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Abstract
The harmonic lasing free-electron laser amplifier, in

which two wigglers is employed in order for the fundamen-
tal resonance of the second wiggler to coincide with the
third harmonic of the first wiggler to generate ultraviolet
radiation, is studied. A set of coupled nonlinear first-order
differential equations describing the nonlinear evolution of
the system, for a long electron bunch, is solved numerically
by CYRUS code. Thermal effects in the form of longitudinal
velocity spread are also investigated. The second wiggler
field decreases linearly and nonlinearly at the point where
the radiation of the third harmonic saturates to enhance the
efficiency. The optimum starting point and the slope of the
tapering of the amplitude of the wiggler are found by a suc-
cessive run of the code. It is found that tapering can increase
the saturated power of the third harmonic considerably.

INTRODUCTION
High-gain free-electron laser(FEL) amplifiers hold great

prospects as high power, coherent, and tunable radiation
in the x-ray regions of the electromagnetic spectrum. Uti-
lizing nonlinear harmonic generation when bunching the
harmonics is driven by the fundamental frequency in the
vicinity of saturation is a possible way for obtaining x-ray
wavelengths [1–7].

Recently, McNeil et al. [8] proposed a harmonic lasing
FEL amplifier in a one-dimensional limit that can be ex-
tended to higher harmonics by suppressing the interaction
at the fundamental resonance while allowing the harmonics
to evolve to saturation. To suppress the interaction at the
fundamental resonance without affecting the third harmonic
lasing, they proposed two different settings for the undula-
tor are considered by changing the wiggler magnetic field
while keepingthe wiggler period, λw , and the initial average
electron beam energy, γ, constant.

The intrinsic efficiency of the FEL is low. By increasing
the energy of the electron beam, the efficiency reduces fur-
ther. Therefore, for the x-ray FEL, efficiency is very low.For
this reason, much attention has been givenin the literature
to schemes for the FEL efficiency enhancement [9–13].
The purpose of the present study is to use the concept

of the linear and nonlinear tapering of the wiggler field to
increase the efficiency of the harmonic lasing FEL. To this
end, by decreasing the wiggler amplitude linearly or non-
∗ nsmrian@ims.ac.jp

linearly at the saturation point, the resonance condition of
the FEL is restored, which will result in higher intensity UV
radiation. The slippage of the radiation with respect to the
long electron bunch is ignored. Equations describing har-
monic lasing FEL are derived. This set of equations is solved
numerically using CYRUS 1D code in one-dimension [14].
CYRUS, which was developed by N. S. Mirian et al to study
nonlinear harmonic generation. This code like MEDUSA
employs nonaveraged equations [15,16]. The third harmonic
lasing is considered so that the operating wavelength is in
the ultraviolet (UV) domain.

BASIC EQUATIONS
The numerical simulation of the harmonic lasing is con-

ducted using the CYRUS 1D code that is written in standard
FORTRAN 90. This code like MEDUSA [15,16] employs
nonaveraged equations. The formulation treats the planar
wiggler model and the radiation field is represented as a
superposition of Gaussian modes [17]. The vector potential
of the radiation field, in plane-polarized form, is

δA(z, t) =
∑

[
l,n,h
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h
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where δA(i)
h

with i = 1, 2 are the amplitudes that are
assumed to vary slowly in z and t and h = 1, 3, ... denotes
the harmonic number, αh = h(k0z − ωt) is the phase of
the hth harmonic of the angular frequency ω. Averaging
Maxwell’s equations over the time scale 2π/ω, the field
equations take the form
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where δa(i)
h
= eδA(i)

h
/mec2 are the normalized ampli-

tudes, ω2
b
= 4πe2nb/mec2 is the square of the beam plasma

frequency. The averaging operator is defined as

〈
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0

dpG0(pz )(· · · ) (3)

.
Here, σ(ψ0) is the phase distribution at entry time. Also,

G0(pz ) is the initial momentum space distribution which is
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chosen to have a spread in the longitudinal momentum, in
the form of a Gaussian distribution function, without any
spread in the transverse momentum. We chose the thermal
distribution function as

G0(pz ) =

√
2
π

1
4pz

exp
(
−

2(pz − p0)2

4p2
z

)
(4)

where p0 and 4pz are the initial bulk momentum and mo-
mentum spread, respectively. Electron trajectories are inte-
grated using the Lorentz force equations in the magnetostatic
and electromagnetic fields. It is important to emphasize that
no average is performed over the Lorentz force equation.

dP
dt
= −eδE −

e
c

v × (δB + Bw ) (5)

Here Bw is the planar wiggler magnetic field in one di-
mension that is written as

Bw (z) = Bw (z)sin(kw z) ˆey .

The details of the formulation is explained in Ref. [18].
In this paper, we consider a harmonic lasing FEL in which

the wiggler consists of two halves with two different mag-
netic field strengths but the same wavelength λw . We reduce
the wavelength of the fundamental harmonic of the first part
by reducing the rms wiggler an = Ωn/

√
2 (for planar wig-

gler). Suppose that in the first part the rms wiggler parameter
is a1 and the fundamental resonant wavelength is λ1 with the
harmonic resonant wavelength λh = λ1/h , h = 3, 5, 7, . . ..
In the second part the rms wiggler parameter is an so that
the new resonant fundamental wavelength is the nth har-
monic of the first mode setting, λ ′1 = λn .We assume that the
beam energy and the undulator period are fixed. Therefore
the retuned wiggler parameter an is obtained from the FEL
resonance relation:

1 + a2
1

1 + a2
n

= n. (6)

Obviously, there are no real solutions foran if ac =√
n − 1.

NUMERICAL SIMULATION
The complete set of coupled nonlinear differential equa-

tions is solved numerically using the fourth-order Rounge-
Kutta method. For the particle averaging, the Gaussian
quadrature technique in each of the degrees of freedom
(ψ0, pz0) is used. In this work, an attempt was made to
match the third harmonic resonance of the first part of the
wiggler to the fundamental resonance of the second part in
order to obtain UV radiation. The common parameters of
the wigglers, radiation, and the electron beam which are
used in this study are as follows: the electron beam has the
relativistic factor of 300 with peak current of 200A and the
initial radius of 0.15 mm. The wavelength of both parts of
the wiggler is 2.8 cm. The peak value of the on-axis ampli-
tude of the first part of the wiggler is 8.33 KG over the length
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Figure 1: Power of the fundamental resonance (a), the third
harmonic (b), and the fifth harmonic (c) versusz(m).

of 5 m, and the entry tapered region is Nw = 10 wiggler
period in length. Using relation (6), we obtain a3 = 0.349,
and optimize the step taper and overall length for the max-
imum output. Using these beam and wiggler parameters,
the fundamental resonance is at the wavelength of 523.9 nm,
and the initial power is 10 W. The third harmonic resonance
wavelength is 174.63 nm and starts from zero initial power.
Figure 1 demonstrates the harmonic lasing scheme as de-
scribed above. The resonant, cold beam limit is assumed. It
is seen that the fundamental scaled intensity (a) is disrupted
at z = 5 m. Also, the intensity of the third harmonic (b),
which is the fundamental of the second part of the wiggler
when the undulator parameter is re-tuned at Ω3 = 0.49, and
the intensity of the fifth harmonic (c) are shown in Fig. 1. It
is seen that the third harmonic grows to 3.8 × 107W and the
fifth harmonic is also disrupted.
Figure 2 shows the longitudinal phase space of the elec-

trons at different coordinates z along the wiggler for 4γ/γ =
0.002. Plots (a), (b), and (c) are for the first part of the
wiggler and plots (d), (e), and (f) are related to the second
part. The uneven distribution of initial phase, in plot (a), is
the artifact of the Gauss quadrature weightings. Observe
that as electrons move along the wiggler their energy gets
redistributed in pondermotive phase ψ = α3 + kw z along a
straight line with a sinusoidal modulation. This straight line
is an indication of the energy spread. It is evident that the
spread of energy becomes progressively larger as the beam
approaches the saturation point. At z = 6 m, the sinusoidal
modulation is an indication that the untrapped electrons
move along and pass over the pondermotive potential. The
trapped particle at saturation is shown by the non-sinusoidal
phase-space plot at z = 17 m. We can conclude, therefore,
that the plot of γ versus ψ truly represents the conventional
phase space of dψ/dz versus ψ. Also, the variations of en-
ergy of the electrons is shown in Fig. 3 as a function of the
distance through the wiggler. It is seen that the energy of
the electrons after saturation point changes oscillationary.

The radiation intensity, ��A��, indicates the efficiency of the
FEL system. The lower (higher) intensity yields a lower
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Figure 2: Distribution of energy γ versus the distribution of
pondermotive phase of the electron beam at different values
of the coordinate z along the undulator.
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Figure 3: The variations of energy of the electrons as a
function of the distance through the wiggler

(higher) efficiency. In the absence of tapering, oscillation
of the radiation power beyond the saturation point persists.
In one period, electrons give their energy to the radiation
to increase the radiation amplitude and reduce the energy
of electrons. This will cause the electrons to lose their reso-
nance with the electromagnetic radiation and go to the phase
in which they will extract energy from the radiation. Follow-
ing this situation, the amplitude of radiation decreases up to
the point at which electrons gain energy and their resonance
with the radiation is established. This will cause the elec-
trons to lose their energy to radiation. This cycle will repeat
itself It has been shown that by decreasing the amplitude of
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Figure 4: Comparison of the growth in the third harmonic
power for a linearly tapered (dashed line), nonlinearly ta-
pered (solid line), and untapered (dotted line) wiggler (a).
Plot (b) shows Ωw versus z for the linear tapering (dashed
line) and nonlinear tapering (solid line) of the wiggler.

the wiggler a portion of the transverse energy of the elec-
tron beam will be transferred to the longitudinal motion and
therefore accelerate the electron beam. This reduction can
be linearly or linearly, that nonlinear decreasing can obtain
more suitable restoration of the resonance condition.

It is assumed that the FEL has a constant wiggler field Bw

(beyond the injection region) up to the point zT (the saturation
point), and after that the wiggler amplitude decreases linearly
by the slope m. The linearly tapered wiggler may be written
as

Ωwh (z) =
{
Ωwh, z < zT
Ωwh − m(z − zT ), z ≥ zT

(7)

And the nonlinearly tapered wiggler can be as

Ωwh (z) =



Ωwh, z < zT1

Ωwh − mi (z − zT i ), zT i < z < zT i+1
(8)

zT i+1 with i = 1, 2, 3, . . . are slopes of the lines between
zT i and mi . The second part of the wiggler in at apered
harmonic lasing has been optimized over the entire length of
16.1 m. In Fig. 4(a), a comparison is made between the lin-
early tapered (dashed line), nonlinearly tapered (solid line),
and untapered (dotted line) wigglers for the power of the
third harmonic lasing. The wiggler amplitude is decreased
at zT = 16.1 m with the slope m = 0.2×10−4 for the linearly
tapered wiggler. For nonlinear tapering, the amplitude of the
wiggler is decreased at zT1 = 16.1 m, zT2 = 19 m, zT3 =
22.6 m, zT4 = 25.5 m, zT5 = 28.3 m, zT6 = 30.7 m with
slopes of m1 = 0.2×10−4, m2 = 0.3×10−4, m3 = 0.6×10−4,
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Figure 5: Distribution of energy γ versus the distribution of
pondermotive phase of the electron beam at different values
of the coordinate z along the linearly tapered wiggler.

m4 = 0.8× 10−4, m5 = 0.9× 10−4, m6 = 1.2× 10−4, respec-
tively. The parameters m and zT are chosen to obtain the
maximum intensity of the third harmonic lasing, which are
found by a successive run of the code. We can see signifi-
cant increases in the third harmonic power from 3.8 × 107

to 8.1 × 108W for the linear tapering, and from to W for
thenonlinear tapering. It can be seen that the nonlinear taper-
ing of the wiggler amplitude with different slopes has higher
efficiency. The profile for the variation of the wiggler pa-
rameter Ωw with z(m) for the nonlinear tapering (solid line)
and linear tapering (dashed line) of the wiggler is shown in
Fig. 4(b).

The longitudinal phase space of the electrons at different
coordinates z along the linearly tapered wiggler is repre-
sented in Fig. 5. It can be seen that in the tapered region and
beyond the energy of the electron beam is reduced. Because
of the restoration of the resonance condition, electrons give
their energy to the radiation and the radiation amplitude
increases.

SAMMARY
In this paper, a one-dimensional simulation is conducted

to analyze harmonic lasing FEL. In order to generate UV
radiation, the fundamental resonance disrupted by reducing
the undulator magnetic field and the third harmonic grows
up to the saturation point. The thermal effect of the electron
beam is taken into account. By relating the energy distribu-
tion function to the distribution function of the pondermotive
phase,chaotic patterns at the saturation point are revealed. It

is found that by suitably tapering the amplitude of the second
wiggler field, saturation of the radiation for a shorter wave-
length can be postponed leading to further amplification. In
the case of the tapered wiggler, it is found that the efficiency
can be enhanced more effectively by the nonlinear reduction
of the second wiggler field at saturation point compared to
that of the linear tapering.
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