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Abstract

A model of the transition radiation emission by a N elec-
tron bunch must conform to covariance and causality. The
covariance of the charge density must imprint the transi-
tion radiation energy spectrum via a proper formulation of
the charge form factor. The emission phases of the radia-
tion pulse must be in a causality relation with the tempo-
ral sequence of the N electron collisions onto the metal-
lic screen. Covariance and temporal causality are the two
faces of the same coin: failing in implementing one of the
two constraints into the model necessarily implies betray-
ing the other one. The main formal aspects of a covariance
and temporal-causality consistent formulation of the tran-
sition radiation energy spectrum by an N electron beam are
here described. In the case of a transition radiator with a
round surface, explicit formal results are presented.

INTRODUCTION

Transition Radiation (TR) can be observed as a relativis-
tic charge crosses the dielectric interface between two dif-
ferent media [1, 2]. For a relativistic charge at a normal
angle of incidence onto the dielectric interface, the radia-
tion is emitted backward and forward along the incidence
axis according to a double conical spatial distribution with
vertex at the collision point and angular aperture scaling
down with the Lorentz factor v of the relativistic charge
(y = E/mc?). The bigger the discontinuity across the di-
electric interface, the larger the intensity of the emitted ra-
diation. The most suitable condition for the radiation emis-
sion is given by a metallic screen in vacuum. This case be-
ing the most common in a particle accelerator will be con-
sidered in the following. In beam diagnostics, TR is mainly
observed in the visible [3] - to monitor the beam profile
by imaging with a camera the so called Optical Transition
Radiation (OTR) - or in the THz region to measure the
bunch length from the analysis of the coherent enhance-
ment of the TR spectral intensity [4]. In these relevant
wavelength region for beam diagnostics, the TR radiator
surface behaves practically as an ideal conductor. Ideal
conductor properties of the TR radiator will be supposed
in the following. Under such a hypothesis, the metallic sur-
face of the TR radiator can be modeled as a double layer
of charge. TR emission can be therefore interpreted as
the result of the dipolar oscillation of the conduction elec-
tron that is induced by the incident relativistic beam on the
ideal conductor surface, see Fig.(1). Such a dipolar model
of the TR emission can indeed explain how a relativistic
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beam - colliding in a rectilinear and uniform motion onto
a charge distribution (the charge double layer) at rest in
the laboratory reference frame - can originate not only for-
ward but also backward emitted radiation. This model also
permits to deeper understand the kinematics of the radia-
tive mechanism and to recognize the common relativistic
nature that TR shares with other electromagnetic radiative
mechanisms by relativistic beams. From the point of view
of the kinematics, the collision at a normal angle of inci-
dence of a relativistic charge onto a charge distribution at
rest in the laboratory reference frame - so the TR kinemat-
ics can be indeed schematized - is equivalent to the head-on
collision of two distributions of charge in a rectilinear and
uniform motion when the collision is observed in the refer-
ence frame of rest of one of the two colliding charged dis-
tributions. The backward and forward double conical TR
emission can be thus equivalently interpreted as the photon
bremsstrahlung emission that two head-on colliding elec-
tron beams can originate. Taking into consideration the
common kinematics and relativistic nature that TR shares
with other electromagnetic radiative mechanisms - such as
the synchrotron or the bremsstrahlung radiation - it is thus
reasonable to expect that, even at a very short wavelength,
some spectral modifications of the radiation intensity due
to the beam transverse density should also affect the TR
emission in a similar way as, in other electromagnetic ra-
diative mechanisms of charged beams, the beam transverse
size contributes to determine the so called Brilliance or Lu-
minosity properties of the radiation source. The issue of
the formal dependence of the TR emission on the trans-
verse distribution of the N electron coordinates - even at a
very short wavelength - is strictly joined to the issue of the
covariance and causality in the TR model. The formal ex-
pression of the TR energy spectrum must indeed meet the
two following constraints [5, 6, 7]: causality and covari-
ance. The train of the emission phases - from the metal-
lic surface - of the N single electron radiation field ampli-
tudes must be in a causality relation with the temporal se-
quence of the N electron collisions onto the metallic screen.
The distribution of the N electron transverse coordinates is
a Lorentz invariant under a Lorentz transformation from
the laboratory to the rest reference frame of the colliding
bunch. The dependence of the charge density and of the
electric field traveling with the N electrons - the so called
virtual quanta field - on the distribution of the N electron
transverse coordinates is invariant whether this is observed
in the laboratory reference frame or in the reference frame
of rest of the charged beam. The TR field resulting from
the wave propagation of the virtual quanta field scattered
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by the metallic surface is expected to preserve the signa-
ture of such a Lorentz invariance and to show a covariant
dependence on the distribution of the N electron transverse
coordinates. In the following, it will be demonstrated how
failing in implementing the causality constraints in the for-
mal expression of the TR energy spectrum of a N electron
beam necessarily implies a covariance defect in the formula
and viceversa. From the derivation of the formal results, it
will be also evident that the covariance in the formal ex-
pression of the TR energy spectrum is expected to manifest
itself - as a function of the beam transverse size - as a spec-
tral and angular modification of both the temporal incoher-
ent and coherent components of the TR energy spectrum.
It will be also demonstrated how the well-known results of
the Frank-Ginzburg formula and of the TR emission of a
single electron hitting a round metallic radiator can be ob-
tained as a limit case of the covariance and causality con-
sistent model of the TR emission from a round metallic
surface.

TR ENERGY SPECTRUM

Causality and Covariance

In the following, a bunch of N electrons in a rectilin-
ear and uniform motion along the z-axis of the laboratory
reference frame with a common velocity @ = (0,0, w) is
supposed to normally hit a round metallic surface with an
arbitrary radius R which is placed on the plane z = 0. The
harmonic component of the TR field resulting from the col-
lision of the N electron reads

E;':y(/?f’w = ZHZ,y(E7W7ﬁOj)e_i(w/w)ZOj (1)
=1

where [50; = (%04, Y05), %0;] (j = 1,.., N) are the N elec-
tron spatial coordinates at the collision reference time. Un-
der far-field approximation [5, 6, 7],
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where D is the distance of the screen from the obser-
vation point, k = w/c = 27w /X is the wave number,
R = (ks, ky) = ksinf(cos ¢, sin ¢) is the transverse com-
ponent of the wave-vector, & = u% (7 being the relativistic
Lorentz factor), the vector § = (x,y) is the integration
variable on the screen surface S whose size and shape are
arbitrary, in principle. With reference to Egs.(1,2), the TR
energy spectrum can be finally obtained
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Figure 1: In the picture sequence [(a) — (e)], a quali-
tative and simplified representation of the TR emission is
described. The charge double layer - i.e., the metallic foil
- experiences a dipolar oscillation induced by the incident
charge. With the charge approaching the metallic foil, the
conduction electrons, initially at rest on the metallic sur-
face, undergo a tangential displacement due to the electric
component of the Lorentz force (the transverse component
of the electric field is 2 stronger than the longitudinal one).
Subsequent to the initial transverse motion, the conduction
electrons are also displaced along the longitudinal direc-
tion because of the magnetic component of the Lorentz
force. Resultant event is a dipolar oscillation of the dou-
ble layer of charge that generates the TR emission. Due to
the simplicity of this pictorial representation, charge oscil-
lation and radiation emission are artificially distinct in two
different phases. In reality, such two phases are intrinsi-
cally and temporally indistinguishable.

where H, ; = H,,(R,w,poj) (n = x,y), see Eq.(2).
The signature of the causality constraint in the both the
expression of the TR field and energy spectrum is evi-
dent. The emission phases from the radiator of the N sin-
gle electron radiation field amplitudes H, ; are in a causal-
ity relation with the temporal sequence of the N electron
collision on the metallic screen, which only depends on
the distribution of the N electron longitudinal coordinates
205 (7 = 1,..,N), see Egs.(1,2). Causality consistent is
also the reciprocal interference of N single electron ampli-
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tudes in the TR energy spectrum - see Egs.(3) - being this
only ruled by the reciprocal emission delays (zo; — zo1),
jl=1,.,N.

The covariant dependence of the TR energy spectrum
formula - see Eqgs.(1,2,3) - on the distribution of the N
electron transverse coordinates (zoj,%0;) ( = 1,..,N)
can be rendered explicit performing the integral calculus
in the Eq.(2) in the case of a round radiator surface with a
finite radius R, see [5] for more details. For a screen ra-
dius larger than the mean beam radius (R >< pp; >=<

\/m >), the TR field - Eqs.(1,2) - reads [5]

e~ il(w/w)z0;+R-foj]

<(8) e -

(R+00j)¢(ﬁ,a,R+POJ‘)} “)
where, with (J,K) Bessel function of 1st and 2nd kind,
aJo(kpoj ) K1 (epos) +

062
;Jl(KPOj)Ko(aPOj)- )

(I)(’iaa»POj) =

With reference to Eqgs.(3,4,5), the explicit expression of the
TR energy spectrum of a N electron bunch normally hitting
a round radiator with a finite radius R (0 < R < oo) reads

dew (Z 14; ©

N
+ Z AJAZk e—i[(w/w)(ZOj—Zol)-‘rﬁ"(ﬁo;'—ﬁol)])
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dQdw
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where
d’I.  (ep)? sin20 7
dQdw  72c¢ (1 — f2c0s20)2

is the well-known Frank-Ginzburg formula and

Aj = poj®(k, a, poj) — (R + poj) (K, a, R+ poj). (8)

In Egs.(6,7,8), the N electron transverse coordinates
(20, y05) ( = 1,..,N), on the one hand, contribute to de-
termine the well-known three-dimensional form factor, on
the other hand, leave a covariant mark on both the tempo-
ral incoherent and coherent components of the TR energy
spectrum. The case of the TR emission from an infinite
metallic surface (S = o) can be obtained by applying the
limit R — oo to the above results. Under the limit R — oo,
the quantity in Eq.(8) - see also Eq.(10) - reads

Aj = po;® (K, a, poj). )

Finally, with reference to Egs.(6,7,9), the formula of the TR
energy spectrum of N electrons hitting an infinite radiator
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(S = 00) can be obtained. The formal procedure leading to
the infinite radiator (S = oo) results deserves to be empha-
sized: first, in the implicit expression of the TR field - see
Eq.(1,2) - the integral calculus with respect to the radiator
surface S is performed for a finite screen radius R; finally,
the limit R — oo is applied to the so obtained explicit ex-
pression of the TR field. In the following subsection, the
consequences of applying directly the limit S — oo to the
implicit expression of the radiation field - Eq.(1,2) - will be
described. Numerical simulations of the angular distribu-
tion of the TR intensity - refer to the temporal incoherent
part of the TR energy spectrum, see Eqgs.(6,7,9) - are shown
in Fig.(2) for a given value of the beam transverse size and
different values of the observed wavelength and beam en-
ergy. A beam transverse size dependent diffractive cut-off
clearly affects both the angular and spectral distributions of
the TR intensity, see Fig.(2) and [5, 6, 7] for more details.
Some relevant results already well-known in literature can
be derived from the above reported results, see Eqs.(6,7,8).
In the case of a single electron travelling on the z-axis, it
can be indeed demonstrated [5] that under the limit R — oo
and pg; — 0

{ (R+ poj)®(k,a, R+ pgj) — 0 (10)
poj(b(lia a, ;00]) —1
the TR field - Eq.(4) - tends to
2iek K cos ¢
tr.e (= _
By (Row) = Dw k2 + a2 ( sin ¢ > an

from which the Frank-Ginzburg formula follows, see
Eq.(7). Furthermore, in the case of a single electron with
po1 — 0 and a radiator with a finite radius R the well-
known result of the TR field of a single electron hitting a
round radiator can be obtained from Eq.(4,5,10)

W) = 2iek  wK cos ¢ «
" Dw k2402 \ sing

X {1 — aRJy(kR)K;1(aR) — aiRJl(nR)Ko(aR)].

tr (=
Ew,y(m (12)

See Eq.(12) and compare it with Eqgs.(8,9) in [8].

Causality and Covariance Defect

In previous section, the formula of the TR energy of an N
electron beam normally hitting an infinite metallic surface
(S = o0) - see Eqs.(6,7,9) - was derived according to the
following procedure: first, the integral calculus in Eq.(1,2)
with respect to a finite screen size (S < 00) is performed;
finally, the limit S — oo is applied to the so obtained result.
If this procedure is inverted, i.e., if the limit S — oo is
directly applied to the implicit expression of the TR field -
see Eq.(1,2) - before performing the integral calculus with
respect the radiator surface S, what are the consequences?

If the limit S — oo is directly applied to Eq.(1,2), then
the following formula for the TR field can be obtained [7]

ZEtrp

E” R —1[(w/W)ZOj-i-ﬁ'ﬁoj]7 (13)
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Figure 2: TR angular distribution for different beam en-
ergy: (a) 500, (b) 750 and (c) 1000 MeV; wavelength
A = 680 nm (Red curve), A = 530 nm (Green curve),
A = 400 nm (Blue curve); Gaussian bunch of N = 10°
electrons with ¢ = 50 um. Blue, Red and Green curves
from Eqs.(6,7,9), (Black curve) from Eq.(7).

where E7¢(R,w) is given in Eq.(11), while the related for-
mula of the TR energy spectrum reads:

L1 &1,
— N 14
A0dw dew( + (14
N
3 e—i[(w/w)(zw—Zoz)+ﬁ~(ﬁw—ﬁoz)])
Jl(G#)=1

According to the above reported results, the covariant role
of the N electron transverse coordinates is completely lost
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as the absence of any dependence on the N electron trans-
verse coordinates (xoj,¥0;) (j = 1,..,N) in the N sin-
gle electron radiation amplitudes - see Eq.(13) - and in the
temporal incoherent part of the TR energy spectrum - see
Eq.(14) - is indicating. Moreover, looking at the formula
of the TR field - Eq.(13) - it turns out that the causality
role played by the N electron longitudinal coordinates zg;
(J = 1,..,N) in determining the emission phases of the
N single electron radiation amplitudes is completely mixed
up (indistinguishable) with the role of the N electron trans-
verse coordinates (zo;,%0;) (j = 1,..,N) which do not
determine the emission phases but only contribute to deter-
mine the observation phases as a function of the N electron
distances from the z-azis of the reference frame.

CONCLUSIONS

Causality and covariance are physical constraints which
a model of the TR emission of a N electron bunch must
meet. In case of normal incidence, the covariance signature
in the TR model is represented by the intrinsic dependence
of the N single electron radiation field amplitudes on the
related electron transverse coordinates whose distribution
is a Lorentz invariant. The direct connection between the
temporal sequence of N electron collisions onto the metal-
lic screen - in the present context, only dependent on the
distribution of the N electron longitudinal coordinates - and
the emission phases of the N single electron radiation field
amplitudes from the radiator surface constitutes the causal-
ity signature in the TR model. The improper formal imple-
mentation of the limit of infinite surface into the integral
calculus of the TR radiation field is the cause of a causal-
ity and covariance defect in the formula of the TR energy
spectrum.
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