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What	
  has	
  been	
  done	
  
•  Previous	
  studies	
  most	
  focus	
  on	
  microbunching	
  gain	
  analysis	
  for	
  bunch	
  

compressor	
  chicanes.	
  
–  Heifets,	
  Stupakov,	
  and	
  Krinsly,	
  PRST-­‐AB	
  5,	
  064401	
  (2002)	
  	
  
–  Huang	
  and	
  Kim,	
  PRAT-­‐AB	
  5,	
  074401	
  (2002)	
  

•  Vlasov-­‐based	
  analysis	
  
•  The	
  CSR-­‐induced	
  microbunching	
  gain	
  is	
  (relaJvely)	
  low	
  

–  e.g.	
  Gf	
  <	
  3,	
  for	
  LCLS	
  BC2	
  

PRST-AB 5 COHERENT SYNCHROTRON RADIATION INSTABILITY… 064401 (2002)
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FIG. 3. Amplification factor Gf as a function of wave-
length l of the perturbation at the compressor entrance
for various beam emittance and energy spread: (1) sp !
3.0 3 1025, e ! 1 mm; (2) sp ! 3.0 3 1025, e ! 0; and
(3) sp ! 3.0 3 1026, e ! 1 mm.

based on the beam current of I ! 4 kA after compression.
The current I is related to nb at the entrance to the chicane
by the following formula:

nb !
1

Cre

I
IA

, (41)

where C is the compression factor for the chicane and IA is
the Alfvén current, IA ! mc3!e ! 17 kA. For C ! 8.33,
we find nb ! 1011 cm21.
At the entrance to the compressor, an initial density

perturbation n
"0#
1,k with the wavelength l ! 2p!k has been

specified and the ratio jn1,k"z, s#j!n"s# has been calculated
throughout the compressor, where n1,k is given by Eq. (29)
(note that the absolute value jn1,k"s, z#j is a function of
s only). The amplification factor G"s# for the density
perturbations is defined as
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FIG. 4. Amplification factor Gf as a function of wavelength
for the zero beam emittance and sp ! 3.0 3 1026.
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FIG. 5. Amplification factorG"s# for e ! 1 mm, sp ! 3.0 3
1025 for three values of l: (1) l ! 50 mm, (2) l ! 20 mm,
and (3) l ! 5 mm.

G"s# !
jn1,k"s, z#j
C"s#n"0#

1,k

, (42)

which characterizes the growth of the relative density per-
turbation of the beam [the linear beam density n"s# in-
creases by a factor of 8.3 at the end of the compressor].
To illustrate the dependence of the amplification factor

on the energy spread and the beam emittance, in addition
to the nominal LCLS beam parameters listed above, we
performed calculations for 10 times smaller energy spread
sp ! 3.0 3 1026 and zero beam emittance. The amplifi-
cation factor at the end of the chicane Gf as a function of
the initial wavelength of the modulation is shown in Figs. 3
and 4 for four cases of various beam emittance and energy
spread. We see that both a larger energy spread and the fi-
nite beam emittance in Fig. 3 result in the strong suppres-
sion of the growth relative to the case sp ! 3.0 3 1026,
e ! 0 shown in Fig. 4.
The profile of the amplification factor G"s# for sev-

eral different wavelengths inside the bunch compressor is
shown in Figs. 5–7.
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FIG. 6. Amplification factor G"s# for e ! 0, sp ! 3.0 3
1025 for three values of l: (1) l ! 50 mm, (2) l ! 20 mm,
and (3) l ! 5 mm.
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sion, the incoming energy chirp of the electron bunch is
varied by adjusting the L1S rf phase from !20" to !30"

while holding the BC1 energy constant at 250 MeVand the
BC1 R56 constant at !45:5 mm. The short x-band section
(L1X), a 4th harmonic rf system used to linearize the
longitudinal phase space (by decelerating the bunch by

about 19 MV), is also held constant in phase and
amplitude.
To measure the absolute bunch length after BC1, the

BC2 chicane is switched off and the bunch is vertically
streaked using a transverse deflecting cavity located at
5 GeV (TCAV3 in Fig. 1). The phosphor screen located
at the beam switchyard (BSY) after the L3 linac records the
vertical beam size, which is then converted to bunch length
due to the imposed y! z correlation at TCAV3. The phos-
phor screen exhibits some persistence of beam images at
higher bunch repetition rates. Because of vertical position
jitters on the screen, the measured bunch lengths shown in
Fig. 3 are usually reported longer at the 10-Hz repetition
rate than at 1 Hz. Figure 3 also shows that the bunch is
undercompressed above !27" and overcompressed below
!27", with the minimum measured rms bunch length of
15 !m at full compression. (The simulations shown here

TABLE II. BC1 and BC2 chicane parameters at 250 pC.

Parameter Symbol BC1 BC2 Unit

Electron energy E0 0.25 4.3 GeV
Energy spread (rms) "E=E0 1.4 0.38 %
Momentum compaction R56 !45:5 !24:7 mm
Chicane total length LT 6.5 23 m
Bend angle per dipole j#j 5.4 2.0 deg
Effective length per dipole LB 0.20 0.54 m
Dipole bending radius $ 2.1 15.5 m
B1 to B2 ( ¼ B3 to B4) !L 2.43 9.87 m
Dispersion at center j%j 247 363 mm
Translation range !x 0–30 0–52 cm

TABLE I. Nominal measured beam and linac parameters for
250-pC bunch charge operation.

Parameter Symbol Value Unit

Injector bunch length (rms) "z0 $750 !m
Injector normalized emittance (x=y) &'0 $0:7 !m
L1S rf phase (2856 MHz) c 1 !22 deg-S
L1X rf phase (11.4 GHz) c X !160 deg-X
L1X rf peak voltage VX 20 MV
L2 rf phase (2856 MHz) c 2 !37 deg-S
L3 rf phase (2856 MHz) c 3 0 deg-S
Final electron energy Ef 13.6 GeV
Final bunch length (rms) "zf $8 !m
Final normalized emittance (x=y) &'f $1:3=0:7 !m
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FIG. 2. (Color) Bunch compressor 1 (BC1) and its diagnostics section showing tweaker quads (CQ11 and CQ12) in the chicane for
dispersion correction, BPMs, quadrupoles, OTR screens, and wire scanners (WS) for beam diagnostics.
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FIG. 1. (Color) LCLS accelerator layout showing BC1, BC2, both transverse rf cavities (TCAV0 and TCAV3), and screen at end of
linac. The laser heater has not been installed for the experiments described in this paper.
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Figure 5: Evolution of the longitudinal phase space as a function of number of turns in the CCR. 
The initial distribution is 100K particles, generated with the quiet start method (upper left). The 
phase space is shown after 1 turn (upper right), 2 turns (middle left), 3 turns (middle right), 4 turns 
(lower left) and 5 turns (lower right). 

 
Table 2: Evolution of electron bunch parameters as a function of turns in the CCR. 

 

 1 Turn 2 Turns 3 Turns 4 Turns 5 Turns 
Hx (mm-mrad) 2.9 3.1 3.8 4.5 5.1 
Hy (mm-mrad) 2.9 2.9 3.0 3.1 3.2 
Vt (ps) 29.33 29.31 29.28 29.24 29.19 
V'E/E (%) 0.012 0.027 0.066 0.096 0.117 

 
 
3.  Discussion 
 
 Coherent synchrotron radiation is a major concern for the CCR’s performance. The current 
solution cannot transport a bunch with the aforementioned parameters for the required 100 turns. 
The low energy of the beam coupled with the ambitious charge-per-bunch is susceptible to 
microbunching which leads to unacceptable growth in the energy spread. The results presented in 
this note should be considered somewhat optimistic, since we have not included the effects of the 
CSR wake propagating beyond the dipole. 
 

Several options have been proposed to mitigate the effects of CSR and are investigated more 
thoroughly in Ref. [6]; namely, to modify the lattice and/or modify the bunch distribution. With 
regard to the former, we increase the bend radii. As to the latter, we consider the effect of bunch 
length and bunch charge on the CSR induced beam degradation. 
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with degraded bunch (train) 

•  Bunch (train) in CCR cools ion beam 
•  Transfer system exchanges degraded bunch 

(train) for fresh bunch (train) 
•  Recovery arc matches to ERL acceptance 

for recovery 
•  ERL extracts power from exhaust beam  

Note:	
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  the	
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  simulaJon,	
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  are	
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Figure 5: Evolution of the longitudinal phase space as a function of number of turns in the CCR. 
The initial distribution is 100K particles, generated with the quiet start method (upper left). The 
phase space is shown after 1 turn (upper right), 2 turns (middle left), 3 turns (middle right), 4 turns 
(lower left) and 5 turns (lower right). 

 
Table 2: Evolution of electron bunch parameters as a function of turns in the CCR. 

 

 1 Turn 2 Turns 3 Turns 4 Turns 5 Turns 
Hx (mm-mrad) 2.9 3.1 3.8 4.5 5.1 
Hy (mm-mrad) 2.9 2.9 3.0 3.1 3.2 
Vt (ps) 29.33 29.31 29.28 29.24 29.19 
V'E/E (%) 0.012 0.027 0.066 0.096 0.117 

 
 
3.  Discussion 
 
 Coherent synchrotron radiation is a major concern for the CCR’s performance. The current 
solution cannot transport a bunch with the aforementioned parameters for the required 100 turns. 
The low energy of the beam coupled with the ambitious charge-per-bunch is susceptible to 
microbunching which leads to unacceptable growth in the energy spread. The results presented in 
this note should be considered somewhat optimistic, since we have not included the effects of the 
CSR wake propagating beyond the dipole. 
 

Several options have been proposed to mitigate the effects of CSR and are investigated more 
thoroughly in Ref. [6]; namely, to modify the lattice and/or modify the bunch distribution. With 
regard to the former, we increase the bend radii. As to the latter, we consider the effect of bunch 
length and bunch charge on the CSR induced beam degradation. 
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Figure 3: 100K particles tracked through a single turn of the CCR with a quiet start. Initial (top) 
and final (bottom) longitudinal phase space. 
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Figure 4: 1000K particles tracked through a single turn of the CCR with a quiet start. Initial (top) 
and final (bottom) longitudinal phase space. 

 
 

With clear evidence of microbunching after a single turn, we now investigate the bunch 
evolution through several turns. Due to the calculation being computationally intensive, we 
restrict the simulation to 100K particles and consider only the first 5 turns. The results are 
summarized in Fig. 5 and the associated bunch parameters are given in Table 2. 
 

It is clear that the most problematic issue is the rapid growth of energy spread due to the 
effects of CSR-driven microbunching. It was pointed out that the cooling rate is much longer 
than the time the electron bunch spends in the CCR [5]. Therefore, we do not expect the 
interaction with the proton beam to provide any thermalization effects that might wash out the 
microbunching and alleviate its growth on future turns. After several 10s of turns the beam 
becomes so distorted that all particles are lost within the CCR. 
 
 

100K	
  macroparJcles,	
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  quiet	
  start	
  

100K	
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u ParJcle	
  tracking	
  subject	
  to	
  iniJal	
  numerical	
  noise.	
  
u  Increase	
  number	
  of	
  parJcles	
  (with	
  specialized	
  

iniJal	
  quiet	
  start	
  algorithm)	
  	
  
 è	
  reduce	
  numerical	
  noise	
  
u How	
  much	
  of	
  the	
  microbunching	
  structure	
  

contributed	
  from	
  numerical	
  effect?	
  How	
  much	
  
from	
  physical	
  effect?	
  

u To	
  be^er	
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  a	
  machine,	
  we	
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the	
  system	
  gain	
  to	
  microbunching	
  effects	
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  and	
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  systemaJc	
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  and/or	
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u Necessary	
  to	
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  an	
  alternaJve	
  model	
  for	
  gain	
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  that	
  is	
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  and	
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  to	
  
benchmark	
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  results	
  

14 March 2012 
JLAB-TN-12-027 

 

3 
 

 
 

Figure 2: 100K particles tracked through a single turn of the CCR without a quiet start. Initial (top) 
and final (bottom) longitudinal phase space. 
 

 

 
 

Figure 3: 100K particles tracked through a single turn of the CCR with a quiet start. Initial (top) 
and final (bottom) longitudinal phase space. 

 

14 March 2012 
JLAB-TN-12-027 

 

3 
 

 
 

Figure 2: 100K particles tracked through a single turn of the CCR without a quiet start. Initial (top) 
and final (bottom) longitudinal phase space. 
 

 

 
 

Figure 3: 100K particles tracked through a single turn of the CCR with a quiet start. Initial (top) 
and final (bottom) longitudinal phase space. 

 

14 March 2012 
JLAB-TN-12-027 

 

4 
 

 
 

Figure 4: 1000K particles tracked through a single turn of the CCR with a quiet start. Initial (top) 
and final (bottom) longitudinal phase space. 

 
 

With clear evidence of microbunching after a single turn, we now investigate the bunch 
evolution through several turns. Due to the calculation being computationally intensive, we 
restrict the simulation to 100K particles and consider only the first 5 turns. The results are 
summarized in Fig. 5 and the associated bunch parameters are given in Table 2. 
 

It is clear that the most problematic issue is the rapid growth of energy spread due to the 
effects of CSR-driven microbunching. It was pointed out that the cooling rate is much longer 
than the time the electron bunch spends in the CCR [5]. Therefore, we do not expect the 
interaction with the proton beam to provide any thermalization effects that might wash out the 
microbunching and alleviate its growth on future turns. After several 10s of turns the beam 
becomes so distorted that all particles are lost within the CCR. 
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  and	
  MoJvaJon:	
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  of	
  our	
  extended	
  work	
  

•  Derived	
  from	
  Vlasov	
  equaJon	
  [Heifets	
  et	
  al.	
  &	
  Huang	
  and	
  Kim,	
  2002]	
  
•  Extend	
  to	
  include	
  both	
  horizontal	
  and	
  ver<cal	
  bending	
  	
  
 è	
  spreader/recombiners	
  

•  Extend	
  to	
  adopt	
  a	
  general	
  linear	
  lalce	
  	
  
 è	
  for	
  generic	
  transport	
  arc	
  design	
  (mulJple	
  bends)	
  

•  Extend	
  to	
  include	
  more	
  relevant	
  collecJve	
  effects,	
  e.g.	
  
	
  è	
  non-­‐ultrarelaJvisJc	
  CSR	
  impedance	
  for	
  low	
  energy	
  beamline	
  
	
  è	
  transient	
  CSR	
  effects	
  
	
  è	
  1-­‐D	
  (L)SC	
  effect	
  

16	
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  and	
  MoJvaJon	
  
–  Microbunching	
  instability	
  mechanism	
  
–  What	
  has	
  been	
  done	
  and	
  Why	
  important	
  in	
  ERL	
  
–  MEIC	
  Circulator	
  Cooling	
  Ring	
  (CCR)	
  as	
  an	
  example	
  

•  TheoreJcal	
  formulaJon	
  
–  (Linear)	
  Vlasov	
  equaJon	
  
–  Relevant	
  collecJve	
  effects:	
  CSR	
  and	
  LSC	
  

•  Semi-­‐analyJcal	
  Vlasov	
  solver	
  
•  Examples	
  and	
  Results	
  

–  Two	
  comparaJve	
  high-­‐energy	
  transport/recirculaJon	
  arcs	
  
–  MEIC	
  Circulator	
  Cooling	
  Ring	
  

•  Summary	
  and	
  Future	
  work	
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Vlasov	
  formulaJon	
  and	
  model	
  assumpJons	
  

•  LinearizaJon	
  of	
  Vlasov	
  equaJon:	
  
–  Heifets,	
  Stupakov,	
  and	
  Krinsky	
  (HSK),	
  PRST-­‐AB	
  5,	
  064401	
  (2002);	
  129902	
  (2002).	
  
–  Huang	
  and	
  Kim	
  (HK),	
  PRST-­‐AB	
  5,	
  074401	
  (2002);	
  129903	
  (2002).	
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Including	
  ver<cal	
  bending	
  is	
  parJcularly	
  useful	
  for	
  recirculaJon	
  machines	
  	
  
because	
  such	
  lalces	
  usually	
  contain	
  spreader	
  and	
  recombiner	
  parts.	
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  in	
  frequency	
  domain	
  
–  the	
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  bunch	
  is	
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(1) 

 
where n z, s( ) = dxdθ x dydθ y dδ f x,θ x , y,θ y , z,δ ;s( )∫  is the projected line density, θ x,y  the 
angular divergence, kβx,βy the effective focusing strength, ρx,y the dipole bending radius in 
horizontal and vertical plane, δ = ΔE E  the relative energy deviation,  W!  the 
longitudinal wake potential, and re the classical radius of electron. 
 
    The unperturbed phase space distribution is assumed a coasting beam (or, the 
modulation wavelength is small compared with the whole bunch duration) with Gaussian 
distributions over the transverse coordinates ( x0,θ x0 = dx0 ds , y0,θ y0 = dy0 ds ) as well as 
over the longitudinal momentum deviation δ = ΔE E , i.e. the unperturbed phase space 
distribution has the form: 
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where nb is the line density of the beam at the entrance, ε x0 and ε y0 the horizontal and 
vertical geometric emittances, respectively, σδ the uncorrelated relative energy spread, 
βx0 and βy0 the initial horizontal and vertical beta functions, and h the chirp parameter 
accounting for the initial correlation between the longitudinal position z (assume z > 0  
for bunch head) and its relative energy deviation δ.  
 
    To incorporate the CSR effect into the formulation [Eq. (1)], it is convenient to 
introduce the 1-D CSR impedance in free space [20], 
  

 
Z(k, s) = dζW!(ζ , s)e

− ikζ

0

∞

∫ = −ik1/3A
ρ(s)2/3

 
(2) 

  
where  
  

A = 3−1/3Γ 2
3( ) 3i −1( ) ≈ −0.94 +1.63i  

 

  
ρ is the bending radius in either transverse plane. Here the radiation formation length is 
assumed to be negligible.  

gk (s) = dXf1e
− ikz∫
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    Next, we apply the standard perturbation technique by assuming f = f0 + f1  where

 f1 ≪ f0 , in order to obtain the linearized Vlasov equation for f1 , due to the wakefield 
effect. We further consider a sinusoidal dependence of the small perturbed quantity, i.e. 
f1 x0,θ x0, y0,θ y0, z0,δ ;s( ) = fk x0,θ x0, y0,θ y0,δ ;s( )eikz0 . Using the method of characteristics 

to solve this linearized equation and introducing the definition gk (s) as a complex 
bunching factor (here k is the wavenumber, defined as k = 2π λ  where λ  is the 
modulation wavelength before compression),   
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with C(s) = 1

1−hR56 (s )  defined as the compression factor. 
 
By substituting the explicit expression of f = f0 + f1  into Eq. (1) and keeping only the 
linear term of f1 , the linearized Vlaosv equation can be rewritten as a general form of 
Volterra integral equation in terms of gk (s) [18], 
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where nb is the line density of the beam at the entrance, ε x0 and ε y0 the horizontal and 
vertical geometric emittances, respectively, σδ the uncorrelated relative energy spread, 
βx0 and βy0 the initial horizontal and vertical beta functions, and h the chirp parameter 
accounting for the initial correlation between the longitudinal position z (assume z > 0  
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    To incorporate the CSR effect into the formulation [Eq. (1)], it is convenient to 
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ρ is the bending radius in either transverse plane. Here the radiation formation length is 
assumed to be negligible.  
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where n z, s( ) = dxdθ x dydθ y dδ f x,θ x , y,θ y , z,δ ;s( )∫  is the projected line density, θ x,y  the 
angular divergence, kβx,βy the effective focusing strength, ρx,y the dipole bending radius in 
horizontal and vertical plane, δ = ΔE E  the relative energy deviation,  W!  the 
longitudinal wake potential, and re the classical radius of electron. 
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where nb is the line density of the beam at the entrance, ε x0 and ε y0 the horizontal and 
vertical geometric emittances, respectively, σδ the uncorrelated relative energy spread, 
βx0 and βy0 the initial horizontal and vertical beta functions, and h the chirp parameter 
accounting for the initial correlation between the longitudinal position z (assume z > 0  
for bunch head) and its relative energy deviation δ.  
 
    To incorporate the CSR effect into the formulation [Eq. (1)], it is convenient to 
introduce the 1-D CSR impedance in free space [20], 
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In Eq. (6), the terms in the first round bracket indicate the transverse horizontal 
contribution of Landau damping, the terms in the second round bracket the transverse 
vertical contribution, through transverse beam emittances, and the R56 term the 
longitudinal  contribution, through finite energy spread. In Eq. (6), R5i (s, s ')  is defined as 
 

R5i (s, s ') = C(s)R5i (s)−C(s ')R5i (s ')  for i = 1, 2, 3, 4, 6
 

(7) 

 
    The general physical meaning of CSR-induced microbunching can be clarified as 
follows [17]: the density modulation at s '  would induce energy modulation at the same 
location via CSR impedance Z kC(s '), s '( )within an individual dipole, and such energy 
modulation would be subsequently converted into density modulation downstream at s  
through R56 (s '→ s) [see Eq.(4)]. 
  
   The CSR microbunching gain is characterized by the gain function G(s), as the 
magnitude of ratio of complex bunching factor at present location s to the initial bunching 
factor at s = 0 with a given wave number k (or, given a modulation wavelength k = 2π λ
), i.e. 
 
 

 
!G(s,λ) = gk (s) / gk

(0)(s),     and   G(s) = !G(s,λ)
 

(8) 

  
    For later convenience, we also define another useful quantity, 

 
Gf (λ) ≡ G(s = s f ) = !G(s = s f ,λ) , as the gain spectrum at the exit of a lattice. 

 
    So far we have outlined the general linearized equation governing the microbunching 
gain in terms of the complex bunching factor [Eq. (3)]. To obtain the gain function G(s) 
in Eq. (8) through the solution of Eq. (3), we can apply numerical integration methods 
[27] to directly solve Eq. (3), as was done in Ref. [18]. As an alternative way, we can 
analytically iterate the same equation from the lowest-order solution (i.e. gk

(0)(s) ) while 
approximate the transport functions Eqs. (5) and (7) in analytical forms provided the 
lattice optics is simple, as was derived in Ref. [17]. Although the analytical approach is 
not exact, the results are satisfactory for the case of three- or four-dipole chicane 
configuration when the central two dipoles are close enough compared with drift sections 
aside and when the intra-dipole1 CSR interaction is negligible. An advantage of the 
analytical solution [17] is that it provides a clear interpretation of the physical process of 
CSR interaction during the beam transport through bunch compressor chicanes. 
Proceeding to the second order of iterative solutions, the authors of Ref. [17] explored the 
concept of stage gain to quantify the CSR effects at the final compression Gf , i.e. at low 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1!From Eq. (4), in an individual dipole, the energy modulation is induced via the CSR 
impedance and then could be readily converted to density modulation within the same 
dipole. 
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In Eq. (6), the terms in the first round bracket indicate the transverse horizontal 
contribution of Landau damping, the terms in the second round bracket the transverse 
vertical contribution, through transverse beam emittances, and the R56 term the 
longitudinal  contribution, through finite energy spread. In Eq. (6), R5i (s, s ')  is defined as 
 

R5i (s, s ') = C(s)R5i (s)−C(s ')R5i (s ')  for i = 1, 2, 3, 4, 6
 

(7) 

 
    The general physical meaning of CSR-induced microbunching can be clarified as 
follows [17]: the density modulation at s '  would induce energy modulation at the same 
location via CSR impedance Z kC(s '), s '( )within an individual dipole, and such energy 
modulation would be subsequently converted into density modulation downstream at s  
through R56 (s '→ s) [see Eq.(4)]. 
  
   The CSR microbunching gain is characterized by the gain function G(s), as the 
magnitude of ratio of complex bunching factor at present location s to the initial bunching 
factor at s = 0 with a given wave number k (or, given a modulation wavelength k = 2π λ
), i.e. 
 
 

 
!G(s,λ) = gk (s) / gk

(0)(s),     and   G(s) = !G(s,λ)
 

(8) 

  
    For later convenience, we also define another useful quantity, 

 
Gf (λ) ≡ G(s = s f ) = !G(s = s f ,λ) , as the gain spectrum at the exit of a lattice. 

 
    So far we have outlined the general linearized equation governing the microbunching 
gain in terms of the complex bunching factor [Eq. (3)]. To obtain the gain function G(s) 
in Eq. (8) through the solution of Eq. (3), we can apply numerical integration methods 
[27] to directly solve Eq. (3), as was done in Ref. [18]. As an alternative way, we can 
analytically iterate the same equation from the lowest-order solution (i.e. gk

(0)(s) ) while 
approximate the transport functions Eqs. (5) and (7) in analytical forms provided the 
lattice optics is simple, as was derived in Ref. [17]. Although the analytical approach is 
not exact, the results are satisfactory for the case of three- or four-dipole chicane 
configuration when the central two dipoles are close enough compared with drift sections 
aside and when the intra-dipole1 CSR interaction is negligible. An advantage of the 
analytical solution [17] is that it provides a clear interpretation of the physical process of 
CSR interaction during the beam transport through bunch compressor chicanes. 
Proceeding to the second order of iterative solutions, the authors of Ref. [17] explored the 
concept of stage gain to quantify the CSR effects at the final compression Gf , i.e. at low 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1!From Eq. (4), in an individual dipole, the energy modulation is induced via the CSR 
impedance and then could be readily converted to density modulation within the same 
dipole. 
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    Next, we apply the standard perturbation technique by assuming f = f0 + f1  where
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to solve this linearized equation and introducing the definition gk (s) as a complex 
bunching factor (here k is the wavenumber, defined as k = 2π λ  where λ  is the 
modulation wavelength before compression),   

 
gk (s) = dx0 dθ x0 dy0 dθ y0 dδ 0 fke

− ikC (s ) R51(s )x0+R52 (s )θx 0+R53 (s )y0+R54 (s )θy0+R56 (s )δ0⎡⎣ ⎤⎦
−∞

∞

∫  
 

 
with C(s) = 1

1−hR56 (s )  defined as the compression factor. 
 
By substituting the explicit expression of f = f0 + f1  into Eq. (1) and keeping only the 
linear term of f1 , the linearized Vlaosv equation can be rewritten as a general form of 
Volterra integral equation in terms of gk (s) [18], 
 

gk (s) = gk
(0)(s)+ K(s, s ')gk (s ')ds '0

s

∫  
(3) 

 
where gk

(0)(s) is the bunching factor in the absence of wakefield effect and the kernel 
function K is 
 

K(s, s ') = ik
γ
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IA

C(s ')R56 (s '→ s)Z kC(s '), s '( )× [Landau damping]

= ikrenb
γ

C(s)C(s ')R56 (s '→ s)Z kC(s '), s '( )× [Landau damping]
 

(4) 

 
where I(s) is the beam current at s and IA is the Alfven current, and R56 (s '→ s)  is 
 
R56 (s '→ s) = R56 (s)− R56 (s ')+ R51(s ')R52 (s)− R51(s)R52 (s ')
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In Eq. (6), the terms in the first round bracket indicate the transverse horizontal 
contribution of Landau damping, the terms in the second round bracket the transverse 
vertical contribution, through transverse beam emittances, and the R56 term the 
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    The general physical meaning of CSR-induced microbunching can be clarified as 
follows [17]: the density modulation at s '  would induce energy modulation at the same 
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(0)(s) ) while 
approximate the transport functions Eqs. (5) and (7) in analytical forms provided the 
lattice optics is simple, as was derived in Ref. [17]. Although the analytical approach is 
not exact, the results are satisfactory for the case of three- or four-dipole chicane 
configuration when the central two dipoles are close enough compared with drift sections 
aside and when the intra-dipole1 CSR interaction is negligible. An advantage of the 
analytical solution [17] is that it provides a clear interpretation of the physical process of 
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In Eq. (6), the terms in the first round bracket indicate the transverse horizontal 
contribution of Landau damping, the terms in the second round bracket the transverse 
vertical contribution, through transverse beam emittances, and the R56 term the 
longitudinal  contribution, through finite energy spread. In Eq. (6), R5i (s, s ')  is defined as 
 

R5i (s, s ') = C(s)R5i (s)−C(s ')R5i (s ')  for i = 1, 2, 3, 4, 6
 

(7) 

 
    The general physical meaning of CSR-induced microbunching can be clarified as 
follows [17]: the density modulation at s '  would induce energy modulation at the same 
location via CSR impedance Z kC(s '), s '( )within an individual dipole, and such energy 
modulation would be subsequently converted into density modulation downstream at s  
through R56 (s '→ s) [see Eq.(4)]. 
  
   The CSR microbunching gain is characterized by the gain function G(s), as the 
magnitude of ratio of complex bunching factor at present location s to the initial bunching 
factor at s = 0 with a given wave number k (or, given a modulation wavelength k = 2π λ
), i.e. 
 
 

 
!G(s,λ) = gk (s) / gk

(0)(s),     and   G(s) = !G(s,λ)
 

(8) 

  
    For later convenience, we also define another useful quantity, 

 
Gf (λ) ≡ G(s = s f ) = !G(s = s f ,λ) , as the gain spectrum at the exit of a lattice. 

 
    So far we have outlined the general linearized equation governing the microbunching 
gain in terms of the complex bunching factor [Eq. (3)]. To obtain the gain function G(s) 
in Eq. (8) through the solution of Eq. (3), we can apply numerical integration methods 
[27] to directly solve Eq. (3), as was done in Ref. [18]. As an alternative way, we can 
analytically iterate the same equation from the lowest-order solution (i.e. gk

(0)(s) ) while 
approximate the transport functions Eqs. (5) and (7) in analytical forms provided the 
lattice optics is simple, as was derived in Ref. [17]. Although the analytical approach is 
not exact, the results are satisfactory for the case of three- or four-dipole chicane 
configuration when the central two dipoles are close enough compared with drift sections 
aside and when the intra-dipole1 CSR interaction is negligible. An advantage of the 
analytical solution [17] is that it provides a clear interpretation of the physical process of 
CSR interaction during the beam transport through bunch compressor chicanes. 
Proceeding to the second order of iterative solutions, the authors of Ref. [17] explored the 
concept of stage gain to quantify the CSR effects at the final compression Gf , i.e. at low 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1!From Eq. (4), in an individual dipole, the energy modulation is induced via the CSR 
impedance and then could be readily converted to density modulation within the same 
dipole. 
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resultant CSR-induced microbunching gains for the two 1.3 GeV high-energy transport 
arcs are shown in Figs. 2-5. Figures 2 and 4 demonstrate the evolution of the gain 
function G(s) from direct solutions for three different modulation wavelengths. One can 
see in Fig. 2 the shorter wavelengths enhance the Landau damping through Eq. (6) while 
the longer wavelengths feature negligible CSR effect. Figures 3 and 5 show the gain 
spectra Gf (λ)  [Eq. (8)] and Gf

(M )(λ)  [Eq. (11)] at the exits of the lattices as a function of 
modulation wavelength λ , from which one can obviously see the difference: at beam 
current Ib ≈ 65 A the maximum gain of Example 1 reaches around 300 while for Example 
2 the gain is all around unity (i.e. almost no gain), so Example 1 is much more vulnerable 
to CSR effect while Example 2 is not. 
 
    To validate our results obtained from the direct solutions as well as iterative solutions, 
we benchmarked some specific cases by ELEGANT tracking. We note here that, because 
of very high gain for Example 1 lattice, particle tracking simulation (e.g. ELEGANT) 
indeed poses a big challenge for microbunching gain calculation: the initially imposed 
density modulation needs to be small enough so that the assumption of the linearized 
Vlasov equation is valid while such modulation requires to be large enough to surpass 
numerical noises. Later, we would see a similar but more severe situation occurred in our 
last example, MEIC CCR (see discussion below). After a systematic scan of various 
numerical parameters has been done and procedures have been established for obtaining 
convergent and solid results of the microbunching gain analyses from ELEGANT, we 
achieved good agreement of the results between our semi-analytical approaches and 
ELEGANT tracking [24]. For the two example lattices, both the gain functions and 
spectra from ELEGANT show good agreement with our results (see dots in Figs. 2-5). 
From the numerical iterative approach in Eq. (10), we also find an interesting feature of 
microbunching gain in the two example arcs: in contrast to the two-stage amplification 
exhibited in a typical three- or four-dipole bunch compressor chicane [19], the CSR-
induced microbunching gain here in the high energy transport arcs (each consisting of 24 
dipoles) requires up to 6th stage amplification, as shown in Figs. 3 and 5. 
 
 
TABLE 1. Initial beam and Twiss parameters for the two 1.3 GeV high-energy transport 
arcs 
 
Name Example 1 

(large R56) 
Example 2 
(small R56) 

Unit 

Beam energy 1.3 1.3 GeV 
Beam current 65.5 65.5 A 
Normalized emittance 0.3 0.3 µm 
Initial beta function 35.81 65.0 m 
Initial alpha function 0 0  
Relative energy spread (uncorrelated) 1.23 × 10-5 1.23 × 10-5  
Chirp 0 0 m-1 
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q For	
  each	
  “dot”,	
  it	
  takes	
  several	
  hours	
  to	
  run	
  ELEGANT	
  tracking,	
  auer	
  careful	
  
treatment	
  to	
  ensure	
  numerical	
  convergence	
  in	
  linear	
  amplificaJon	
  regime.	
  
(parJcularly	
  for	
  Example	
  1)	
  

q Example	
  1	
  is	
  subject	
  to	
  microbunching	
  instability;	
  Example	
  2	
  not.	
  
q  (Blue)	
  adding	
  “CSR	
  driu”	
  increases	
  the	
  overall	
  gain	
  up	
  to	
  200	
  %	
  
q  (Black)	
  include	
  all	
  CSR	
  and	
  LSC	
  effects	
  	
  



0 50 100 150 2000

500

1000

1500

h (µm)

G
f

 

 

s.s. CSR
s.s.+tr. CSR
s.s.+tr.+drif. CSR
s.s.+tr. CSR+LSC
s.s.+tr.+drif. CSR+LSC

0 50 100 150 2000.9

0.95

1

1.05

h (µm)

G
f

 

 

s.s. CSR
s.s.+tr. CSR
s.s.+tr.+drif. CSR
s.s.+tr. CSR+LSC
s.s.+tr.+drif. CSR+LSC

Example	
  1	
   Example	
  2	
  

45	
  

q For	
  each	
  “dot”,	
  it	
  takes	
  several	
  hours	
  to	
  run	
  ELEGANT	
  tracking,	
  auer	
  careful	
  
treatment	
  to	
  ensure	
  numerical	
  convergence	
  in	
  linear	
  amplificaJon	
  regime.	
  
(parJcularly	
  for	
  Example	
  1)	
  

q Example	
  1	
  is	
  subject	
  to	
  microbunching	
  instability;	
  Example	
  2	
  not.	
  
q  (Blue)	
  adding	
  “CSR	
  driu”	
  increases	
  the	
  overall	
  gain	
  up	
  to	
  200	
  %	
  
q  (Black)	
  include	
  all	
  CSR	
  and	
  LSC	
  effects	
  	
  



0 50 100 150 2000

500

1000

1500

h (µm)

G
f

 

 

s.s. CSR
s.s.+tr. CSR
s.s.+tr.+drif. CSR
s.s.+tr. CSR+LSC
s.s.+tr.+drif. CSR+LSC

0 50 100 150 2000.9

0.95

1

1.05

h (µm)

G
f

 

 

s.s. CSR
s.s.+tr. CSR
s.s.+tr.+drif. CSR
s.s.+tr. CSR+LSC
s.s.+tr.+drif. CSR+LSC

Example	
  1	
   Example	
  2	
  

46	
  

q For	
  each	
  “dot”,	
  it	
  takes	
  several	
  hours	
  to	
  run	
  ELEGANT	
  tracking,	
  auer	
  careful	
  
treatment	
  to	
  ensure	
  numerical	
  convergence	
  in	
  linear	
  amplificaJon	
  regime.	
  
(parJcularly	
  for	
  Example	
  1)	
  

q Example	
  1	
  is	
  subject	
  to	
  microbunching	
  instability;	
  Example	
  2	
  not.	
  
q  (Blue)	
  adding	
  “CSR	
  driu”	
  increases	
  the	
  overall	
  gain	
  up	
  to	
  200	
  %	
  
q  (Black)	
  include	
  all	
  CSR	
  and	
  LSC	
  effects	
  	
  



Example	
  1	
   Example	
  2	
  

0 50 100 150 200 250
0

500

1000

1500

s (m)

G
(s

)

 

 

s.s. CSR, h = 40 µm
s.s.+tr. CSR, h = 40 µm
s.s.+tr.+drif. CSR, h = 40 µm
s.s.+tr. CSR+LSC, h = 40 µm

0 50 100 150 2000

0.5

1

1.5

2

2.5

s (m)

G
(s

)

 

 

s.s. CSR only, h = 20 µm
s.s.+tr. CSR, h = 20 µm
s.s.+tr.+drif. CSR, h = 20 µm
s.s.+tr. CSR+LSC, h = 20µm

47	
  

q Because	
  of	
  local	
  achromaJcity	
  (η	
  =	
  0)	
  and	
  isochronicity	
  (R56	
  =	
  0),	
  CSR	
  effect	
  is	
  
much	
  reduced	
  for	
  Example	
  2	
  lalce.	
  

q  Example	
  1:	
  global	
  isochronous,	
  large	
  R56	
  modulaJon	
  
	
  	
  	
  	
  	
  	
  Example	
  2:	
  local	
  isochronous,	
  small	
  R56	
  modulaJon	
  
q Overall,	
  microbunching	
  instability	
  can	
  result	
  in	
  a	
  significant	
  effect	
  on	
  the	
  beam	
  
	
  	
  	
  	
  	
  quality,	
  depending	
  on	
  lalce	
  design	
  itself.	
  
q  For	
  the	
  two	
  cases,	
  the	
  incoming	
  beams	
  have	
  (almost)	
  the	
  same	
  properJes.	
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ELEGANT	
  numerical	
  parameter	
  selng	
  

Name	
   Example	
  1	
   Example	
  2	
   MEIC	
  CCR	
   Note	
  
Number	
  of	
  macroparJcles	
   50-­‐70	
  M	
   50	
  M	
   50	
  M	
   for	
  iniJal	
  beam	
  preparaJon	
  

N_KICKS	
   400	
   400	
   200	
  (H),	
  300	
  (V)	
   for	
  CSRCSBEND	
  

NONLINEAR	
   0	
   0	
   0	
   for	
  CSRCSBEND	
  

LINEARIZE	
   1	
   1	
   1	
   for	
  CSRCSBEND	
  

BINS	
   12000	
   20000	
   10000	
   for	
  CSRCSBEND	
  

STEADY_STATE	
   0	
   0	
   1*	
   for	
  CSRCSBEND	
  

HIGH_FREQUENCY_CUTOFF0	
   0.08	
   0.1	
   0.144	
   for	
  CSRCSBEND	
  

HIGH_FREQUENCY_CUTOFF1	
   0.08	
   0.1	
   0.144	
   for	
  CSRCSBEND	
  

DZ	
   0.01	
   0.01	
   N.A.	
   for	
  CSRDRIFT	
  

USE_STUPAKOV	
   1	
   1	
   N.A.	
   for	
  CSRDRIFT	
  

BINS	
   12000	
   20000	
   N.A.	
   for	
  LSCDRIFT	
  

Note:	
  	
  
1.	
  Those	
  (any)	
  sextupole	
  fields	
  are	
  turned	
  off	
  to	
  match	
  the	
  theoreJcal	
  formulaJon.	
  
2.	
  Details	
  can	
  be	
  found	
  in	
  JLAB-­‐TN-­‐14-­‐016.	
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[Eq. (11)] at the exit of the lattice are shown in Fig. 8. Similar to Example 1 and 2 lattice, 
the CSR-induced microbunching process also features up to 6th stage amplification, as 
can be seen in the same figure. Here we note that, due to the ultra-high gain for MEIC 
CCR, particle tracking simulation by ELEGANT imposes a significant challenge. Thus, 
to validate our semi-analytical results against ELEGANT, and to ease the numerical 
difficulties with ELEGANT tracking, we intentionally increase the transverse beam 
emittances 10 times larger than the nominal values shown in Table 2 (i.e. 
εnx = εny = 30 µm ) in order to lower microbunching gain. Here is a trick we play: as 
mentioned previously, the initially imposed density modulation amplitude needs to be 
small enough to keep the tracking process in linear regime (to validate our linear Vlasov 
assumption) while large enough to surpass the numerical noise coming from limited 
number of simulation particles. Larger emittance is known to induce more Landau 
damping, resulting in lower microbunching gain [see Eq. (6)]. Therefore, lower gain can 
release the stringent requirement of imposing small initial density modulation as well as 
large number of simulation particles; thus reduce numerical difficulties. Simulation 
results for the case with εnx = εny = 30 µm  are shown in Appendix D. It is shown that our 
semi-analytical results again agree well with ELEGANT tracking (see Fig. D1 and D2). 
We also note that, in both our semi-analytical and ELEGANT simulations, we only 
consider the CSR microbunching instability in one turn for the electron recirculator 
cooling ring (i.e. a single-pass system). Our study indicates that the preliminary design of 
CCR for high-energy electron cooling is at risk of CSR-induced microbunching 
instability; an improved design is required to suppress such instability and/or alternative 
beam transport scheme would be considered in order to compensate and to circulate the 
electron beam as many turns as possible [3] while maintaining high phase space quality 
of the electron beam required by electron cooling efficiency. 
 
    We emphasize here that, for MEIC CCR, due to its high bunch charge (~ 2 nC) and 
small emittance as well as low energy spread (~ 10-4), CSR-induced microbunching gain 
accumulates and reaches to a maximum gain ~ 4000 at λ≈ 350 µm. Although the lattice 
structure of CCR is quite different from the first two example arcs (Example 1 and 
Example 2), such ultra-high CSR gain also features 6th stage amplification. The impact of 
lattice optics on CSR microbunching gain would be discussed in Section V. 
 
 
TABLE 2. Initial beam and Twiss parameters for the MEIC CCR 
 

Name Value Unit 
Beam energy 54 MeV 
Beam current 60 A 
Normalized emittances 3 (in both planes) µm 
Initial horizontal beta function 10.695 m 
Initial vertical beta function 1.867 m 
Initial alpha functions 0 (in both planes)  
Relative energy spread (uncorrelated) 1.0 × 10-4  
Chirp 0 m-1 

MEIC	
  Design	
  Report,	
  2012	
  

Note:	
  cooling	
  solenoids	
  have	
  been	
  removed	
  in	
  our	
  simulaJon.	
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Summary	
  

•  Microbunching	
  instability	
  can	
  be	
  a	
  special	
  concern	
  for	
  ERL	
  or	
  
recirculaJon	
  machines.	
  

•  CSR	
  and	
  LSC	
  can	
  cause	
  severe	
  microbunching	
  instability	
  (e.g.	
  Example	
  
1	
  and	
  MEIC	
  CCR).	
  

•  Impact	
  of	
  la[ce	
  op<cs	
  can	
  be	
  significant	
  for	
  ERL-­‐related	
  lalce	
  
design	
  (Example	
  1	
  vs.	
  Example	
  2).	
  

•  Quick	
  esJmaJon	
  of	
  microbunching	
  gain	
  by	
  our	
  developed	
  code.	
  
•  Example	
  2	
  demonstrates	
  that	
  it	
  is	
  possible	
  to	
  preserve	
  emi^ance	
  and	
  

also	
  suppress	
  microbunching	
  gain	
  at	
  the	
  same	
  Jme.	
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Future	
  work	
  

•  Add	
  more	
  relevant	
  impedance	
  models,	
  including	
  both	
  analyJcal	
  
and	
  numerical	
  impedance	
  models.	
  

•  Extend	
  the	
  exisJng	
  (constant-­‐energy)	
  formulaJon	
  to	
  include	
  a	
  
more	
  general	
  case,	
  with	
  beam	
  accelera<on	
  or	
  deceleraJon.	
  This	
  is	
  
parJcularly	
  important	
  in	
  recirculaJon	
  machines.	
  

•  InvesJgate	
  the	
  physical	
  connecJon	
  between	
  a	
  single-­‐pass	
  or	
  few-­‐
pass	
  system	
  and	
  storage-­‐ring	
  system	
  (∞-­‐pass).	
  

•  Experimental	
  benchmarking	
  of	
  our	
  microbunching	
  studies	
  [JLab	
  
LDRDs]	
  

Thank	
  you	
  for	
  your	
  aCen2on	
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IntroducJon	
  and	
  MoJvaJon:	
  
Numerical	
  challenges	
  from	
  parJcle	
  tracking	
  

•  To	
  invesJgate	
  microbunching	
  gain,	
  we	
  usually	
  impose	
  an	
  iniJal	
  density	
  modulaJon,	
  and	
  
study	
  how	
  such	
  modulaJon	
  evolves	
  along	
  the	
  beamline.	
  

•  The	
  level	
  of	
  modulaJon	
  depth	
  should	
  be	
  small	
  enough	
  to	
  keep	
  microbunching	
  
amplificaJon	
  in	
  linear	
  regime,	
  while	
  large	
  enough	
  to	
  surpass	
  (residual)	
  numerical	
  noise.	
  

•  For	
  higher	
  gain	
  case,	
  the	
  number	
  of	
  simulaJon	
  parJcles	
  becomes	
  more	
  demanding,	
  in	
  
order	
  to	
  avoid	
  exaggerated	
  (numerical)	
  fluctuaJon	
  between	
  the	
  (integraJon)	
  bins	
  at	
  
specific	
  wavelength	
  scale.	
  

JLAB-TN-14-016 
September 8, 2014 

! 25!

Appendix B: Results of intermediate steps of gain calculation for Fig. 12 
 
 

 
Figure B-1: Output results for λm = 2 µm. 
 

 
Figure B-2: Output results for λm = 6 µm. 
 

39*

(relaJvely)	
  low-­‐gain	
  case	
   (relaJvely)	
  high-­‐gain	
  case	
  

C.	
  -­‐Y.	
  Tsai	
  and	
  R.	
  Li,	
  JLAB-­‐TN-­‐14-­‐016	
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IntroducJon	
  and	
  MoJvaJon:	
  
Numerical	
  challenges	
  from	
  parJcle	
  tracking	
  

•  It	
  has	
  been	
  known	
  that	
  microbunching	
  instability	
  is	
  sensi<ve	
  to	
  
fluctuaJon/noise	
  in	
  beam	
  phase	
  space	
  density.	
  

•  Even	
  if	
  several	
  specialized	
  algorithms	
  had	
  been	
  developed	
  to	
  reduce	
  the	
  
numerical	
  noise	
  (while	
  to	
  keep	
  the	
  level	
  of	
  physical	
  noise)	
  during	
  parJcle	
  
beam	
  transport	
  subject	
  to	
  microbunching	
  effect,	
  tracking	
  a	
  bunch	
  of	
  
several	
  tens	
  of	
  millions	
  of	
  parJcles	
  (or	
  more)	
  is	
  indeed	
  <me	
  consuming.	
  

•  Instead	
  of	
  doing	
  parJcle	
  tracking,	
  we	
  can	
  formulate	
  this	
  problem	
  using	
  
fluid	
  model,	
  i.e.	
  Vlasov	
  equaJon.	
  	
  

•  In	
  this	
  presentaJon,	
  we	
  shall	
  focus	
  on	
  linear	
  regime	
  in	
  parJcular,	
  i.e.	
  
linearized	
  Vlasov	
  equaJon.	
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Impedance	
  models:	
  CSR	
  
•  Steady-­‐state	
  ultrarela<vis<c	
  CSR	
  impedance:	
  [J.	
  Murphy	
  et	
  al.,	
  Part.	
  Accel.	
  1997,	
  Vol.	
  57,	
  pp.	
  9-­‐64]	
  

•  Steady-­‐state	
  non-­‐ultrarela<vis<c	
  CSR	
  impedance:	
  [R.	
  Li	
  and	
  C.	
  -­‐Y.	
  Tsai,	
  IPAC’15	
  (MOPMN004)]	
  

•  Entrance	
  transient	
  CSR	
  impedance:	
  [D.	
  Zhou,	
  IPAC’12	
  (MOOBB03)]	
  

•  Exit	
  transient	
  CSR	
  impedance:	
  

R.	
  Bosch	
  et	
  al.,	
  PRST-­‐AB	
  10,	
  050701	
  (2007)	
  

ZCSR
ss,UR k(s);s( ) = −ik(s)1/3A

ρ(s) 2/3 ,  k = 2π
λ :  wave number, ρ :  bending radius

Re ZCSR
s.s.NUR(k(s);s)⎡⎣ ⎤⎦ =

−2πk(s)1/3

ρ(s) 2/3
A ′i

(k(s) ρ(s) )2/3

γ 2

⎛
⎝⎜

⎞
⎠⎟
+ k(s)π

γ 2 Ai(ς )dς − 1
30

(k (s )ρ (s ) )2/3 /γ 2

∫
⎛

⎝
⎜

⎞

⎠
⎟

 
Im[ZCSR

s.s.NUR(k(s);s)]! 2πk(s)1/3

ρ(s) 2/3
1
3

B ′i (x)+ A ′i (x)Bi(t)− Ai(t)B ′i (x)[ ]
0

x

∫  dt
⎧
⎨
⎩

⎫
⎬
⎭

,  x = k (s )ρ (s )( )2/3

γ 2

ZCSR
ent k(s);s( ) = −4

s*
e−4 iµ(s ) + 4

3s*
iµ(s)( )1/3Γ −1

3
,iµ(s)⎛

⎝⎜
⎞
⎠⎟

µ(s ) = k (s )zL (s )

zL = s*( )3 24ρ 2

ZCSR
exit k(s);s( ) = −4

Lb + 2s
* e

− ik (s )Lb
2

6 ρ (s ) 2
Lb+3s

*( )
ZCSR
drif (k(s);s) ≈

2
s* ,  if ρ 2/3λ1/3 ≤ s*≤ λγ 2 2π
2k (s )
γ 2 ,  if s*≥ λγ 2 2π

0,  if s*< ρ 2/3λ1/3

⎧

⎨
⎪⎪

⎩
⎪
⎪

s*	
  is	
  the	
  longitudinal	
  coordinate	
  measured	
  from	
  dipole	
  entrance	
  	
  

s*	
  is	
  the	
  longitudinal	
  coordinate	
  measured	
  from	
  dipole	
  exit	
  

A = 3−1/3Γ 2
3( ) 3i −1( )
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Impedance	
  models:	
  LSC	
  

•  M.	
  Venturini,	
  PRST-­‐AB	
  11,	
  034401	
  (2008)	
  
•  On-­‐axis	
  LSC	
  model:	
  

•  Average	
  LSC	
  model:	
  

•  Transverse	
  axisymmetric	
  LSC	
  model:	
  

•  These	
  LSC	
  models	
  are	
  implemented	
  in	
  our	
  code	
  by	
  adopJng	
  transverse	
  rms	
  beam	
  
sizes	
  σx	
  and	
  σy	
  from	
  ELEGANT	
  and	
  applying	
  weighted	
  average	
  over	
  them:	
  

ZLSC
on−axis (k(s);s) = 4i

γ rb (s)
1−ξK1(ξ )

ξ
,  ξ = k (s )rb (s )

γ

ZLSC
ave (k(s);s) = 4i

γ rb (s)
1− 2I1(ξ )K1(ξ )

ξ
,  ξ = k (s )rb (s )

γ

ZLSC
ave.Gaussian (k) = −i ξσ

σγ
eξσ

2 2Ei −ξσ
2

2
⎛
⎝⎜

⎞
⎠⎟
,ξσ = k(s)σ

γ

rb (s) = 1.747
2 σ x (s)+σ y(s)( )
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Microbunching	
  gains	
  for	
  MEIC	
  CCR	
  with	
  10x	
  emi^ance	
  

0 20 40 60 80 1000

2

4

6

8

10

12

s (m)

G
(s

)

 

 

direct solution (h = 300 µm)
ELEGANT tracking (300 µm)

0 500 1000 1500 20000

5

10

15

h (µm)

G
f

 

 

direct solution
5th order iterative solution
6th order iterative solution
ELEGANT tracking

67	
  



ApplicaJon:	
  MEIC	
  Circulator	
  Cooling	
  Ring	
  (CCR)	
  

0 500 1000 1500 20000

1000

2000

3000

4000

5000

h (µm)

G
f

 

 

non-­‐ultrarelaJvisJc	
  version	
  of	
  s.s.	
  CSR	
  impedance	
  
ultrarelaJvisJc	
  version	
  of	
  s.s.	
  CSR	
  impedance	
  

s.s.	
  ultrarelaJvisJc	
  CSR	
  

68	
  



Impedance	
  comparisons	
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