurate ] )
15 1.34x 10 2.0x10°
20 6.71 x 10° 1.0x 1072
Radial perturbation: 5% (5 mm) I9_45 IO.
Step size: 0.5 mm 15 20

28.08.2012
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Interaction Terms & Final Results

® Accuracy depends on perturbative method
Method 1 Method 2

Wk €
E(WIEITE(II{) _wk/J'ITH(]k)) U . ITE(lk)
u/e = 10° Same relative error as ITg
Absolute error of 1T, scaled up Very accurate

Depending on ratio of w;& 1Ty to Wy p-1T g
Error of resulting interaction term may increase

Relative deviation between numerical
and analytical implementation

|foum/ fana =11 — Method [1]
Error of perturbed frequencies 0.003 — Method [2]
 Method 2: Extremely small 0.002
Method 1: Increased but still very small| %!

5. 10. 15. 20. 25. 30. 35.f/GHZ
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Conclusion
® Perturbation Theory: Efficient method to compute perturbed
eigenmodes of cavities in the context of parameter studies

® Numerical implementation
» Feasible with commonly used standard software
« (Very) accurate results over a large frequency range
« Reasonable computational effort
« Differences in error propagation depending on perturbative method

- Application to arbitrary cavity geometries

Outlook

® Application to real cavities (elliptical cavities)
® Improvement of algorithm of perturbative methods
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