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Abstract
Wakefields from resistive wall effects inside an undula-

tor can cause significant growth of the beam energy spread
and limit the performance of x-ray FEL radiation. In this
paper, we propose a method to mitigate such wakefield-
induced energy spread by appropriately conditioning the
electron beam current profile. Numerical examples and po-
tential applications will also be discussed.

INTRODUCTION
Wakefields such as the resistive wall wakefield and the

surface roughness wakefield inside an undulator can cause
significant electron beam energy loss and energy spread
growth. Such energy loss inside an undulator can heat
the vacuum pipe and also induce energy variation along
the bunch length that will limit the performance of the un-
dulator and the quality of the final FEL radiation. For a
seeded FEL, such energy variation will increase the band-
width of the radiation. If the relative energy variation in-
side the beam is larger than the FEL Pierce parameter, the
coherent radiation from part of the beam can even be sup-
pressed. In previous studies, the relative energy change due
to the resistive wall wakefield was calculated for a room-
temperature normal conducting LCLS undulator using a
double-horn beam distribution from the LCLS linac [1].
The resistive wall heating of the undulator from the wake-
field was also calculated for a high repetition rate FEL [2].
In this paper, we report on a method to suppress the en-
ergy variation along the bunch length induced by the resis-
tive wall wakefield inside an undulator through longitudi-
nal current profile shaping. A similar method was previ-
ously proposed to suppress the emittance growth driven by
coherent synchrotron radiation inside a bunch compressor
chicane [3].
The total wakefield-induced energy loss per meter from

a single bunch of the electron beam inside an undulator is
given by

Etot =

∫ ∞

−∞
Ew(z)ρ(z)dz (1)

where

Ew(z) =

∫ z

−∞
w(z − z′)ρ(z′)dz′. (2)

Here w(z) is the single-particle wake function for an elec-
tron inside the undulator, z and z′ denote the electron lon-
gitudinal coordinate with respect to the head of the beam
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(on the left), ρ(z) is the electron longitudinal line charge
density, Ew(z) is the energy loss per meter per Coulomb
along the beam, and Etot is the total energy loss per meter
of the electron bunch. The power loss to the vacuum pipe
per meter for a high repetition light source is given by the
product of the repetition rate and the single bunch total en-
ergy loss (1). The rms energy spread per meter of the beam
induced by such energy loss is given by

Erms =

√∫ ∞

−∞
(Ew(z)− Etot)2ρ(z)dz (3)

The single-particle wake function used in (2) is related to
the impedance [1] by

w(z) =
2c

π

∫ ∞

−∞
Re(Z(k)) cos(kz)dz (4)

where Re(Z(k)) denotes the real part of the resistive wall
impedanceZ inside the undulator and c is the speed of light
in vacuum.

CONTROL OF ENERGY MODULATION
INDUCED BYWAKEFIELD THROUGH

CURRENT PROFILE SHAPING
For a given current profile, the wakefield-induced energy

loss along the beam can be calculated using (2). This equa-
tion can also be used to control the energy variation along
the beam by choosing an appropriate longitudinal current
profile. For a given single-particle wake function w and
a desired wakefield Ew, (2) defines an integral equation
for the current profile ρ. Such an integral equation can be
solved analytically or numerically for the desired current
profile.
First, we consider the case when the resistive wall wake

function can be approximated by an analytical resonator
wake function of the form [1]:

w(z) =
1

πε0a2
exp (−z/σl) cos(ωz) (5)

where σl = 4cτ , ω =
√
2kp/a, kp =

√
Z0σ/(cτ), τ

is the pipe material relaxation time, σ is the pipe material
DC conductance, a is the pipe radius, Z0 is the vacuum
impedance, c is the speed of light in vacuum, and ε0 is the
vacuum permittivity. To induce a uniform (step function)
energy loss along the beam, with the above resonator wake
function, the electron line density distribution can be ob-
tained by solving the integral equation (2) using a Laplace
transform method. The resulting density distribution is

ρ(z) = ρ0[δ(z) +
H(z)

σl

+ σlω2(1 − e−z/σl)H(z)] (6)
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where H(z) is the step function defined by H(z) = 1 for
z between 0 and the bunch length L, and δ(z) is the Dirac-
delta function. The δ function at z = 0 (the head of the
beam) is due to the discontinuity of the wakefield at that
point. The general solution to the integral equation (2) for
the line density distribution ρwith the resonator wake func-
tion (5) and the wakefield Ew(z) can be written as:

ρ(z) = ρ0[E
′
w(z) +

Ew(z)

σl

+ω2

∫ z

0

Ew(z
′)e−(z−z′)/σldz′] (7)

To induce a linear energy loss along the beam, i.e. the
wakefield Ew(z) = αz, the longitudinal current profile is
obtained as:

ρ(z) = ρ0α[1 +
z

σl
+ σ2

l ω
2(

z

σl
− 1 + e−z/σl)] (8)

Next, we consider the case of the resistive wall wake-
field inside a normal conducting undulator. For a short
electron beam inside the undulator, the AC conductivity be-
comes important. The conductivity of the pipe material is
no longer a constant but responds to oscillations in the ap-
plied field. The AC resistive wall impedance is given in
reference [1] as:

Z(k) =
Z0

2πa2
[
1

s20

√
tλ
Γk2

(i
√
1 + tλ

+sgn(k)
√
1− tλ)− ik

2
]−1 (9)

where

tλ =
|ks0|Γ√

1 + (ks0Γ)2
(10)

where Γ = τc/s0, s0 = ( 2a2

Z0σ
)1/3 is the characteristic

length inside the pipe, τ is the relaxation time, σ is the
pipe material DC conductance, a is the pipe radius, Z0 is
the vacuum impedance, and c is the speed of light in vac-
uum. From the above impedance, the single-particle wake
function can be calculated numerically using (4). Given nu-
merical values of the wake function on discrete grid points
along the length of the beam, the integral equation (2) has
to be solved numerically for a given distribution of the
wakefield Ew. At each discrete location zi = ihz for
i = 1, · · · , N , the wakefield integral can be approximated
as:

Ewi = hz

i∑
j=1

ρj−1/2wi−(j−1/2) (11)

where L = Nhz and hz is the grid size. Approximating
the wake function wi−(j−1/2) = (wi−j + wi−j+1)/2, we
obtain

Ewi = hz

i∑
j=1

ρj−1/2(wi−j + wi−j+1)/2 (12)
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Figure 1: A comparison of the current profile from the nu-
merical scheme (red) and the analytical solution (green) for
a linear wakefield with the resonator wake function (the
head of the beam is to the left).
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Figure 2: Longitudinal wake function inside the noraml
conducting undulator (Cu) with an aperture size of 6 mm
(the head of the beam is to the left).

The above set of algebraic equations can be solved for the
values ρj−1/2 using a forward substitution method. These
solutions can then be used to find the solutions ρj at each
grid point using interpolation. As a test of the above nu-
merical scheme, we calculate the current profile needed to
generate a linear wakefield with the resonator wake func-
tion (5). The numerical solution is shown together with the
analytical solution (8) in Fig. 1. It is seen that the numerical
solution agrees with the analytical solution very well.
Using the above AC normal conducting impedance

model, we calculate the single-particle wake function (4)
in a normal conducting Cu undulator with 6 mm aperture
size. This wake function is shown in Fig. 2. Using this
wake function, we calculate the current profile needed to
generate a uniform energy loss along the beam inside the
normal conducting undulator. The resulting current pro-
file is shown in Fig. 3. It is seen that the current profile
from the numerical solution has a very large spike at the
head of the beam (z = 0) as shown in the zoom-in plot
in the figure. This large spike is a numerical approxima-
tion to the true delta function solution at the origin z = 0
due to the discontinunity of the wakefield at the origin for a
step function wakefield. This delta function solution is also
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Figure 3: Current profile for a step function wakefield in-
side the normal conducting undulator (the head of the beam
is to the left).
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Figure 4: Wakefields from the desired logistic function
(red) and from a flat-top current profile (green) inside the
normal conducting undulator (the head of the beam is to
the right).

present in the analytical solution (6) with a resonator wake
function. To avoid the delta function in the current profile
resulting from the discontinunity of the wakefield, instead
of using a step function wakefield, we assume a logistic
function wakefield given by:

Ew(z) =
A

1 + e−(z−zmid)/zscale

− Ew0 (13)

where A is a normalizing constant depending on the total
charge of the beam, zmid and zscale are constants control-
ling the range of the ramping region before entering into the
region of flat wakefield, andEw0 is the value of the logistic
function at z = 0. This desired energy loss along the beam
together with the wakefield generated by a flat-top current
profile is given in Fig. 4 assuming a total bunch charge of
300 pC and zmid = 2 μm, zscale = 0.2 μm. There is only
a small fast ramping region (less than 5 μm). Most of the
beam has a flat uniform energy loss, while the energy loss
from the uniform flat-top current profile shows a large os-
cillation. This large oscillation could cause broadening of
the radiation bandwidth and even suppress the coherent ra-
diation if the relative oscillation amplitude is larger than the
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Figure 5: Current profiles for the desired logistic function
wakefield inside the normal conducting undulator (red).
The assumed flat-top step function current profile is also
given (green) (the head of the beam is to the right).

FEL parameter. We calculated the current profile needed to
generate the desired logistic function wakefield (13), and
the results are shown in Fig. 5. The current profile shows a
spike near the head of the beam and increases continuously
towards the end of the beam.
As a third case, we consider the wakefield-induced en-

ergy loss inside a supperconduting undulator. The AC re-
sistive wall impedance (9) works well when the mean free
path length (vfτ) is smaller than the classical skin depth δs
given by

δs =

√
c

2πσk
(14)

where vf is the Fermi velocity. In the situation of low tem-
perature superconducting undulators, the above condition
is not valid. This is also called the anomalous skin effect
(ASE). The resistive wall impedance with the anomalous
skin effect is given in reference [4] as

Z(k) =
2Z0(Ba)3/5

πa2
k̄2/3

1 + i(
√
3− 2k̄5/3)

(15)

where B = (
√
3

16πZ0

l/σ)1/3, k̄ = k(Ba)3/5 and l is the
mean free path of the conducting electrons. The single-
particle wake function for a Cu superconducting undulator
with 6mm aperture size is shown in Fig. 6. This wake func-
tion appears to be less oscilatory than the one in the normal
conducting undulator. Fig. 7 shows the desired wakefield
and the wakefield obtained from a flat-top uniform current
profile with 300 pC charge inside the Cu superconducting
undulator. The energy loss along the beam due to the re-
sistive wall wakefield in the superconducting undulator is
less than that in the normal conducting undulator. Fig. 8
shows the current profile needed to generate the desired lo-
gistic function wakefield (13). The current profile required
to generate the wakefield (13) inside the superconduting
undulator has a similar shape as that required inside the
normal conducting undulator. The current spike inside su-
perconducting undulator is smaller than the spike inside the
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Figure 6: Longitudinal wake function inside the supercon-
ducting undulator (Cu) with an aperture size of 6 mm (the
head of the beam is to the left).
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Figure 7: Wakefields from the desired logistic function
(red) and from a flat-top current profile (green) inside the
superconducting undulator (the head of the beam is to the
right).
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Figure 8: Current profiles for the desired logistic function
wakefield inside the superconducting undulator (red). The
uniform flat-top current profile is also given (green) (the
head of the beam is to the right).

normal conducting undulator due to the fact that the single-
particle wake function is less oscillatory in the supercon-
ducting undulator. Such a current spike near the head of the
beam might be generated by using a nonlinear longitudinal
phase space distribution near the beam head and passing
through a bunch compressor.
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