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Abstract The differential equations given here describe the beam

. . I f th ival if )
The effects of a perfectly conducting beam pipe ar%nve opes of the equivalent uniform beam

examined for both a centered continuous beam a.ndl_zﬁ Further Limitions
centered bunched beam. A set of coupled, ordinary
differential equations is derived for each case. Thed&e major short-coming of the analysis is that is does not
equations describe the dynamics of the rms beam envelogescribe a self-consistent situation. Specifically, our model
along the design trajectory.  Finally, an exampléor the self-fields of the beam does not consistently couple
application is presented for the bunched beam situationwith the beam dynamics. The net result is that there is no
model for rms emittance growth in the beam. However, in
1 INTRODUCTION the space-charge dominated situation this drawback is of
] ] o ] little concern. In this case the beam dynamics are
For some time we have been investigating the image effegisninated by the self-fields of the beam and thermal effects
from a cylindrical beam pipe on beam dynamics, |4y only a minor role. Moreover, these beams tend toward
particular for space-charge dominated beams [1,2,3]. By,niform distribution and it has beam shown that in the
image effects we mean, of course, the action of the charggs,ched beam case that the iBoium  (stationary)

induced on the pipe from the beam’s space charge. Hefgyrinution is closely approximated by an ellipsoid [5].
we review the most useful conclusions of these

investigations. Specifically, sets of ordinary differentiad 3 \oment Equations

equations are presented which describe the dynamics of the

rms beam envelopes. These results are essentially ¢ general idea of the analysis is to take moments of the
continuation of work initiated by Sacherer in the earlfduations of motion with respect to the particle beam

1970's [4]. distribution. The Vlasov equation then allows the time
derivative operator and the moment operator to commute.
1.1 Ellipsoidal Symmetry and Equivalent Beams The net result is a set of coupled, ordinary differential

) ] , ) .. equations involving the moments. We concentrate on the
We restrict our attention to particle beams having elliptic@scond order moments. tting (- denote the moment

symmetry for continuous beams and ellipsoidal symmetgperator with respect to the particle beam distribution, we
for bunched beams. The results are applicable {3 the following [6]:

guadrupole focusing systems for the comtius beam case

(and, of course, solenoidal systems). However, we further,zy [T 2O . 2q (xE) - 22
restrict our attention to the axisymmetric situation in the 2x3)  ymv? y’mv? <X~ZZ
bunched beam case. Since we are primarily interested iny2 - Ly 1% 250 o 2q (VE,) - %
the longitudinal effects, this simplifies the analysis so that 2y?)  ymv? % <y§>
most of the results can be expressed analytically in terms of ;2 - (221 | %<22> __X (zE) - % 5
elementary functions (otherwise, elliptical integrals would 20z ymv? ymv? (z%)

appear in the final system). The longitudinal results St\_”/herec is the path length along the design trajectory, the
apply in an average sense to bunched beams haviiéime indicates differentiation with respectdoy is the
quadrupole symmetry. relativistic factor, v is the bunch velocity (assumed
All the results presented here are expressed {@nstant),q andm are the particles’ charge and mass,
terms of an equivalent uniform beam. As Sacherggspectively, theé,()'s are the “spring constants” of the
discovered, the statistical dynamics of the beam (i.e., tﬂﬁ:using system, th&,’s are the rms emittances, and Eje
rms envelopes) are only loosely coupled, if at all, 10 thge the self electric fields. In the above system we have
actual distribution of the beam. Therefore, we choose O4&symed that the individual magnetic self-fields in the
model to be the uniform beam, since it has well-definggeam frame are negligible but the collective magnetic field

envelopes (unlike a gaussian or a thermal distribution} ot Our task is now consigned to the determination of
The equivalent beam principle tells us that the actual begga momentsaE. ).

may be modeled by a uniform beam so long as both beams
have the same second spatial moments and rittsueces. 2 CONTINUOUS BEAMS

Temail: cka@glue.umd.edu Here we assume that the beam is continuous along the
ttemail: mreiser@glue.umd.edu

0-7803-4376-X/98/$10.00 0 1998 |EEE 1526



design trajectory and that t§evariations are slow enough be determined analytically in terms of elementary

to allow for an accurate 2D transverse plane analysis. To functions, they are not simple expressions. Therefore, we
find the momentxE, with images we employed a Green’s  simply present the results of the analysis for the equivalent
function technique. By expanding Green's function in a  uniform ellipsoid. The interested reader is referred to [3]
trigonometric series (in polar coordinates), we can identify  for the details. We have

the self-field terms corresponding to the induced (image) [ 5 ) ask RARZ €7

i 1 "y - i 1 < i - =
charges on the beam pipe. Taking the moments of these R”+x ()R R 2 R R

a5R:
iz HKLy( Z) 452K ZARD &

+O[<x28>2]7 g 2 72 /R
b

whereR(¢) andZ(() are the beam envelopes, an@nde,
whereb is the radius of the beam pifigjs the charge per are the effective emittances given by &/and %,
cross-section, andd(:) indicates the standard ordemespectively. The functions, andW, come from the free-
notation. The first term was originally calculated byspace self-fields and the functidprepresents the image
Sacherer and is the free-space self-field contribution. TField effects on the dynamics. This function depends upon
second term represents the contribution due tatheced the actual distribution profile of the particle beam,
charges from the distribution's quadrupole moment. Thedicated by the labél The functionA(R,2 actually has
last term is meant to say that the image forces due to thgimpler representation as given below.
higher order moments of the charge distribution (octupole

fields we get [2]

2 (z2-R%)*? 73

<X§<>: Q <X2>1/2 +2<X2>(<x2>—<y2>)

dme,| (x2)V2+ (y2)12  p4

moments and up) scale @ ?%b?, etc. Note that the above Af( 2b 2] for Z>R,
expression is independent of the distribution, this condition A(R,2) = VZ5-R
leads to the notion of equivalent beams. 0 for Z<R,

Substituting the above equation and an analogous
one for they direction into the moment equations includegThe zero value fo”\ comes from the fact that image
the lowest order effects from images. Translating thsffects are negligible whenevcR.) Thus, we see thAt
resulting moment equations into the equations for th@a”y depends upon only one parameter. The graphs of

equivalent uniform beam yields the result for several different distributions are shown in Fig. 2. The
K €2 K expression fokV, andW, are given below.
X7+ 1,(OX - -5 - — (X*-XY¥) =0,
X+Y X3 4b* T_ o2
K & K _ 11 2% s A
Y+ k(Y - x+Y-7"3-E(Y3-YX2)—O, 22 S2)3/2f:1rcta-- S T for5€[0,ﬁ),
Wi(s) = z S
where X(¢) and Y({) are the beam envelopes, the s 1 1 4SS 3 1
) A -= arctanh for se( =),
k(2=k(2/(ym¥) are the focusing functions, and s?-1 2(s?-lye s V2

K=qgl/(2re,ymV’) is the generalized beam perveance[7] (
being the beam current). The quantiégsnde, are the and
effective emittances of the beam given t&, and £,

respectively. These equations are recognized as the s? s3 7S 1

. . L. - arctan for sc[0,—=),
standard KV coupled-envelope equations with thétiadd 1-s2 (L-s?)" V2
of a term (for each equation) accounting for the dominantV,(s) = 7T
image effects. Since the beam is centered and has elliptical $°  arctani 2 2 g se(L ).
symmetry,(x® is zero and the next image term will be an (s*-2)* s s-2 V2

octupole term.

One may see that the image effects do not play a
large role in the beam dynamics. However, for beams with 0.1
large eccentricities we have seen this role to be significant. )
Matching sections, overall, will probably be more 0.0871
susceptible to image effects since the beam envelopes tend < 0-06 |

to make larger excursions through them. 0.047
0.027
3 BUNCHED BEAMS 0 | = S I
_ , , ) ) ) 0 1 2 3 4 5
As mentioned in the introduction we restrict our attention X
to the axisymmetric case and use cylindrical coordinates
(r,2) wherer’=x?+y?. Therefore, the bulk of the analysis is ~ Uniform Parabolic ~Hollow  Gaussian

the determination of the momentsE, and (zE).

Although for the free-space situation these moments may Figure 1: Function A (x) for different distributions
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In the space-charge dominated situation the

uniform distribution is of primary importance. The 300
expression foA in this case is given below 250
—~ 200

AX) :fKo(kDIX)[ 30023,0 _ 3sinaw +sinow)[ coszw B sim:o) . TE 150

T GO w o W . 100

This expression may be integrated numerically to form a o 90

table of values foA(x) (for interpolation). Once done the 0
differential system may be integrated using standard
numerical techniques. We may also express in terms of an

infinite series of Bessel functions a)
61 T X = 0.07
A (X) 7—4—5011 —1—5In(z) g 0. 06
- 2n X X2 S 0.05
+n:1 ¢>cnz.]12(otn)[?n+ot_n2 N 0.04
-[isinhﬁgizcosh%+3igsinhﬁ] eiTn. ":-" 282
o, X o2 X o3 X P
n n 0.01
This expression is convenient for asymptotic analysis. 0
0 0.2 0.4 0.6 0.8 1
3.1 A Simple Exanple ¢
To illustrate the utility of these results we have simulated b)
a simple transport system for bunched particle beams. The 2 0.07
transport system has uniform focusing in the radial = 0.06
direction and periodic focusing in the longitudinal S 0.05
direction. The focusing functions for tlzedirection is N 0.04
shown in Fig. 2a. We have used a “hard-edge” function for B L R B B
k/(0). The period ok({) is 25cm, the pulse length is 5¢cm, E 0.02
with maximum value 200m . The constant value ¢f) .01
is 100m?. The beam parameters are given as follows: 00 6.2 04 0.6 0.8 1
K=0.01,e,=5x10°m-radg,=2x10°m-rad, ang=1. ’ e
The matched beam solution in free space is shown
in Fig. 2b while the matched beam solution including a C)
pipe with radiusb=5cm is shown in Fig. 2c. In both
situations the top curves is tAenvelope. Obviously, the Figure 2: Bunched beam example
pipe has a substantial effect on the beam dynamics in this
case. Note the coupling between the radial and
longitudinal motion. Both planes oscillate synchronously, 5 REFERENCES
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