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-Basic princples
-1-D theory

-Introduction to 3-D theory



Undulator radiation, single electron

Electron
X-ray
emission
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Undulator radiation, single electron

Electron Undulator with N,
el m periods.
X-ray

emission AL/ A=1/N,

/\/V\//\N\/

A=A, (1+K*/2+y%6%)/2y*

r

Each electron emits a wave train with N, cycles

For a case like that of LCLS: y =3x10%, A, =3cm, K =3, N,, = 3500
A=0.1nm, Aw/w =3x107, AN, =0.3um( fs)
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Resonant Interaction

Energy Modulation

Density Modulation

Coherent Radiation
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Light slips ahead by 1 wavelength per

oscillation period



Resonant Interaction

Energy Modulation

Density Modulation

Coherent Radiation

Application to x-rays severely
limited by mirror availability
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Resonant Interaction
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Resonant Interaction

Energy Modulation

Density Modulation

Coherent Radiation

n = 7;7” <1
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Resonant Interaction

Energy Modulation d

Density Modulation dZ

Coherent Radiation



Resonant Interaction

Energy Modulation

Density Modulation
Coherent Radiation




Assumptions

]
B
)

Neglect diffraction
Small signal (b << 1)

Slowly varying envelope (i.e. narrow
bandwidth signal)

No velocity spread (longitudinal and
transverse)

¢
)
C.









Unstable Root ->
Exponential Growth
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P = (Kkp/4ku))(2/3>

1/3 High density -> higher gain!
oC n (note: scaling typical of all 3-wave

€ instabilities...)
oC 1 / ')/ Smaller growth rate at higher energies
CC B 2/3 Stronger magnetic field -> higher gain

Typically 1073 to 10 for x-ray parameters



FEL power (W)
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First lasing and operation of an

angstrom-wavelength free-electron laser
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@ saturationb ~ 1
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For typical HXR FELs ~
Psat ™ IOPb 10-100 GW
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Normalize everything to
saturation value
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Natural scaling of Normalize everything to

detuningis also ~ p saturation value
]
d = -
—a _|_ 1 — —b P
dz
_ 1/
(0 , a = E\ | —
—b = —1P Py
dz _
7 zZ = 2kypz
— a

dz



Dispersion Relation for General

Detuning SLAG
Assume
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owlw = 6p/\/(2v/32)

Bandwidth ~ z 2
@ saturation
Aw/w ~ P



Group Velocity = v, + 1/3 slippage rate
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Initial Value Problem st Az
N

0 — 23: dD_|i—>\- exp(—z')\:?)(i)\—i- )\)

Example:

Seeded FEL @ resonance

p_l

9

P, exp(~/37)

Initial values of three variables

FEL can be triggered by either
- an initial radiation field
- an initial microbunching
- an initial energy modulation

Experimentally, at x-rays it’s
difficult to generate a starting
value for any of these quantities



Shot-Noise

tn

1 AR
e N

Luckily nature gives us a natural initial value for beam microbunching: NOISE
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nphys2443



Shot-Noise Microbunching In

ol AL
Frequency Domain ——
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Increasing bunch length:
Narrower spikes



Intensity

b(k)b* (k') >=
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Spectral autocorrelation ~ Fourier transform of
longitudinal distribution at k-k’

(Nice derivation in Saldin’s book!)
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PRL 109, 144801 (2012) PHYSICAL REVIEW LETTERS 5 OCTOBER 3012

Determination of the Pulse Duration of an X-Ray Free Electron Laser

A P h oton E ner gy Using Highly Resolved Single-Shot Spectra

Yuichi Inubushi,"* Kensuke Tono,” Tadashi Togashi,” Takahiro Sato,' Takaki Hatsui," Takashi Kameshima,”
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a(%,6) = G(z,6)b,  Frominitial value

problem

G(Z,0) = 555 exp(—iAZ2)
In SASE b, is shot-noise microbunching

< bsn >= O

2
>

b

sSn

<

_ 1
N



What Does SASE Look Like in Time
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<a(zy)a*(z; + z]) >= ( ) /exp(—i521)|G(z,5’)|2d6

Wiener’s theorem:
Autocorrelation function = Fourier Transform of spectral power density

Using the same Gaussian approximation as before:

‘ 5/2
<a(z, z1)a* (2,721 + 7)) >=< |a(z,21)|* > exp (— 90% )
~ El,C

Coherence length grows as a

2\/§Z < function of time!
(Consistently with our intuition
from previous slide...)




_ SASE Spikes: Experimental Observatigg:
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Self-Amplified Free-Electron Laser
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We can use Parseval’s theorem to
compute average power

L
< 3z, 72 >= " b"/\a 5)|2ds
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Approximate solution by neglecting d dependence of residue
term:
Gain function turns into a Gaussian!

1
PSASE — §P.3n CXP <2pkw\/§z>

Psn — Pb6p2 \/ z\/_

N, number of particles in a wavelength

~few to tens of kW for typical x-ray FELs
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So far we have made a number of assumptions
1) No velocity spread:
energy-spread =0

emittance =0

2) No diffraction

3) Small signal

4) Slowly varying envelope
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So far we have made a number of assumptions

1) No velocity spread:

energy-spread =0 Increasing levels of
emittance = 0 complication can address

these theoretically
2) No diffraction

3) Small signal

4) Slowly varying envelope
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So far we have made a number of assumptions

1) No velocity spread:
energy-spread =0
emittance =0

2) No diffraction

Needed for any reasonble
analytical model BUT it obviously
fails at saturation...

3) Small signal

4) Slowly varying envelope



More Advanced Theories...

So far we have made a number of assumptions

1) No velocity spread:
energy-spread =0
emittance =0

2) No diffraction

3) Small signal

4) Slowly varying envelope

Verified in most cases of interest
(it can be dropped and equations can be
solved numerically...)

See Maroli et al.
PHYSICAL REVIEW SPECIAL TOPICS - ACCELERATORS
AND BEAMS 14, 070703 (2011)
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Fully 3-D Theory

Fully 3-D theory that includes:

tn

Introduction to the Physics of Free

-e-spread
Electron Lasers ! p
-emittance
Kwang-Je Kim (ANL), Zhirong Huang (SLAC), Ryan Lindberg (ANL) -diffraction

Developed by Yu, Kim, Xie and Huang

June 10, 2010
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many initial modes

%7 $L> \2
4 1

MOOre's

w

guided mode




_>| l<_\wggse motion
My
T
rg = T,co8(kpgpz) + ,_0 sin(kgaz).
Bx
vy = 2/, cos (ks 2) — w0k sin(Fp,2).

Introduction to the Physics of Free
Electron Lasers !

Kwang-Je Kim (ANL), Zhirong Huang (SLAC), Ryan Lindberg (ANL)

June 10, 2010

Electrons perform transverse
betatron oscillations



Fully 3-D theory that includes:
-e-spread

MWW\ . ‘ WJWWW\’\%
-emittance Y A V. ,

___________ FAL_____________
-diffraction W
. . _>| |<_\wggle motion
Developed by L. H. Yu, Kim, Xie and Hual \
Ay
N
c05(kgez) + —L sin(kgyz)
‘l‘.fj — ‘l‘O COS ‘}BI Z I ‘}3‘.1“: b
'Ba IEE)Iectrons per-1|°|orrn transverse
/ ;o . . etatron oscillations
Tg =1, cos(kpzz) — wokge SN (kge2).

Transverse oscillations
introduce an extra term in

LONGITUDINAL velocity
spread.
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Density in 6-D phase-
space
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Stationary O-th order

distribution
kzx’,n) = : exp —132 + k5@’ : exp (— Ui )
5 = onk25e 2k302 | \/2ma, 262
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Perturbation
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Transverse betatron oscillation term
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Solve distribution function
as a function of radiation
field

) £ 0 ,
fl _ afO / dTAl (53.,.) ei(V@_N’n)T

— 00




Substitute in the 3-D Field

Equation
1 0 e~ %n 272 /9 —iuT
TdT _ d*7' A
2752 / ~ 81112(1;37) / (@)
1 kaT




No Panic! SLAC

D N

IT LOOKS UGLY BUT...
The dispersion relation can be expressed as a function
of 4 dimensionless parameters

= 2

V_L
B

T(IT

/2 zm/dQ"A( )

sin?(k 3T)

o = + 02)]




No Panicl et s

DM\
IT LOOKS UGLY BUT...

The dispersion relation can be expressed as a function
of 4 dimensionless parameters

vi i 1 0 e—c"fn'r?/Q—i;rr 5 .,
<,u T)A(ax) — ‘27r52/_ TdT 2 (Fey) /d T Alx')

i:2+(§;/)2 _2:1_3-5;’(708(.1?757') (ZQ 1 )]
| - vk

Detuning / p
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IT LOOKS UGLY BUT...

The dispersion relation can be expressed as a function
of 4 dimensionless parameters

2 L Diffraction negligible if
R

ZR>LGO or o, >1

Gr = O/ 2k1kup

Diffraction parameter



No Panicl

IT LOOKS UGLY BUT...
The dispersion relation can be expressed as a function
of 4 dimensionless parameters

= 2 =22
\v4 —0,T%)2—iput
(;1 — v+ i)A( TdT

2

in? LBT

‘)213

X exp |— bs(kg7) 7
28111 (,11“37/

E~3|

_ _ Ay
7P

O',,) S
Energy Spread Parameter
(same as 1-D theory!)

A




No Panic! SLAC

D N

IT LOOKS UGLY BUT...
The dispersion relation can be expressed as a function
of 4 dimensionless parameters

62 1 0 —a 72/2 — T
(p — v+ T'L>A(§3) 5 / 7'([7-6 : /dQ;T’A(j:/)
' viyel

= r J—o0 81'2(“"37—)
X exp oz +(Z) .Qw_wCS(ﬁ) ZA%TJF _0
2 sin (A"BV\/ 52

E
_ng _

257,

Emittance parameter

Ep = )\1/(47’(’)



Project dispersion relation onto a Gaussian

CXI) ( — W RQ ) mode (~ fundamental mode...).
v 1 _ [ rdze "

4w a E (14 ik2627)2 +dw(1 + 'i'l_l’%‘_TaQ:T) + dw?sin® (kgT)

\ /

2 unknown quantities
1 equation...
Need another equation!

a,uo/@u? : O Variational principle:

Solution is a stationary point!
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\/§/¢) 3E[3)x2]1£:.t and Varia}tion.al Solu.tions of
. ~ igenmodes in High Gain FELs
Lo = Leo = Leo(1+ A)
II].]. (lloo ) Ming Xie

Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

ag

A =aing® + agnet + asnS® + am®ng

2 5 aig ,.a19
+ aiony’ 7}71 + a13n; " 2" 4+ ageny 12! 7)71

ap =045, a9 =0.57, a3 =0.55, as4=1.6, a5=3,

22, a7 — 0‘35 ag — d.g, g — 24, a0 — 51,
a11 20.95, a192 — 3 a13 — 54, 14 — 07, a1y — 19
2

16 21140, a1y = 2.2 a18 — 9, 19 — 3.2.



Intensity

Dispersion relation has to be solved

numerically...
Transverse Mode Profiles of LCLS at1.5 A
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In the 1-D theory the more you

5.5 focus the shorter the gain-
£ length
< 5
2 In the 3-D theory you have a
ﬂﬁ competing effect:
L 45
8 2

i O;=¢€/pPy
p
L
% 5 10 15 20 25

beta function (m)
The more you focus the more

you increase longitudinal
velocity spread!
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In the 1-D theory the more you
5.5 focus the shorter the gain-
£ length
< 5
2 In the 3-D theory you have a
) :
- competing effect:
L4s -
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beta function (m)
The more you focus the more

you increase longitudinal
velocity spread!
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