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Abstract
 
We  s t udy hal o for ma t ion fr om m i sm a tc hed axi s ym m et ri c
beams propagating in a periodic solenoidal channel as well
as  i n a uni form  cha nnel .  S ome  funda m ent al  prope rt i es  of
hal os  ar e s el f- cons i s t ent l y expl or ed wi t h a one- 
di m ens i onal  s pac e- char ge code  des i gne d par t ic ul arl y for 
breathing-mode study. We apply the code to three different
types of phase-space distributions, i.e., Gaussian, waterbag
and par abol i c di s tr i buti on.  A pos s i bil i t y of re m oving hal o
particles is also discussed.

 
1  INTRODUCTION

 
In des i gni ng a l i nac s ys t em  for  i nt ens e bea m  ac ce l era t ion, 
i t  i s  ext r em el y i m port ant  t o have  a cl e ar under s ta ndi ng of
s pac e- char ge- induc ed phenom e na s i nce  t he bea m  qual i t y
ca n ea s i ly be det e ri ora te d by t hem . The  hal o for ma t ion i s 
one such phenomenon which must be investigated in more
det a il .  In fa ct , re ce nt i nt ere s t i n us i ng hi gh-c urre nt i on
l i nacs  for  t he produc t ion of t ri t ium ,  t he t ra nsm ut at i on of
nuclear waste, etc. has greatly enhanced the activity of halo
s t udy, bec aus e  t hes e  m ac hine s  m us t oper at e wi t h a
extremely low beam loss to avoid serious radio-activation.

Ac cordi ng t o re ce nt wor k on hal os [1- 4],  bea m 
m i sm a tc h i s  under s tood t o be t he pri m ar y fa ct or of hal o
for ma t ion.  In par t icul a r, i t  i s  s pec ul at ed t hat  t he bre at hi ng
m ode- osc i ll a ti ons  exc i te d by a bea m -s i ze  m i sm a tc h m i ght
have the most dominant effect in causing halos. Following
t hi s vi ewpoi nt , we  deve l op, i n t he pre s ent  pape r,  an
es s e nti a ll y one- di me ns iona l  s pac e- char ge rout i ne
dedi c at ed t o bre at hi ng-m ode s t udy. S el f-c ons i st e nt
s i mul a ti on re s ult s  ar e gi ven t o dee pen our cur re nt
under s ta ndi ng of hal o for ma t ion i n a per i odic  foc us ing
cha nnel  as  we ll  as  i n a uni form  cha nnel .  F ina l ly,  we  t ry t o
figure out whether a halo may be scraped off, as pointed out
i n t he pre vi ous wor k[5],  by m ea ns  of a m ul ti -c ol li m at or 
system.

 
2  UNIFORM FOCUSING CHANNEL

 
F ir s t of al l , we  exa m ine  bre at hi ng-be am  prope rt i es  i n a
uniform focusing channel. In this case, the beam motion is
governed by the Hamiltonian
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whe re m,  u and q ar e,  re s pec ti ve ly,  t he m as s , s pee d and
cha rge  s t at e of an i on, κ i s  a cons t a nt cor re spondi ng t o t he
ext e rnal  foc us ing- fi el d s t rengt h,  and t he i ndepe ndent 
variable s is the distance measured along the transport line.
Not e her e t hat , bec aus e  of t he s ym me t ry of bre at hi ng
m odes ,  t he s pac e- char ge pot ent i al  V(r ;s ) i s  i ndepe ndent  of
t he az i mut ha l coor di nat e θ,  whi ch ena bl es  us  t o put 
pθ=L=const. Scaling the variables, we reach the equation of
motion
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whe re r̃ r= κ ε  wi t h ε bei ng t he i ni ti a l rm s  em i t t ance ,

K̃ K= κε  wi t h K  bei ng t he gene ra li z ed per vi ance , s̃ s= κ , 
and ξ ˜; ˜r s( )  i s  t he num ber  of i ons  cont a ine d i n t he ci r cul ar

region of the radius r̃  relative to the total ion number. The
par am et e r K̃  ca n be re l at ed t o t he t une depr es s i on η as 
K̃ = −( )1 2η η , where η has been defined as the ratio of the

s pac e- char ge depr es s ed bet a tr on fr eque ncy t o t he ze ro- 
cur  re  nt fr eque ncy. The  angul a r m om ent um 
L̃ xp ypy x= −( ) ε  i s  a par t ic l e-de pende nt cons t a nt,  and ca n

be det e rm i ned fr om an i ni ti a l bea m  di s tr i buti on gene ra te d
i n four -di m ens i onal  phas e  s pac e (x,  y,  px ,  py ).  In t hi s wor k,
t hre e t ypes  of re al i s ti c  bea m  di s tr i buti on,  i .e .,  Ga us si a n-,
wa te rba g-, and par abol i c- type  di s tr i buti on,  ar e adopt e d as 
t he i ni ti a l di s tr i buti on.  Onc e L  and t he i ni ti a l s hape  of t he
func t ion ξ ˜; ˜r s( ) ar e det e rm i ned, we  t hen i nt egra t e Eq.  (2) 

fi xi ng ξ ˜; ˜r s( )  wi t hi n eve ry t i me  s t ep.  S inc e m os t bea m s 

come to roughly saturated state before arriving at s̃ p= 20λ ,

whe re λp i s  t he s ca l ed pl as m a wa ve l engt h, we  cons i de r a
uniform focusing channel of 20λp long.

F ig.  1 s hows  t he m axi m um  ext e nt of hal os  pl ot te d as  a
func t ion of t une depr es s i on η.  The  par am et e r µ  i s  t he
mismatch factor defined as the ratio of the initial rms beam
ra di us t o t he m at che d rm s  ra di us ρ0[6] . The  m at che d rm s 
radius can be evaluated from
 

ρ 0
2 2 4 4= + +





˜ ˜K K . (3)

 
It  i s  evi de nt fr om F ig.  1 t hat  t he hal o ext e nt di vi ded by
R0 02≡ ρ  i s  al m os t  i ndepe ndent  of η.  The  s am e  t ende ncy
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as shown in Fig. 1 has been confirmed with different values
of µ unless µ is too close to one.
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Figure 1: Maximum halo extent vs. tune depression η. The
abs c i ss a  i s  t he m axi m um  hal o s i ze  s ca l ed wi t h µ R0 whe re
R0 02= ρ . We have  her e as s um ed t he m i sm a tc h fa ct or of

1. 3. We  fi nd t hat  t he re s ult s  ar e qui t e i ns ens i t ive  t o bot h η
and initial distribution type.

 
3  PERIODIC FOCUSING CHANNEL

 
Le t us  now proc ee d t o a per i odic  foc us ing s i tua t ion, 
gene ra li z ing t he code . We  her e cons i de r a per i odic 
s ol enoi dal  cha nnel  cons i s t i ng of 150 foc us ing ce l ls ,  ea ch
having 50% filling factor. The equation of motion is
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whe re r̂ r s f= ε  wi t h s f  bei ng t he l engt h of a foc us ing

period, K̂ Ks f= ε , ŝ s s f=  and L̂ L= ε . The periodic step

func t ion ϑ ŝ( )  has  t he per i odic i ty of one,  and i t s s t ep s i ze 

cor re sponds  t o t he foc us ing- fi el d s t rengt h.  In t he s am e 
s ca l ing as  em pl oyed i n Eq.  (4) , t he enve l ope equa t ion i s 
written as
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fr om whi ch t he t i me  evol ut i on of t he m at che d rm s  bea m 
radius ρ 0 ŝ( )  is numerically evaluated.

The  dens i t y-de pende nce of m axi m um  hal o ext e nt i s 
s hown i n F ig.  2 whe re we  have  cons i de red m i sm a tc hed
Ga us si a n bea m s  wi t h µ = 1.3.  The  def i nit i on of t he
m i sm a tc h fa ct or µ  i s  µ ρ ρ≡ in / max

0  whe re ρi n denot e s  t he

i ni ti a l rm s  bea m  ra di us,  and ρ ρ0 0 0max ( )≡ .  Not e her e t hat 

ρ0(0) corresponds to the maximum rms radius of a matched
beam since the origin of the coordinate s has been set at the
middle of a focusing magnet. Similar to the result in Fig. 1,

t he m axi m um  ext e nts  of hal os  ar e i ns ens i t ive  not  onl y t o
t he t une depr es s i on η but  al s o t o t he ze ro- curr ent  phas e 
advance σ0.

Whe n σ0 exc ee ds  90° ,  we  m ay enc ount er t he s t rong
i ns ta bi li t y ca us ed by t he per i odic  nat ur e of t he foc us ing
for ce . Em i tt a nce  grow th ra t e i s  pl ot te d i n F ig. 3 as  a
func t ion of t une depr es s i on, whe re m at che d Ga us si a n
bea m s  wi t h σ0= 105°  have  bee n cons i de red.  In wa te rba g
and par abol i c bea m s , s om e addi t i onal  we ak i ns ta bi li t i es 
ca us ed by hi gher -orde r re s onanc es  ar e obs er ved i n t he
re gi on σ0> 60° ,  whi l e no s uch i ns ta bi li t y has  s o fa r bee n
identified in the region σ0<90° for Gaussian beams.
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Figure 2: Maximum halo extent vs. tune depression η. The
abs c i ss a  i s  t he m axi m um hal o s i ze  s ca l ed by µR0

max  whe re

R0 02max max= ρ .  Ga us si a n bea m s  wi t h t he i ni ti a l m i sm a tc h

fa ct or of 1. 3 have  bee n as s um ed.  Thre e di ffe re nt val ue s  of
ze ro- curr ent  phas e  adva nce , i .e .,  σ0= 60° ,  σ0= 75°  and
σ0=90°, have been considered.

 
4  A POSSIBILITY OF HALO SCRAPING

 
In a pre vi ous wor k[5],  we  found t hat  a hal o wa s  for me d
l ar gel y by t he par t ic l es  i ni ti a ll y l oca te d ar ound t he t ai l 
port i on of a phas e -s pac e di s tr i buti on.  Thi s  s ugges t s  t hat 
t he bea m  cor e m ay roughl y be s t abl e and,  ac cor dingl y, 
there is a possibility to efficiently reduce the halo intensity.
In t hi s s ec t ion,  we  cons i de r a s i mpl e  hal o- sc ra ping s ys t em 
consisting of several collimators with a circular hole of the
ra di us r s.  Ea ch col l i m at or i s  i ns ta l le d i n t he m i ddle  of dri ft 
space. For simplicity, we assume that both the geometrical
and re s is t i ve- wal l  wa ke fi e lds  i nduce d by t he col l i m at ors 
are negligible.

As an example, let us take a Gaussian distribution which
i ni ti a ll y s at i s fi es  t he condi t i ons  σ0= 60° ,  η= 0.3 and µ = 1.3. 
As  s hown i n F ig.  4(a ),  a cl e ar hal o ri ng i s  for me d ar ound
t he ce nt ral  cor e re gi on af t er t he bea m  t ra vers e s  150
foc us ing per i ods.  The  bea m  i s  t hen del i ver ed i nt o a m ul ti -
col l i m at or s ys t em  of 14-c el l  l ong t o s cr ape  t he hal o.  We 
have here set the radius of the collimator hole to be
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F igur e 3:  Em i tt a nce  grow th ra t e vs . t une depr es s i on η at 
σ0=105°. Matched Gaussian beams have been considered.
 
r s/ µ R0

max = 1. It  i s  dem ons t ra te d, i n F ig.  4(b) , t hat  t he hal o

has  bee n s ucc es s ful l y re m oved by t he col l im a tor s ,
al t hough t he bea m  i nt ens i ty i s  re duce d by 9. 3% com pa red
t o t he ori gi nal  i nt ens i ty.  The  col l i m at ed bea m  i n F ig.  4(b) 
fur the r t ra vel s  t hrough a 150-c el l  t ra nspor t  cha nnel  t o
reach the final state in Fig. 4(c). We now recognize that the
regeneration of halo has been completely suppressed while
t he cor e bea m  s t il l  has  a m i sm a tc h exe cut i ng a s i gnif i cant 
breathing oscillation.

 
5  SUMMARY

 
We  have  expl or ed s om e cha ra ct er is t i cs  of hal o for ma t ion
fr om axi s ym m et ri c m i sm a tc hed bea m s  propa gat i ng i n a
periodic solenoidal channel as well as in a uniform focusing
cha nnel ,  deve l oping a 1D s pac e- char ge code  for 
breathing-mode study. It has been shown that the maximum
halo extent divided by the matched rms radius ρ0

max  is quite

insensitive to the tune depression η. In particular, it always
t ake s  t he val ue  ar ound 2 2  t i me s  t he s i ze  of i ni ti a l
m i sm a tc h re gar dle s s  of t he s hape  of di s tr i buti on func t ion, 
whe n t he bea m  i s  s ubj ec ted t o a s uff ic i ent l y l ar ge
m i sm a tc h. It  m ay t hus  be s ai d t hat  t he m i nim um  ape rt ure 
s i ze  of a hi gh-powe r l i nac s houl d be we ll  above 
2 2 µ m ax ρ0

max  whe n we  expe ct  t he pos s i ble  m axi m um 

mismatch factor to be µmax.
It  has  bee n dem ons t ra te d t hat  hal o i nt ens i ty m ay

s i gnif i cant l y be re duce d by t he m ul ti pl e hal o- sc ra ping
s che m e, provi de d t hat  t he wa ke fi e lds  gene ra te d by t he
col l i m at ors  ar e negl i gi bl e. It ,  howe ver,  s ee m s t hat  t he
pra ct i ca bil i t y of s uch a col l i m at or s ys t em  depe nds  on how
m uch we  coul d m i nim i ze  t he ef fe ct  of wa ke fi e lds 
negl e ct ed her e.  In addi t i on, i t  i s  i ndee d nec es s a ry t o
i ncl ude m ul ti -di m ens i ona l ef fe ct s  t o dra w m ore  def i nit i ve
conclusions on this subject .

 

-4

-2

0

2

4

dr
/d

s

43210
r/ρ0

max

(a)

-4

-2

0

2

4

dr
/d

s

43210
r/ρ0

max

(b)

-4

-2

0

2

4

dr
/d

s

43210
r/ρ0

max

(c)

F igur e 4:  P has e- s pace  conf i gurat i ons  of a m i sm a tc hed
Ga us si a n bea m  i ni ti a ll y wi t h η= 0.3 and µ = 1.3.  The  ze ro- 
cur re nt phas e  adva nce  has  bee n s et  t o be 60° .  (a ):  t he
di s tr i buti on af t er t ra vel i ng t hrough 150 foc us ing per i ods. 
(b) : t he bea m  col l i m at ed wi t h a 14-c el l  hal o s cr ape r. (c ): 
t he col l i m at ed bea m  af t er t ra vel i ng t hrough anot he r 150-
cell focusing channel.
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